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Equazioni differenziali ordinarie. — Restrictive Stability of the
non-linear Abstract Cauchy Problem. Nota di OLusoLA AKINYELE,
presentata @ dal Socio G. SANSONE.

RIASSUNTO. — L’Autore da condizioni sufficienti per la stabilitd restrittiva e la stabi-
litd restrittiva asintotica del problema di Cauchy.

INTRODUCTION

In this paper we shall continue our study of the stability criteria of the
abstract non-linear Cauchy Problem begun in [1] and [2]. We consider the
Cauchy Problem:

du
(r) E,‘ZA(Z)”+f(¢:”)"'”(fo)Zu06D<A<l‘o)>
where feC(R+*XY,Y) and Y is a Banach space.

In [3] the notion of restrictive stability which is of practical interest in
certain situations was first introduced and sufficient conditions were given
for such a concept to hold for the differential system

@) L_fen , wE@=m

where feC (R*XR" R"). In this paper as a consequence of main global
results obtained in [1] and [2] we give sufficient conditions for the restrictive
stability and restrictive asymptotic stability of a self-invariant set M < Y,
with respect to the abstract Cauchy Problem (1).

MAIN RESULTS

We shall assume that for each #e R*, A (¥) is a linear operator on Y with
D (A (?)) depending on z. We also assume the existence of solutions # (¢, 4, , %)
of the Cauchy Problem (1) for all #>¢#,, a solution of (1) being a strongly
differentiable function # (¥) € D (A (¢)) which satisfies (1) for all #>4,.

" The following general results were obtained in [1] and [2] respectively:

LEMMA 2.1. Assume that

(i) VeCR*XY,R) and V (¢t,u) is Lipschitzian in u and Yo Y is,
open;

(*) Nella seduta del 12 febbraio 1977.
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(ii) the set Ec Y, is such that Ec Y, and H < 3E where 3E is the boun-
dary of E;
(iii) aeC(R*,R) is suck that for (t,u)e R*XH,V (¢,n) = a(¥);
(Av) wup€ E and V (¢, uy) < o (2,);
(v) For eack te R+, all h > o, the operator R [h; A (¢)] exists as a bounded
operator defined on Y and for eack ne YImR[2; A u=u;
h—>0
(vi) geC(R*XR,R) and for (t,#)e R*XE,
DV, u)<<g(,V(#,n);

(vil) any solution v (¢,ty,¥,) of the scalar differemtial equation
d
© =t . 1=

satisfies y (¢, by, Vo) < a(2),2=>ty, provided y, << a(ly);
Then there exists no t* >ty such that wu(t,ty,u) € E,t€ (¥, t*¥) and
wu (2%, 2y, uy) € H.
LEMMA 2.2. Assume that
(i) VeCR*XY,,R) and V (¢, u) is locally Lipschitzian in wu;
(iiy geC(R*XR, R) and for (t,u)e R*XY,,
DtV (@, 0)<g(l,V(¢,n);

(ili) there exists a set F < Y such that uo€ ¥ implies w (¢, 4y, ) €Yy, 2> ty;

(iv) the set He Yy is such that Hc Y, and for (¢,u)€ Rt X (Y,~H),
V (¢, %) = o (¢) where a € C (R, R);

(v) for each te RY, all k> o, R[%h; A(f)] exists as a bounded operator on Y
and for each we Y

ImR[2;A D] u=wu;
h-—>0

(vi) there exists a v = 1 (4, uo) > O suck that for any solution y(¢,t,, )
of the scalar differemtial equation (3) the relation y (¢, %,y < a(?),
t>=>ty + T holds.

Then there exists a T=T (ty, 1) > O suck that u,€ F implies u(t,ty,u,)€H
Jfor t =1, +T.

DEFINITION 2.3. A subset M <Y is said to be self-invariant with respect
to the Cauchy-Problem (1) if #,€ M implies # (f)e M for all 2= ¢,.
For any set Mc Y, let p > 0 and define ‘

SM,p)={ueY:d@,M) < p};
where d (u, M) = 1nf floe —olly.
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DEFINITION 2.4. Let M and N be any two subsets of Y such that
M < N. . The set N is said to be

(i) restrictively stable on M with respect to the Cauchy Problem (1)
if for any solution # (¢) of (1) and for every #,€ R+, there exist posi-
tive numbers § = § (¢, ¢) and B =P (%, <) such that z,e S (M, )
implies

w(,ty, ug) €SN ,e)NSM,B), 2= 4;

(ii) restrictively asymptotically stable on M if (i) holds and for every
to€ R*, there exist positive numbers 8 =3 (%) and B, =B (z)
such that lim % (¢, 2y, %) =4 S(N,e) N S (M, B,) uniformly on

{—=>00

ng€S (M, 93).

Suppose M is a compact set in Y which is self-invariant with respect to
the equation (1). We now give a set of sufficient conditions which ensure the
restrictive stability of N on M with respect to the Cauchy Problem (I).

