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Topologia. — Wallman Compactifications by Collections of o—1
Measures. Nota di M1cHAEL J. D’AMBROsa, presentata® dal Socio
G. Zarpa.

RIASSUNTO. -— Si prova che ogni compattificazione di Wallman & equivalente a una
compattificazione generata da una collezione di certe o—1 misure. Si estende poi il cosiddetto
« Portmanteau theorem » di Varadarajan.

In Varadarajan [11] there is a measure-theoretic treatment of the Stone-
Céch compactification BX of a Tychonoff space X. We extend this to a more
general framework by showing that every Wallman compactification (as
in Frink [4]) is equivalent to a compactification generated by a collection
of certain o—1 measures. We thereby extend the so-called ‘‘ Portmanteau
Theorem "’ of Varadarajan (Part II, Theorem 2) and Aleksandrov [1] and we
complement the work of Frink by giving an explicit integral representation
of certain extended functions.

Since we are concerned with Hausdorff compactifications of X, we’ll
assume throughout that X is a Tychonoff topological space. If A is a subset
of X, the complement of A will be denoted by A’; other complements will
be denoted by “—",

Note that we establish a one-to-one correspondence between A-ultra-
filters (where A is a normal base, as in Frink) and o—1 measures. Thus
the usual ultrafilter statements have corresponding measure statements. We
will only point out those which we need, but the reader will certainly reco-
gnize others. For example we can characterize compactness by the fact that
all the'measures are ‘‘ fixed .

§1. THE WALLMAN COMPACTIFICATION ® (A, X)

We begin by reviewing some terminology and results in [4].

1.1. DEFINITION. A collection A of closed subsets of X is called a normal
base for X iff:

(1) A is a base for the closed sets of X.
(2) A is closed under finite unions and interesections.

(3) A is disjunctive; i.e. if x ¢ F for some closed subset F of X, then
there exists some A€ A such that xe A and ANF = &.

(*) Nella seduta del 16 aprile 1977.
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(4) If A and B are disjoint members of A, then there exist E and F
in A such that Ac E',Bc F', and ENF = .

If, in addition, A is closed under countable intersections, it is called a
d-normal base.

The following is easy to prove:

1.2. THEOREM. If A is a normal base for X, then A is a complete neigh-
borhood system.

Now let o (A, X) be the collection of all A-ultrafilters on X and let
L ={Pew(A,X):Le ®} for each Le A. Let 2(x)=®,={LeA:
xe L}, Thus % (x) is the unique_A-ultrafilter which converges to x. Frink
has proven that (o (A, X), 4) is a Hausdorff compactification of X-generally
called a Wallman compactification since Frink generalizes a procedure used
in [12]. The question of which compactifications are equivalent to some Wall-
man compactification has been investigated in [2], [7], and elsewhere,

The following theorem, similar to one in [3], gives us a sufficient condition
for a compactification to be Wallman. '

1.3 THEOREM. Let (X~ , k) be any Hausdor[f compactification of X and
let N be some normal base for X. For each 1.e A, let L™ be the closure of k(L)
in X~. Suppose:

(@0 (ANB)” =A"NB" for each A and B in A.
(&) A” ={L":Le A} is a base for the closed sets of X.

Then: (1) A~ is a normal base for X~ (hence also a complete neighborkood
system). Furthermore let G (2) =@, ={L.e A:2e L™} for each z€ X~. Then
we also have (2) P,e v (A, X). B)GL)=L*={Pecw(A,X):Le ®}.
(4) G is a homeomorphism from X~ onto o (A,X) and Geok = h, so that
(X7, k) is equivalent to (o (A, X), A).

