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Funzioni speciali. —  On the mean convergence o f D in i series. 
Nota di S. R. A gra  Wal e C . M.  P a t e l , p resen ta ta^  dal Socio 
G. S a nso ne .

RIASSUNTO. — In questo lavoro si prova che un sistema ortogonale di funzioni di Bessel 
è una base nello spazio di Banach Lß (o ■ 1) , fi >  1 , — 1 <  ß <  ft — 1. Se ne deduce che 
la serie di Dini di ogni funzione f e  L | converge a /  nella norma di L |. Inoltre si dimo­
stra, tramite un controesempio, che se la condizione 1 <  ß <  /  — 1 non è soddisfatta esiste 
una funzione di questa classe la cui serie di Dini diverge.

i .  In t r o d u c t io n

Let Lß^(o , 1) , p >  I , ß any real number, be the class of all measurable 
functions /  defined on [0 ,1 ] , for which

1

(ï.l) ll/llp.ß =  I I \ f ( f )  |p*Pd*J < 0 0 .
Ó

It is known, e.g., Alexits [1], that L f  is a Banach space under the norm 
defined by (1.1). It is easy to verify that L /  £  Lß ,̂ for oc <  ß ; L f  =  ï f  and 
Lß  ̂ (a , b) =  I f  (a , 6), for o <  a < b.

For p  >  I , I Ip +  I Ip' =  I , ß' =  — ß /(/ — 1), Lß/P (o , 1) denotes the con­
jugate space for "Lf (o , 1). If f e  and g  eL,$f '} then f g  e l f  and

(1.2) f i x )  g  (x) dx l l / I U I I / l l* .*

The following properties of the class L f  have been established in 
Gol’dman [3] (K ^, K2 , K 3 , • • • etc. denote constants depending upon p  , ß 
and v only):

1.1. Lemma. Let f e  JLf fo  , 1), p  >  1 , ß <  p  — 1 ; and let F (x) =
X

=  J  I / ( / ) j d/. Then ^ - e L e? ( o , i )  and
0

(!-3) < K a | | / | | PiP.

(*) Nella seduta del 12 marzo 1977.
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1.2. Lemma. Let f e  L ßp (o , i )  , p > i  , — i <  ß <  /  — i; and let G (x)

-  i ' U M
x  -f-1.1

dt. Then G e Lß27 (o , 1) and

(14) I I G | U < K 2| | / | | p,ß .

1

i .3. Lemma. I f  f  e I f  (o , 1) , p  >  o , and g  (x) =  I  — — —̂  dt,
J 2 — x  — t

then * 6 L ? ( o , i )  and \\ g\\p <  K 3\\f\\p . 6

2. DlNI SERIES

Let

Vm if) &m 11 Jv il\iì) > t  7> O ,

9rn (o) =  lim <pm (t) ,
t->0

where J v (f) is the Bessel function of the first kind for v >  — 1/2; \  <  X2 <  
the successive positive zeros of It j(  (t) +  h Jv (t) and

(2.2) 2 x ^  =  ( x L - v 2) j : w  +  4 j ; 2(g .

Since Jv (if) '■v p  ^  iy  near zero, cpm e Lß27 (0 ,1 ), if v -f  J  >  o for

ß > —  I and (v +  1/2) +  ß +  1 >  o for ß <  — 1.
Gol’dm an [3] has shown that {]/2 x  J ^ i  ( jm) Jv (xjm) : m  =  1 , 2 ,• • •} 

where y* <  y2 <  y8 <  • • • are the successive positive zeros of J v (f), forms 
an orthonormal basis in the space Lß27 (0 ,1 ) for p  >  1 and —-1 <  ß <  p  — 1. 
He has also established the divergence of Fourier-Bessel series of functions 
in Lß27 corresponding to this system when § > p  — 1 or ß <  — 1.

