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Geometria differenziale. — On recurrence vectors in a F*-space. 
Nota di A w d h e sh  K um ar, presentata^ dal Socio B. S e g r e .

RIASSUNTO. — Si studiano i vettori ricorrenti ß s in uno spazio di Finsler ricorrente 
al primo ordine F*, e si assegnano condizioni sufficienti per la simmetria del tensore ßs .Ä.

I . In t r o d u c t io n

Let us consider an ^-dimensional affinely connected Finsler space Fw [1](1) 
having symmetric connection coefficient Y)k (x , £). The covariant derivative 
of any vector field X* with respect Y)k (x , £) is given by

(I • I) x u  =  x i +  X s r U +  x 4 a, ?.

The well known commutation formula involving the above covariant deri­
vative is given by

(1.2)

where

(i-3)

2 XJ»« ^shk y

def.
x iß  ( x , £) =  2 {3[t rjj* +  d$ £s +  Hu- r |]A}

is called relative curvature tensor field and satisfies the following identities [1]:

(1-4) 

(1-5) 

(1.6) 

and 

(1-7)

Xljk-,s +  Xlkg.j +  — o ,

KIß +  K +  Xytj — o ,

a) XlH = KM, b) K}hj = Khj- ■ K*jh

K i _ _If*hjk — t^hkj •

In an Fn, if the relative curvature tensor field Kljk (x , £) satisfies the relation:

(1.8) k U u  =  (v k U >

where (x) is any vector field, then the space is called recurrent Finsler space
of first order or Fn*-space and ßs is known as recurrence vector.

(*) Nella seduta del 16 aprile 1977.
(1) The numbers in brackets refer to the references
(2) 2 A nHhk] — A hk A kh •

given at*the end of the paper.
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2. D e c o m p o s it io n  o f  K lhjk (x  , £)

In view of the basic condition (1.8), the Bianchi’s identity (1.4) for the 
relative curvature tensor field ' Kjy* C* > £) reduces to

(2.1) ß, Kijk +  ß, K L  +  ß* K lhsj =  o .

Contracting the last formula by vs and summing over the index s, we 
can get

(2.2) k L  =  h  K  -  ßi E i , ,

where
• def *

(2.3) E l ^ K j ' V *

and

(2.4) $9 v* = 1 .

By virtue of equations (1.6 ò), (1.7) and (2.3), we can deduce

(2.5) a) E lhjv9 =  o and <£) =  o .

Now, if E i s  any tensor satisfying

(2.6)

then by subtracting the above relation from (2.2), we find

(2.7) ß , ( E ^ - E i , ) ^ ß , ( E S - E l , ) .

In view of the last equation we can introduce a tensor Q%h\

(2.8) E0 =  Ei, +  ß,Ql.

Conversely, if Elj satisfies (2.2) and QI is any tensor, then the tensor E 
satisfies (2.6). Such a tensor E%] of the form (2.8) may be regarded as a 
symmetric one. We shall prove this fact. For this purpose, let us introduce 
formula (2.2) into the left-hand side of the Bianchi identity (1.5); we obtain

(2.9) ß* (Ejy -  E$0 +  ß* (Ej* -  Eij) +  ß, (EL - E L )  = o.

Now, transvecting this formula by v* and taking care of the equation (2.4), 
we have

(2.10) Elj Ejh =  ßÄ ■— ß̂  Q l .

i.e.

(2.10  Ek +  ß,Qi =  E3» +  ß*Qj,
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where we have put

(2-12) Q) =(El,- — EjA)^A.

On the other hand, with the help of the equations (2.3) and (2.5 a), the above 
formula takes the form

(2.13) Qj — Ey î/6 =  K.ljs vs 7J1.

Now, by virtue of the equations (2.8) and (2.10), we can conclude that

(2.14) =

3. D iscussion

Contracting the formula (2.6) with respect to the indices i and k , and 
using the relation (1.6 d), we get

(3-1) =  ßj Ejy — ß,- Eji.

Let us suppose the symmetry of K^-, then, from the above result, we obtain

(3.2) ßi =  P* E#.

From the last formula, we get 

(3-3)

By virtue of the equations (2.5 b)i (2.8) and (2.14), we deduce 

(3-4) E2/ =  E$? =  Eii +  ß,Q{.