Proof. (i) (1), (2), and (4) of 1.1 are easily proven. So assume 2z ¢ K,
where K is closed in X™. By (b) there exists Le A such that KcL™ and 2z ¢L"™.
For each yeL™ we can find some A, in A such that zeA}” and y¢A;. By
the compactness of L™ we can find A;,---, A, in A such that z€Aj for j=
=1,2,--,7 and the collection X~ —A7 , -+, X7-—A}" covers L™. Let

A =(") Aj to prove (3) of 1.1. So (1) is proven. (ii) It is easy to show that
i=1

®, is a A-filter. Now suppose Le A and LNA 5 g for each Ae ®,. Sup-
pose z ¢L™. By (1) there exists AeA such that z€ A~ and AN L "=g.
Hence Ae @, and ANL = @, which is a contradiction. Thus zeL"™, so that
Le @, proving (2). (iii) Next assume @, = ®,. If z 7 y there exist A and B
in A such that yeA™,2eB~, and A NB~=@. Thus Ae®, and Be D,
which is a contradiction. Hence z = y and G is one-to-one Now let zeX™
and let Le A. Then ©@,eG (L™) iff ze L™ iff Le @, iff ®,e L*, proving (3).
(iv) Clearly G is onto. Let A* = {LL*:Le A}. Since A~ and A* are bases for
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the closed sets of X~ and o (A, X),G is a homeomorphism. So to prove
(4) it remains to show that Ge£=4. So let xe X and let £ (x) =zeX".
Now Le @, implies xe L; thus s = £(x)e £ L)< L™, so that Le ®,. So
®,c ®,. Bui @, is maximal, so =@, ie. 2(x) =G (5)=G (£ (v)).

§ 2. A-REGULAR 0 -— I MEASURES

Throughout this section A will denote a fixed normal base for X. Let
A (A) be the algebra generated by A.

2.1. DEFINITION. M (A, X) is the collection of all set functions p defined
on A (A) such that:
(@ w(@)=o and uX)=1. ,
() w(E)=o0 or 1 for each E in A (A).
(¢) ¢ is finitely-additive. '
(d) @ is A-regular;ie. p(E) =sup {u I.): Le A and L< E} for each
E in A (A).

Any set function satisfying (@)—(c) is called a ““ o—1 measure”. In
addition to the usual properties we have:

2.2. LEMMA. Let peM (A, X) and let E and F be in A (A). Then:
(1) wE)=1{u(E)=o0.

(2) pEUF)=1 i pE)=1 o pF =1

3 prENF=1 f pE) =1 and pF)=1

This eastly proven lemma implies the following:

2.3. THEOREM. JFor each Le A, let L™ ={peM (A, X):n@L) = 1}.
Then: (1) For ecach E and Fin A, (EUF)"=E"UF" and (ENF)"=E" NF",
(2) A"={L" :LeA) is a base for the closed sets for some topology on X.

Hereafter L” and A" will be as above and M (A, X) will have the
topology gencrated by A”. Now we establish a connection between A-ultra-
fiiters and o—1I measures,

2.4. LEMMA. Let ® be a A-ultrafilter. Let A (®)={Ec X:Lc E or
Le E' for some Le ®}, Then A (D) is an algebra and A (D) contains A (A).

 Proof. (1) Clearly E€ A (®) implies E'e A (®). Now suppose E and F
are in A (®). Case (¢): K E’" and Lc F’, where K and L are in ®. Then
KNL<cENF =((EUF). Since KNLe ®,EUFe A(®). Case (7))
Lz E or Lc F for some Le ®. Then Lc EUF, so that EUFe A (D).
Therefore A (®) is an algebra. (2) Now let Le A. If Lc F' for some Fe @,
then Fc L' and so Le A (®). If L& F for each Fe @, then LNF £ o for
each Fe @; thus Le ®< A (®). Therefore Ac A (®), so that A (A)< A (D).
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2.5. THEOREM. Let © be a A-ultrafilter. For ecach E€ A (A) let pg (E) =1
if Lc E for some Le ® and po (E) =0 if Lc E' for some Le ®. Then
ke € M (A y X).

Proof. By 2.4 one of the above conditions must be true. Since both can't
be true po is well-defined and clearly satisfies (@) and (§) of 2.1. Now suppose
E and F are disjoint sets in A (A). Assume Lc E for some L& @. Then
Lc EUF and LcF. Thus po(EUF)=1=1 + 0= pg (E) 4 we (F).
Similar results hold if Lc F for some Le ®. So now assume L¢ Eand L& F
for each Le ®. By 2.4 there exist A and B in ® such that Ac E’ and Bec F/,
so that ANBc (EUF)'. Hence po (EUF)=0=0+0=ypq (E) + to (F).
Thus 2.1 (¢) is proven and (&) follows from 2.4.

