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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — On the Multipliers of Certain spaces of Functions

on the Sphere. Nota di OLusoLA AKINYELE, presentata ® dal Socio
G. Zarpa.

RIASSUNTO. — Si da una caratterizzazione dei moltiplicatori entro la classe degli ope-
ratori di spazi funzionali sulla sfera a A-dimensioni (£ > 2).

1. INTRODUCTION

Let S be the K-dimensional sphere (K = 2). S admits a group of rota-
tions, namely the orthogonal group SOg.,, which we denote by G. Denote
by x« the result of the action of the rotation « on the point x€S. The rotation

operator R, acting on a function / and a measure @ defined on S are defined
as follows: ‘

R, f(x) = f (xa) for all xe€S; Ryp (E) =p(Ex) for all

pu-measurable . subsets E < S.

Let E and F be Banach spaces of functions on S, and let Bg (E, F) denote
the space of bounded linear operators of E into F which commute with the
rotation operators R,,x€G. In [2] Dunkl showed that if T belongs to any
of the spaces Bg (L*(S),L*(S)) and Bg (C(S),C(S)), then there exists a
unique zonal measure W&, thatis, # € M (S ; p) such that Tf = f*u for f in any
of the spaces L' (S) and C(S). Moreover the correspondence between T and p
is an isometric isomorphism of Bg (L!(S),L1(S)) and Bg (C(S)) onto the
Banach algebra of zonal measures denoted by M (S; #), where p is the north
pole of the sphere and M (S; ) ={ne M (S): R, u = for all as px = p}.

(*) Nella seduta del 12 febbraio 1977.

28. — RENDICONTI 1977, vol. LXII, fasc. 4.
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In this paper, we characterize the bounded linear operators which belong
to any of the following spaces: Bg (L*(S), M (S)), Bc (L*(S), L1(S))
I<g<oo,BsLIS),L*®) 1<g< oo and BoL(S),CO)1<g<o0.
We show in section 3, that T € Bg (L1 (S), M (S)) if and only if there exists
a unique pe€M(S; p) such that Tf=f+*p for all feL'(S) and that
TeBs L1(S),L1(S)) if and only if there exists a unique geL?(S; p) such
that Tf = f* g for all fe L'(5). We also show that T € Bg (L?(S), L™ (S))
if and only if there exists a unique gelr(S;p),1/g 4 1/r =1 such that
Tf = fxg for all feL?(S). Finally we show that T e B; (L1(S), C(5)
if and only if there exists a unique gelLr(S; p) (1/g 4+ 1/ = 1) such that
Tf = f*xg for all feLe(S).

The author would like to thank Prof. C. F. Dunkl for his comments on
the manuscript.

2. PRELIMINARIES

Considering S imbedded as the unit sphere in R*** and for xz,y €S, let
x-y denote the ordinary inner product of the vectors which correspond to
the point x and y(—1<x-y <T1). S has a unique rotation invariant Borel
measure 7 such that #(S) = 1. Define L¢(S) = L7(S;m) and M(S) to
be the space of regular Borel measure on S. If p is the north pole of S define
the zonal functions as the subspace, L¢(S; p) = {feL?(S): R, f = f for all
a5 po = p}. For any x€8S, let G, be the closed subgroup of G leaving »
fixed. It is known [2] that there is a homeomorphism between the space
Sle , and the closed interval [—1, 1] induced by the continuous map x — p-x.
Thus there exists an isomorphism between the zonal functions and integrable
functions defined on [—1,1]. With respect to this isomorphism the space
of zonal functions maps isometrically onto LY ([—1,1], Qg_y)2) where Q,

1

is the measure a, (1 — 2~"* d¢ and a, is such that f dQ,(#) =1. The poly-

-1
nomials P} (¢) defined by the relation (1 —27¢ 422 = ,,‘Z':', %2_1_%7?_ .
P () form a complete orthogonal set on [—1,1] with respect to the
measure Q,. It follows then that the functions P52 (p.x) form a complete
orthogonal set of zonal functions. Throughout this paper, we shall assume
that A = (K—1)/2, For other background material and notations we shall
lean very much on [2]. For any x €S, if we define M (S;x) = {peM(S):
1R, ==y for all € G,} then the mapping ¢,: M (5; p) - M (S ; x) defined
by ¢, = R, p is an isometric isomorphism onto [cf.: 2] ¢, can be defined
similarly for -all the subspaces of M (S;p) which are Banach algebras.
Suppose peM (S;p),n»=0,1,2,---, then we define the nth Gegen-
bauer coefficient {1, of g by

fin = | P 0 du (@)