THEOREM 2.5. Assume that ‘
(i) VeCR*XS(N, p),R®,V(¢,%) is locally Lipschitzian in u and for
(#,)e R*XS(N,p ~M
DtV (£, ») <o;

(i) 2eC(R*, R®) and for (¢,4)e R*¥XS (N, o) ~ M,
Vilt, W)= 6,(dw,N) , Vi, u)=by(d @, M);

(iii) whenever nwe M, for every (¢,7r)e R*X (0, 0),Vi (¢, u) < b (r) and for
every (¢t,7) € R*X (0, p) there exists B =B (t,7)> 0 such that ueS (M ,7»)
implies N, (¢, ) < by (B);

(iv) for each t€ R and h > o (% small) the operator

R[5 A @] = [I—4A @1
exists as a bounded operator defined on Y and for each ueY
IimR[2;A@]u = u;
h—>0

Then the set N is restrictively stable on M with respect to (1).

- Proof. Let te R* and 0 <e < p. By hypothesis (iii) there exists
- 8 =29 (%,¢) >0 such that #,€S(M, 3) implies V; (¢, 2%,) < 4, () and also
there exists 8 = @ (4, 8) such that V, (%, #,) < 6, (). We now appeal to
Lemma 2.1.

Set Yo=S(N,p) and E=[S(N,e)n S(M,B)] ~M. Take oH, =
=3EN3S(N,¢) and a (?) = 4, (), with g (¢, %) =o0. Then all the conditions
of Lemma 2.1 are satisfied and so the solutions # (¢, ¢y, %) 2%, S (M, 3)
are such that = (2, 2y, %,) € H, for all #>¢,.
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Also setting aH, =3E N 8S (M, B) and « () = 4, (B) the conditions of
Lemma 2.1 are again satisfied and so # (¢, ¢y, #,) € H, for all z> ¢, provided
o€ S(M,3). Hence #,€S(M,3d) implies % (¢,%,, %) €SN ,e)NS(M, B)
for all 2> ¢,, which completes the proof.

A set of conditions that guarantee the restrictive asymptotic stability
of N on M is given in the following.

THEOREM 2.6. Assume that
i) VeCRt+XS(N, ) ,R) and V (¢,n) is locally Lipschitzian in u;
(ii) geCR*XR,R) and for (¢,2) e R¥XS(N,p)~M

DtV (2, 0)<g(,V(,un);

(iiy e C(R¥*X[o,p),R),b6(z,w) 7s non-decreasing in w for eack te R*
and for (¢,u)e R+ XS (N, o) ~ M,

V@,0)=6(,d(w,N));

(iv) for each teR* and all &> o0 the operator R [k;A (£)] exists as a
bounded operator defined on Y and for each ue Y,

IimR[%;A O] 4= u;
h—0

(V) there exists a T =TT (¢, y9) > O such that any solution y(t,t,,yo) of
the scalar differential equation

d
d_-);:g(t’y) ) J’(fo)zyo

satisfies the inequality y (¢,t4,%0) < b(t,7),t=ty+T for every r € (0, p).

Then the yestrictive stability of N on M implies the restrictive asymptotic
stability of N on M.

Proof. Assume that the set N is restrictively stable on M with respect
to (1), then for any solution #(¢) of (1) and every #,€ R+, there exist positive
numbers 8 = 8 (#y,¢) and B = B (%, ) such that #,e€S (M, 3) implies

u(t,ty,u) €SN ,e)NS(M, B), t>t,.

Therefore % (¢,4,,%,) €SN ,e) and S(M, p) all £>¢,. We now make
an appeal to Lemma 2.2.

First set F=S(M,3d) in Lemma 2.2, then condition (iii) of the
Lemma is verified. Let z,e R* and o<el<e Set Hi=S(N,e) and
Yo=S(N,e)~M, then for (¢,2)e Yo~H,; and the monotonicity of
6@, 7),V(t,u)=>06(#,e").  Now set a(f) =b(¢,c") the condition (iv) of
the Lemma is satisfied. Conditions (i), (i), (v) and (vi) of the Lemma are
already part of the hypothesis, hence the Lemma is applicable to H;.
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Thus there exists T; = T, (¢, %) > 0 such that #,€ F. =S (M, 8) im-
plies u (#,¢,, %) e H =S (N, &), for 1=>¢, +T,.

Let #,e R* and o <By<PB. Set H,=SM,By) Yo=SM,B) ~M,
then for (¢,#)e Yo~H, and the assumption on &,V (¢,%)=>5(¢, By).
Setting « (£) =6 (¢, B,) and proceeding as in the above arguments
there exists T, =T,(% , #,) >0 such that #,eF=5(M,3) implies
(2, 2,1, € Hy =S (M, By for e=>1#, + Ts.

Choose T = max {T;,T,}, then T =T (%, %) >0 and #,eS(M, 3)
implies 2 (¢,2,,%#50€ SN ,eH) N SM, By for all #>¢,+ T which is the
restrictive asymptotic stability of N on M. The proof is complete.
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