Now let ® = @, for some (fixed) x€ X and denote wg by w,. Applying
2.4 and 2.5 we easily establish the following for these ““ fixed” o—1 measures.

2.6. COROLLARY. Let x be a fixed element of X and, for eack Ee€ A (A),
define p, (E) =1 iff x€ Lc E for some Le A and p, (E) =0 iff xe Lc E’
for some Le A. Then p,e M (A, X). Furthermore u,(E) =1 iff x€ E and
bo(E) =0 iff x¢ E.

Let VIL)=M(A,X)—L" for each Le A. Thus {V(@L):Le A} is
a base for the open sets of M (A, X). Note ueV (L) iff p¢L" iff p (L) # 1
iff uy=o0. So VIL)={ueM@A,X):u@)=o0}.

2.7. LEMMA. For cack xe X let g(x) = . Then: (1) g is one-to-one.
@e@)=VL)Ng(X) for eack Le A. (3) g* (VL)) =L’ for cack Le A.

Proof. (1) Assume x 7= y. Then there exists Le Asuchthatxe L,y ¢ L;
thus u, (L) =1 and g, (L) =0. So w, Fyu, or g(x) #g(¥). (2) Let xe X
and let g (x) = w,. Since g is one-to-one w,€ g (L") iff xe L' iff p,(L)=o0
iff p,eV (L)ﬁg(X) (3) L'=¢g7(g L)) g’l(V(L) Ng X)) =g (VL) N
Ngt(@X) =g (VAEANOX =g (VL).

2.8. TaeEorREM. (M (A, X),2) is a Hausdorff compactification of X.

Proof. (i) 2.7 (2) implies g is open; 2.7 (3) implies g is continuous. Thus
g is homeomorphism. Now suppose V (L) = & for some Le A. Then L # X,
so that L’ 7% @ and thus g (L") 5 @. So by 2.7(2) VL) Ng (X) 2 2. The-
refore g (X) isdense in M (A, X). (ii) Suppose g #v in M (A, X). Then
there exists A€ A such that w (A) =1 and v (A) = o, or conversely (if p = v
on A, then p = v on A (A) by regularity). Sincev (A") = 1, there exists Bc A’
such that Be A and v(B) = 1. Now AN B = ¢, so thereexist E and F in
Asuch that Ac E', Bc F', and E'NF = @. Note Ac E' impliesp. (E") = 1;
hence p (E) = o0 or pe V (E). Similarly ve V (F). Finally V(E)NV (F) =
=MA,X)—E"UVF)=MA,X)—(EUF)"=MA , X)—M(A, X)=g.
Thus M (A, X) is a Hausdorff space. (iii) Let Q" = {L,;} be any collection
of basic closed sets (i.e. Ly€ A) having the finite intersection property. To
prove M (A, X) is compact it suffices to show Q" has a non-empty intersec-



504 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LXII — aprile 1977

tion. Let Q = {L,}, so that Q also has the finite intersection property (2.3).
So Q can be extended to a A-ultrafilter ®. Let = thp, as in 2.5. Now
p (I)=1 for each Le @, so that weL" for each Le ®. Thus pel.,; for each
o, proving M (A, X) is compact, which completes the proof of 2.8.

2.9. LEMMA. For each Le A, g (L) =L" (where the closure is taken
in M (A, X)).

Proof. xe L implies g (x) = p,eL”, since w,(L)=1. Thus g (L)cL".
Since L" is closed g (L)c L". Now let peL.” and let U be any neighborhood
of p. Then there exists A€ A such that pe V(A)c U. Now w(A) =0 and
p (@) =1, so that L& A. So choose any re L — A; then g (x) = p,€ g (L).
But p, (A) = o, so that p,e V (A)cU. Hence UNg (L) %, so that p.€ g (L);
ie. L c g (L).