S
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and for feL1(S; p) define
Jo= [ Bio ) f @ dm o),

S

|gn| <llell and | £, | <1 fll. For fel'(S)and #=0,1,2, - - we define

Folw) = f F) Ph(x3) dm (3) .
S

Similarly for p.e€ M (S) we define
in ) = [ Phrn) du ().

S

Clearly (i, = fin (#) and f, = f» (#)-

3. MULTIPLIERS OF CERTAIN SUBALGEBRAS OF M (S)

3.1. DEFINITION. Let T be a linear operator defined on any of the spaces
Le(S) (1 < ¢ < o0), with its range a subspace of M (S). Denote by N, =
={0,1,2,3, --}. If there exists a bounded complex valued function ¢
defined on Ny ={0,1,2,3 ---} such that (Tf), (¥) = ¢ (%) f, () for all f
and x €S, then we call T a multiplier.

3.2. THEOREM. Lez T:11(S) - M (S) be a bounded linear operator. Then
T s a multiplier if and only if there exists a uniqgue p.€ M (S; p) such that
Tf =wxf for all fel*(S). Moreover |T| =] pn].

Proof. Suppose w€ M (S; p) and f e L1(S), then if Tf = ux f, Tfe M (S)
[2] and [TAI<|wllfll. Hence (Tf)y(®)=@*f @) =fnfa(®),
ne{o,1,2,---}. If we define ¢ on Ny={0,1,2,--} by setting
¢ (#) = {1y, , m€ Ny, then ¢ is a bounded complex valued function on N,
such that (Tf); (%) = & () f, (%) for all feL1(S), so that T is a multiplier.

Conversely suppose T is a multiplier, then 3 a bounded function ¢ on N,
such that (Tf); (x) = ¢ (%) /,(x),x€S. Let aeG,feL!(S) and x€S,
then |

RS @) = [ R f () P9 dm ()

S

= [ O Pate sty dm () = f2 45" Ph o) = Ja (o) = Ru () ()
S

where {,* P () = Ph(p-%).
Define Ef to be a unique measure in M (5) such that

Ef)n (@) =¢ () fa(x) neNo,, xeS.
Then clearly E is a bounded linear operator of L1 (S) into M (S). Assume that
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feC(S), then clearly Ef belongs to C (S), and since C (S) is dense in L!(S),
the range of E is L'(5). Moreover,

Ry Ef)y (0) = (Ef)y (x0) = & () o () = & () (Ro /) () =
= ¢ (n) (Ra )n (¥) = (ER, /) (%)

Therefore E is a bounded linear operator of L*(S) into itself which commutes
with all rotations. Theorem 10C of [2] implies the existence of a unique
weM(S; p) such that Ef = f* u for all feL(S), moreover, |E| = ul.

However, (Ef); () = ¢ (%) fn(x) = (If); (x) for each #eN,,x€S, hence
T=E and Tf =fx*p.

In the next theorem we wish to obtain a characterization of the bounded
linear operators in Bg (L' (S), L2 (5)).
3.3. THEOREM., Let T :L1(S) — L2 O 1<g <o be a bounded linear
operator. Then the following statements are equivalent.
(i) TR, =R, T  for all aeG,
(ii) There exists a wunique bounded continuous function ¢ on

No=1{0,1,2,3, -} suck that (Tf), (x) = & (%) f,(x) for all
FeLi(S),neN,,

(ii) There exists a unique function ge€lLi(S; p) such that Tf gxf
Jor all feLl(S).

Moreover || T | =|gl,-
Proof Let T: L' (S) - L4 (S) be a bounded linear operator and assume

that (i) holds. Then for feL!(S;p) and € G,, Ry Tf =TR, f =Tf, so
that Tfe L?(S; p). Let 2 Lr (S) where 1/g + 1/ = 1 and ‘define a mapping

CF:L1(S) —C

by settin

T F(f) = f TF (2) & (2) dm (3)
S

for feL,(S). Clearly F is a bounded linear functional on L*(S). Thus 3
a pelL®(S afo(x) A (x) dm (x) = ff(x) B (x)dm (x). Let feL'(S) and,

$ $
g€Lr(S; p), since TR, = R, T for all « € G, the same technique of Theorem
10a of [2] yields the following:

f(f* Tg) () 2 (%) dm (x) =fT(f*g) (#) 4 (x) dm (%) .
S S .