Comparing the above result with the equation (3.3), we find

(3-5) « =  Q<-

In view of equations (1.6a), (1.7) and (2.13), the last result gives

(3-6) « =  QÎ =  E ^  =

i.e.

(3.7) Khsvs vh =  — a.

In view of the basic condition (1,8) and of formula (2.13), we have

(3-8) ^ Q Ì  = ^ K Ì ksvs vk = (KÌhs;j)vs^ .

Now, with the help of the equations (1.7) and (3.8), we obtain

(3-9) ß i Q l - ß AQ) =  (K L ;,- +  KL,-;A) ^ ^ .
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By virtue of the identities (1.4), (1.7) and (2.4), the above relation yields

(3-IO) h  Qh -  h  Qj =  -  K*»;. =  ßs Vs KLj Vk = t i hj Vh.

Now, on the other hand, let us consider the basic definition (1.8) as a differ­
ential equation of Kjy* ( x , £). Then its integrability condition takes the 
form:

(3 ■ I 0  Hm, KU  =  Klsm — K-ijjc Kahsm -  Kajsm —  Kj{* Kaksm,

where we have put 

(3-12)
def.

hfjfts — (ßs;m ßm;s) •

Contracting (3.11 ) with respect to the indices i and k and taking care of the 
equation (1.6 æ), we obtain

(3-13) Hms Khj —   K a i K h sm   K®a j F^hsm ' ^jsm

Transvecting the last result by vh vj and using equation (3.7) and the sym­
metric property of the Ricci-tensor Khj (i.e. K̂ * =  K^), we find

(3-h) aHms =  2 Klsm vh (K„j vj) .

Next, introducing formula (3.10) into the right-hand side of the above rela­
tion, we get

(3 • IS) =  2 (ßm QS -  ßg Ql) (Kaj vj) .

Tran vecting (2.12) by v* and taking notice of the equation (2.5 a), we obtain 

(3-16) Q*V =  o .

Thus, contracting the formula (3.15) by vm and noting equations (2.4) and 
(3.16), we get

(3-17) «ttmsvm = 2 Qas Kajv\

or

(3.18) *%Hmsvm = 2 Q“s % Kajvj.

On an analogous way, we have

(3.19) aßs HÄm Vm =  -  2 Kaj tS,

where we have used the skew symmetric property of HÄm, i.e.

( 3 . 2 0 )  H hm ' h i mh •

Adding the two equation (3.18) and (3.19) side by side, we get 

(3-21) a (ßA Hmg vm +  ßg B.hm vm) =  ßrtAs,

where we have used (3.15).
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In view of the equation (3.20) and the non-vanishing property of the 
function a (x), the above formula reduces to

(3.22) =  ßA Hms v™ — % Umh v™.

Consequently, from the above equation it is clear that when, and only 
when, we have

(3.23) Pa Hmsv™ = $8 vm,

we find

(3-24) HAs =  o

or

(3-25) ßS;A =  ßft;S-

Transvecting formula (3.23) by vh and using the relation (2.4), we get 

(3-26) Hms vm =  o ,

where we have also used

(3.27) n mhvm^  =  0 .

Conversely, from (3.26) we get (3.22). Hence (3.22) and (3.25) are equivalent 
to each other. Thus we can state the following:

CONCLUSION (3.1). In  an fo r  which the Ricci tensor YLhj (x , £) is sym­
metric, the tensor ßA;Ä is symmetric when> and only when> there exists a contra- 
variant vector vl (x) satisfying (2.4),

Kw i t  v> and (ßA;s — ßs;A) Vs =  o .

4. Remark

Let us consider the case of a =  o. According to (3.21), such a case 
occurs when we have (ßA IIms vm “h ßs ^hm vW> -H-äs) 7^0.

Now, transvecting formula (3.13) by vm side by side and summing over 
the index m, we get

(4.1) Um8 vm Khj =  -  Kaj KL» -  K ha vm

Next, multiplying the last result by ß*. and using the fundamental con­
dition (1.8), we have

(4.2) ß* Hm, tT Khj =  -  ( K ^ ;,) Kaj vm -
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In and analogous way we find

(4.3) ß8 Hkm vm Kv  =  (K-hkm ; s) K  V™ +  (K,-to;s) V™ ,

where we have used (3.20).
Adding the last two relations side by side, we obtain

(4.4) (ß* n ms — ßs Hmk) vm Khj = Kahsk Kaj —  KajsJc Kha ,

where we have also used (2.4) and (3.20).
In view of equation (3.13), the above relation yields

(4 * 5) (ß& -H-ms ßs ^mh) K^- =  Hßs Kfo- j

i.e.