2.10 THEOREM. Let w (A, X) and h be as in § 1. Define G fromM (A, X)
too(A,X) by Gu)=0,={Le A:pu@)=1}. Then G is a homeomor-
phism from M (A, X) onto o (A, X) and Geog = F; i.e. the compactifications
(N, X), %) and (M (A, X),g) are equivalent.

The proof of this theorem follows from the above and 1.3. Furthermore
we can easily show that G- (®) == pe (as in 2.5) for each Pe o (A, X).
We close this section with a result from [4].

2.11 DEFINITION. A function f from X into R (reals) is said to be A-

uniformly continuous iff for each 8 > o there exist L, ---, L, in A such that
n

X = (JL; and if », ye L, (for some s = 1, -+, z), then | f(x) —f ()| < 3.

s=1

2.12. THEOREM. Let fe C(X). Then f has a continuous extension F to
o (A, X) (ie. Fok=f) ¢ff f is A-uniformly continuous.

Note that Frink’s theorem clearly applies to any compactification equi-
valent to o (A, X)-in particular it applies to M (A, X).

§ 3. INTEGRATION AND M (A, X) -

Since the elements of M (A, X) are measures, it is only natural to define
an integral. However, we mut be careful since the measures are only finitely-
additive. Thus we define a “ measurable function’ as follows (where A is
a normal base):

3.1. DEFINITION. A function f from X into R is A-measurable iff /[~ (De
€ A (A) for each (finite or infinite) interval I of R.
Thus if f is bounded and A-measurable we can use the classical Lebesgue

approach to define [f dp for any peM (A, X) and any Ee A (A). See,

for example, [10], pp. 332—333. We will denote ffdp. simply by ff dp. The
mtegral will have the usual (finitely-additive) properties ([10], pp. 334-337).
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Unfortunately a continuous function is not necessarily A-measurable, so we
need a condition stronger than continuity (in this connection see [1]).

3.2. DEFINITION. Let f:X — R. Then f is A-continuous iff f~1 (K)e A
for each closed set K in R.

Note that A-continuous implies A-measurable (and continuous). The
following is easily proven:

3.3. LEMMA If A is a S-normal base, then the following are equivalent.
(1) f is A-continuous. (2) {xe X:f(x) > o} and {xe X :f(x) < o} are com-
Dlements of sets in A for each ain R. (3) {xe X :f(x) = o} and {xe X : f(x)<a}
are in A for eack o in R.

The following version of Urysohn’s Lemma is proved in [1] (1940, p. 317,
Lemma 2).

3.4. LEMMA. Let A be a d-normal base and let L. and M be any disjoint
sets of N. Then there exists a N-continuous function f such that o <jf <1,

f L) = {o}, and f(M) = {1}.
3.5. LEMMA. L&t A be a d-normal base for X, let peM (A, X), and
let {w,} be a net in M (A, X). Suppose ffdp.a »depu for eack bounded

A-continuous function f. Then lim g, (L) < w (L) for eack Le A (so that lim
wa (L) = (L) also).

Proof. If w(L)=1 the result is clear, so assume u (L) =o. Hence
@ (L") = 1, so that there exists M€ A such that Mc L’ and w (M) = 1. Note
(M) =0 and MNL = g, so by 3.4, there exists a A-continuous function

f such that o <f<1,f(M)={0}, and f(L)={1}. Thus J}dp.:—ffdp—{—

—I—ffdp. =0 +0=0. Suppose 0 <38 < 1. Then there exists § such that

‘ffdp.—— Fdpe | < 8 for each a > B. ThuSOSffdy.a <3 for each o > B.
If « > B, then 8 >ffdy-a ijdy-a=p.a(L). So py L)=o0 for each a > @,

from which lemma follows.