Since this holds for all ZeLr(S), T(f*g)=f*Tgfor feL1(S),gcL'(S; 2).
In particular for f,g€ll (S; ), T(f+g) =g+ Tf =Tfxg, and so Tfxg=
=fx*Tg. Taklng Gegenbauer coefficients we have (Tf)n £,= fn (Tg), . Choose
feL1(S;p)sf, 40 and define ¢ on Ny=1{o,1,2,3,---} by setting
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& () = (Tf),, |, then d is a bounded continuous complex valued function inde-
pendent of the choice of f and moreover (If),; = ¢ (#) £, ,x€S ,ne N, for
all felr(S; p). Suppose feLl(S) then there exists a net {U,} of zonal func-
tions [2, 4 6] such that f*U, —» (!~ norm).
[T (f+ Ul (5) = (f * TUp)s () = fu (%) (TU, () =
= Ja (@) & ) (Up)s > & () 7, () -

[T (f* Ui &) — (TA7 (%) hence (T); (#) = ¢ () u (+) for all feLi(S),
ne N, and x €S, which implies (ii). /

Now assume (ii), and let {U,} be an approximate identity such that for
any fel'(S;p,f*U,—~f in the L-norm and [|U,|= 1. Then for
FELUS; p)

I —(TU) *fll, =T —T Up* H ll, <N TIHf —Up+flh—o0

Thus Tf = lim TU, * fe L, (S). For a€G,

Ra Tz (x) = (Tf)a (x0)) = & (%) fu (x0) = & (W) R fo (%) =
= ¢ (n) R f)w () = (TR, ) (%) -
Hence TR, =R, T and so for felLl'(S;p), Tfeli(S) and R,(If)=
= (R, T)f=TR, f=Tf. Thus TfeL?(S;p) and moreover ||TU,[|, <
<[ TN Uul,=1ITI|. The set {TU,} is bounded in the L,~norm by || T||
and since L2(S; p) = Lr (S; p)’, there exists a subsequence [cf. 1, V. 4. 2]

TU,; converging weakly to geLf(S;p) and so for each 4Zelr(S;p)>
1/¢g + 1/r =1, we obtain

lim f TU,; () 2 (x) dm (x) = { gx) A (x)dm (x) .
TS g

In particular we take % = {;* P,eC(S;p)cLr(S;p) and then

lim [ TU, ) 45" P dn () = [ £ @) " Pato) dm o),
S

S

ie. lim f TU,, (%) Py (P-x) dm (%) = f g@Py@-x)dm (x) =¢,.
J ) S

Hence (TU,), —£,.- But (TU,), = ¢ (m) (Up)p =& () since (U,), —1;
and so ¢ (#) = g, for all neN,. Finally for fel!(S)

(T () = & () fu () = &, fu (¥) = (£ )0 (),

[2, 4 a]. Clearly Tf = g * f for all fe 1!(S) which is (iii). Assume that (iii)
holds, then for feIL!(S), and x €S,

Ry Tf (%) = Tf (xa) = g * f () = R (f * £) (x) = (R f * £) (%) = (TR. f) ()
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for all x € G. Hence R, Tf = TR, f for all feL1(S) and (i) holds. From (ii)
Tf =g+ f for geLA(S; p) and all feLX(S), so || Tf ll, = llg *fll, <llgl, Il /1l
which implies | T||<||gll,- Also given e>o03fecLt(S)slg*fl,>llgl,—¢
for ¢ < co and this implies || g|l, <||T|l. Therefore [T| =1 gll,.

3.4. THEOREM. Let T:L2(S)—>L*(S) be a bounded Ilinear operator
1<<g < oo. Then the following are equivalent.

(1) T commutes with all rotation operators,

(i) There exists a wuniqgue ge€Lr(S;p),1lg +1lr =1 such that
Tf =g*f for ecach feli(S), and || gl =IIT].