(4-6) {Hfa — (ß* Hms — ß8 Hmjfc) vm} Khj =  o .

from which, by assumption, we get 

(4-7) Kjy =  O .

This is absurd. Consequently, such a case of a =  o is not relevant to the 
subject.

5. A nother Conclusion

In § 3, we have introduced a proportional factor a and we have 
obtained (3.7). And, by use of this factor a, we have derived (3.21) 
from which, under a 7  ̂o, we have found the condition for the symmetry
of ß»;,.

However, as we have mentioned in § 4, from (3.13) we have derived 
(4.6) straightly. Here we have to take care of the fact that, having no-connec­
tion with K/*?- =  K^, the formula (4.6) has been derived from (3.13). Further­
more, (3.13) has not yet arty connection with the symmetry of K^, but it 
has not been derived from the defining equation of the space itself. In this 
case, assuming we have (3.22). Thus we see, by use of (2.4), the
condition for the gradient of ßÄ as H ^ vh =  o.

Considering these facts, we can state that the existence of non-vanishing 
a is related to the symmetry assumption of Khj. According to these facts, 
we are able to get the following further conclusion, having no-connection 
with Kfc?- =  K#.

CONCLUSION (5.1). In a recurrent Finsler space of first order, with 
a non-vanishing Ricci tensor, the recurrence vector ßÄ is a gradient one, 
when and only when there exists a contravariant vector vl satisfying (2.4) and
(ß*;*— =  O.
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6. Co n t in u a t io n  of D isc u ssio n

In order to get the second supposition, i.e. (3.7), in the conclusion of 
§3, it is sufficient to take into consideration

(6.1) K* =  —  aß* , (a# : o)

because contraction of the above formula by vh gives (3.7).
In view of the equations (1.6 d), (3.6) and (3.10), we conclude that

(6.2) Kjhvj = - *  % - h Q Ì -

Now, comparing the two equations (6.1) and (6.2), we get 

(6-3) PìQa =  o-

Thus, transvecting formula (6.1) by Qh; and taking care of the above rela- 
tion, we have

(6.4) Kw Q V  =  o .

On the other hand, with the help of the formula (3.17) the last equation takes 
the form

(6.5) aK*,w* =  o .

Since oc o, the last formula can be rewritten as

(6.6) Kfe »* =  o .

This is the third supposition in the conclusion of § 3. Thus, the conclusion 
in § 3 may be replaced by the following:

C o n c lu s io n .  In  a recurrent Finsler space of first order, where the Ricci 
tensor Kjy (#,!#) is symmetric, i f  we choose a contravariant vector vl so as to 
satisfy (2.4) and (6.1), where a means a scalar function, then ßÄ;s becomes a 
symmetric tensor.

It is easy to see that (6.1) is equivalent to (6.3). In fact, as we always 
have (6.2), in view of (6.3) we get (6.1) and conversely.

On the other hand, multiplying formula (3.10) by and summing over 
the index i , we find

(6.7) ftCßiO» — =  k £m 0*

In view of (6.3), the last formula yields 

(6-8) ß Ä - ^ o ,

or

(6.9) (Mhi-,0 v = o .
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Now, with the help of the equations (1.4), (1.6) and (1.8), the above result 
takes the form

(6.10) =

On the other hand, transvecting the above formula by vh and taking care of 
equations (2.4) and (3.7), we get

(6.11) Kjy vk =  ■— ocß̂ -.

Namely, from (6.8) we get (6.1), and consequently we have (6.3). By this 
reason, (6.8) is equivalent to (6.3), i.e. (6.1). Accordingly (6.1) can be replaced 
by (6.8). Thus, from the above conclusion we obtain the following:

THEOREM ( 6 . i ) .  In a recurrent Finsler space of first order, where the 
Ricci tensor is symmetric, in order to get ßÄ;a — ßs;Ä it is sufficient that there 
exists a contravari ant vector vl satisfying (2.4) and (6.8).
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