3.6. LEMMA. ZLet A be a normal base for X, and let f be bounded and A-
continuous. Let F () ={xe X :f(x) <#}. For some (fized) peM (A, X)
define b (£) = p (F (2). Assume —N <— K <f(x) <K <NE >0,N>0)
for each xe X. Then: (@) there exists some real number z suck that o (£)=1

) N
for t >z and ¢ (£) =0 for t <z, and (b) J.fdy.zzzN'—f‘b(l‘)dt.
' N

Proof. Note that ¢ is increasing, ¢ (£) = o or 1 for each #,¢(N) =1
and ¢ (—N) = o, proving (¢). Now let & >0 be given. We may assume

34. — RENDICONTI 1977, vol. LXII, fasc. 4.
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—N<s—8<z+3 <N, so that g =F (—N)< F(z— )< F (¢ + d)c
SF(MN)=X. Ifwelt A=FMN)—F(z+8),B=F(+8—F(—23),
and C = F (#—3), then A, B, and C are disjoint sets whose union is X.

Note w(A) =o0 and & (C) =o. Thus ffdy. zjfdpz., and w(B)=1. But

B
2— 3 <f(x) <z 8 for each x€ B, sothat z— 3§ _<_ffdp. <z + 3. Thus
fdu =2 and the rest of () follows by integrating.

The following is the converse of 3.5. Note that we need not assume A
is d-normal.

3.7 LEMMA. Let A be any mormal base for X; let #e€M (A, X) and
let {po} be a net in M (A, X). Suppose for each Le A, limp, L) <u @)

(so that lim u, (L") = w (L") also). Then J S du, — J fdw for each bounded
A-continuouns function f.

Proof. Assume —N <— K <f <K <N. Let F,= {xe X:f(x) <#}
and let G, = {xre X :f(x)< #}, so that F, and G, are in A for each . Let
b () =u (F,) and &y () = w,(F,). Thus (1) lim ¢, (£) < & (¢) for each t. Note
s <t implies Fyc G,= Fy, so that u (F) <u(Gy) <uF,) and p, (F,) <y,
(GY=<px(Fyp. So, for each §>o0,u(G)=u(Fis) =9 (¢ —3). Also p (G)<
<y (F) =&y (¥). Thus, for each 8>0;, ¢ (¢—8)< 1 (G,) < lim w,(G,) < lim
o (Fp) =lim ¢o (). So we've shown (2) $(2—29) < lim ¢y (t) for each # and

each 8> o. Smceffdy. N——fcb(t) dz and ffdy.a—-—Nfd)a(t)dt it suffi-

ces to show that lim f Py () dt = ’ ¢ (#)dz. So let z be as in 3.6 (for w), and
=N °N

let 8>0. Now ¢ (z—38) =0, so ;hat lim ¢, (—38) < o by (1); therefore lim
du(2—38) =o0. So there exists B such that ¢, (3—8):0 for oc>[3, so that

oo (H)=o0 for all z <z—3 and all a>p. Thus {cl)“(t) dt_Jd)a(t)dt <N

=N

——(z-——S) =(N-—2)+3 for each «>p. Hence lim [¢a @ dt<(N—2) + 3.
=N

Clearly then E[% (#) dt <N —z. Similarly by (2) ¢ (#—3)=< lim ¢, (¢) for

each # and each $>o0. Thus 1 =¢ ((z +2 ) —8<limd, (¢ +23). So there
exists ¥ such that ¢, (z 4+ 2 8) =1 for each o« > Y “Thus &y (#) = 1 for each

t>z-+238 and for each a>vy. So fd;“(t) dz> fd)u(t) dt=N-—(z+4298)=

z+a8
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N
== (N —g)—28 for each a>vy. Thus ]i—mf(i)“ (@) dt= (N—2)—23, impliyng
N N

that lim f o (t) d# > N — 2z, from which conclusion follows.
N

We are now in a position to prove the following extension of the so-called
“ Portmanteau Theorem ”’, where convergence of nets of measures is related

to convergence of integrals. Our theorem generalizes a theorem in [11] (Part
II, Theorem 2).

3.8. THEOREM. Let A be a normal base for X, let peM (A, X), and let
{vo} be a net in M (A, X). Consider the following statements:

(1) po — o @e. for eack basic neighborhood NV (L) of ., where Le A
there exists B such that p,e V (L) whenever o > p.

(2) Lmp, L) <p@) for each Le A.

(3) limp, L) =u @) for each Le A.

@) pa L) > @) whenever Le A and w (L) = o (i.e. there exists B
such that p, (L) = o for a > B).