For g = oo, Theorem 3.4 remains an open problem.

Proof. Suppose (i) holds and define T* the adjoint of T on L* (S)*
into L¢(S)*. Then T* is a mapping of L2 (S) into Lr(S) where 1/g + 1/ = 1.
Now for feL2(S) and %ZeL*(S),

fo (%) /2 (x) dm (x) = f f () T* % (x) dm (x)
s ' §
so that for x € G,

f F(x) T*R, A (x) dm (x) = [ TF (%) & (xe) dom (x) = J Tf (xa~) 2 (x) dm (%)
s s

S

= [Res Y@ 40 dm () = [ TRoms 1) )
S 3

=fRa—1f(x) T*%(x) dm(x):ff(x) R, T* 2(x) dm ().
$ $

Since this holds for all f€L¢(S), then T* R, 2Z=R, T* % for all 2e1*(S)
and so T* is a bounded linear operator of L (S) into L7 (S) which commutes
with all rotation operators. Therefore by Theorem 3.3 3 a unique g€ L7 (S ; p)
such that T*2 =g 2% for all 2€L1(S) and || T*|| ={|g|,. So finally for
kel (S), feL1(S), by Fubini’s theorem,

[V @i am@ =[ 7@ T h@ @ = [ 76N @ am@
§ : s

S S

= @ [ 8614 G) N dm @)
s s
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= [ro| [t e@r6)an) ane

=fo<x) by £ (%) dm (x)} % (9) dm ()

~

=j (F*&) (N A () dm (3).

S

Since this holds for all feL?(S), again Tf = f+g, for all /e L4(S) which
is (ii). Clearly it is easy to show that [ g|l, =||T|. Using the same
technique as in Theorem 3.3 (ii) implies (i).

3.5. THEOREM. Let T:L4(S) - C(S) 1 <g <L 0o be a bounded linear
operator. T commutes with the rotation operators if and omly if there exists a
unique function helr(S;p),1lqg + 1|r =1 suck that Tf = hxf for every
FeLes).

Proof. Suppose Tf =/ xf, then | Tf o <[ 2| /|| < o0, and also for
xr€S,aeq,

R, Tf (%) =Tf (xa) = (% *D(xa) =Ro (% *f)(x) = (b * R, ) (x) =TR, f (%)

So T commutes with all rotations. Now suppose T : L¢(S) — C(S) is a bounded
linear operator commuting with rotations, then for feL!(S; p), TfeC(S5)
and R, (Tf) = TR, f =Tf, so Tf € C(S ; ). Consider the map F:L¢(S; ) —>C
given by

FAH=T/®

where p = (1,0,0,+,0) the north pole of S. Since T is continuous F is
a continuous linear functional on L?(S; ) and so 3 a unique £2eLr(S; p),
t/g + 1/r =1 such that

PN =[r@r@an@, selisip).
S

So TF (p) =ff(x)k(x) dm(x) for feL4(S;p). Let B€G such that fp = p,
$

then for 2e€lr(S;2),Rga=¢,2eclr(S;p) and so ¢, /% (x) =7 (x) for
every x € S. 'Consequently,

YO = [f@r@dn@ = [ 1@ b,h@ dn ) =GN ).
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For any x €S, let « € G be such that ax = p, then
TF () = Tf (3 2) = Ry TF(B) = TRacs F(B) = h % Ry £(9)
— Ras (i 4 ) (D) = b F (1 5) = (i f) ().
So for every feLe(S; p), Tf — /i +f where € 17(S; ). Now if fe L1(S),

then there exists an approximate identity U,e L1 (S; p) N Le(S; p) such that
f*U, > f(L%norm), and then,

m T (f*Uy) = lim (F % TUy) = lim (fx U, x ) = f « &

in L%-norm.

But im T (f* U,) = Tf, hence Tf =/f*/% for all feL?(S).
3.6. COROLLARY.

B  Be@L'(S),C() =B @), L7 (S) ~L*(S;p)
i  Be@*(),CE) =LIS;2).

REFERENCES

[1] DUNFORD and SCHWARTZ (1958) — Linear Operators, Part 1, Interscience Inc.
[2] C. F. DUNKL (1966) — Operators and harmonic analysis on the sphere, « Trans. Amer.

~ Maths. Soc.», 125, 250-263.