(5 f Fdu, — f Fdu for eack bounded A-comtinuous function f.

Then: (a) (1) through (4) are equivalent. (6) (1) through (4) imply (s).
(&) If A is a S-normal base, all frve are equivalent.

Proof. Clearly (2) and (3) are equivalent. Now assume (2) is true and
w (L) =o0 for some Le A. Then o <limp, L) <limp, L) <p (L) = o.
Hence (2) implies (4). Next assume (4) is true and assume p€ V (L) for some
Le A. Thus p (L) = o, so that there exists 8 such that p, (L) = o for « > B.
Hence p,e V (L) for « > B, proving (4) implies (1). Now assume (1) is true.
If p (L) =1, (2) clearly holds; so assume g (L) = o (Le A). Thus pe 'V ()
and there exists § such that p,eV (L) whenever o > ; i.e. u, L) = o for
« > B. Thus lim p, (L) = o = . (L), proving (1) implies (2). So () is proven;
(6) and (¢) now follow from 3.7 and 3.5.

We close by showing a connection between A-continuous and A-uni-
formly continuous functions and by deriving an integral representation for
the extension to M (A, X). This complements a result of Frink [4] already

noted and Varadarajan [11]. ‘

3.9. THEOREM. LZLet A be a normal base for X and assume f is bounded
and A-continuous. Then: (1) f is A-uniformly continuous and hence has a
continuous extension F to M (A, X).

(2) F(w =ffdp. Jor eack peM (A, X).

Proof. 1t suffices to define F as in (2) and prove that F is a continuous
extension of f to M (A, X) (which, of course, is unique). So let pe M (A, X)
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and let {w,} be any net in M (A, X) such that g, —-@. By 3.8 ff dy,a—>(fdy,;

ie. F () —F (), proving F is continuous. Now let g (x) =y, as in § 2.
We need to show F-g =/ So let F,={ye X:/(y) < and let ¢ =
=y, (Fy) as in 3.6 (for fixed x). Note xe F, iff /(*) <z So u,(F) =1 if

t>f(x) and p, (F) = o if # < £ (#). Thus, as in 3.6, ffdy, = z=f(x). Thus
Fe() = F (u) = [ du =/ ()

REFERENCES

[1] A. D. ALEKSANDROV (1940) ~ Additive set~functions in abstract spaces, «Matema-
ticheskii Sbornik » 8, 307-348; 9 (1941), 563-628; 13 (1943), 160—238.
[2] R.A. ALo and H. L. SHAPIRO (1969) — Z-realcompactifications and normal bases,
« Journal Australiana Mathematical Society », 9, 489—495.
[3] B. BANASCHEWSKI (1963) — On Wallbman’s method of compactification, « Mathematische
Nachrichten », 27, 105-114.
[4] O. FRINK (1964) — Compactifications and semi-normal bases», « American Journal Ma-
thematics », 86, 602-607. v
[5] H. GORDON (1970) — Compactifications defined by wmeans of generalized ultyafilters,
«Annali di Matematica Pura ed Applicata », 86, 15~23. ’
[6] O. NJASTAD (1966) — Wallman—type compactifications, «Mathematische Zeitschrift»,
9I, 267-276.
[7] A. K. STEINER and E. F. STEINER (1968) ~ Wallman ans Z-compactifications, « Duke
Mathematical Journal» 35, 269-276.
[8] E. F. STEINER {1966) ~ Normal families and completely regular spaces, « Duke Mathe-
matical Journal», 33, 743-745-
[9] E. F. STEINER (1967-68) ~ Wallman spaces and compactifications, « Fundamenta Mathe-
maticae », 61, 295—304.
[10] E. C. TiTCJMARSH (1939) — The Theory. of Functions, Oxford University Press (second
edition). )
[11] V. S. VARADARAJAN (1961) — Measures on topological spaces, «Mathematicheskii Sbor-
nik », 55, 161-228.
{12] H. WALLMAN (1938) — Lattices and topological spaces, « Annals of Mathematics» 39,
112-126. :
{13] S. WILLARD (1970) — General Topology, Addison-Wesley.