In the present paper, we establish similar results regarding the ortho­
normal system {9m(f)} corresponding to the class Lß27. We also prove the 
convergence in the Lß^-norm of the sequence of partial sums of Dini series, 
corresponding to f e  Lß27, given by

00
(2.3) /  00 ~  2  ?» ix) - ih il  + v >  o or lz f ° )  >

m —1

1

where 6m =  j  f  (t) <pm (t) d t.
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These partial sums are given by

(2.4)

where

(2.5)

x

s» (x , / )  =  j  /  00 U„ ( t , x) d t ,

u  n ( t , x ) =  £
j x t  Jv (Am) Jv ( x k j

If Xn < D ^ < X Ä+1, then by Watson ([8]; p. 602),

D n + ioo  ___

y tx (w , x) Jv (tw)
(2.6) v . v . * ) - —  I

Dw-ioo

when o <  t  <  # <  1, Yv (t) is the Bessel function of 2nd kind and

/ ® (w , x) =  (h +  Iw) Ox (w , x) — w<&2 (w , x) ,

(2.7) < <DX (w , x) =  Jv (w) Yv (jrze;) •— J v (xw) Yv (w) , and

( 0>2 (w ,x )  =  Jv+1 (w) Yv (Yw) — Jv (xw) Yv+1 O )  .

In case, o < x < t < i ,  t  and x  are to be interchanged in (2.6). 
Moore [5] has shown that

(2.8) \ n =  nrz -(- q +  K4 ( fn)ln ,

where

klZ  +  (2  V +  i )  7 t/4  , if I  zfzO j

klZ +  (2  V *—■ 1) 7u/4 , if 1 = 0 ,

k is an integer and K 4 (Xn) remains bounded for large n. 
We may, therefore, choose for large n,

( 2 .9 )  D n =  niz +  (2  v +  3 )  7c/ 4  .

3. E va lu ation  o f  th e  sp e c tr a l fu n ctio n  TJn ( t , x )

For any ; r , ^ e ( o ,  1) , x  ^ - 1, let a positive integer n be chosen so that 

(3.1) D „ > . K —

3.1. Lemma. Let  o < x <  2lDn , o < t  < 4 /D „ . Then 

(3-2) J U B ( t , x) \ <  Kg D„ .

21. — RENDICONTI 1977, voi. LXII, fase. 3.
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Proof. Let t  <  x. By Watson ([8]; §§ 3.61 and 18.51), for w  lying on 
£>«■— i ° °  to Dn +  ioo,

(3-3) (w , x) I <
K7 éd-x)!»!

i

Again, from the recurrence relations and asymptotic formulae, Watson 
([8]; §§3-2 and 7.21),

(34)
w

<  K8 f
h]y (w) +  lw Jv CW)

Therefore, using (2.6) and (3.1), we get

I U > #) I ^  K5 Dn .

w e ■H

If x < t , (3.2) is obtained by interchanging t and x. 

3.2. Lem m a. For 2jDn <  x  <  1 , i/D % <  t <  1,

(3.5) u ,  (*,*) =  I +  O (D -1) Ü« ,

where

(3-6) r r  t t  v \  _  1 f —  0 I s in D n ( 2 — *  —
n '  ’ '  2 I sin tc/2 — /) sin 7c/2 (# +  *) j

+  0  ( d ^ ( 2 - , - 1 ) )  +  0 ( I ) •

Proof. By Watson ([8]; § 7.21),

______ I ____________ ■_______;_____________ i_______ ______________
h j v (w)  +  l w  J i  (w)  -----/  y  2  wjiz  COS ( w ------VTü/2 —  3 7u/4 )  +  O  (I I“ 1)

Therefore, if t <  x, by (2.6), (3.5) is true for

D n+ioo

(3-7) O „ o ,* )
x f  .--------:— O (w , x) Jv (tw) dw

---- — 1 ^  TZ W t X  2  ----------   T— 7-----p r -  ,
2 t l  J  ' COS ( W ----- VTZj2 +  7 t /4 )

D^—ioo
I f=- O .

Again, using the following asymptotic expansions in (2.7), 

Jv (# )  =  y  2 / t t 7  {  P2 COS (tf — CL) —  Q2 sin 0  — <2) }

and

Yv (*) =  y 2 Itvz. { Pz sin (z — a) +  Qz cos (* — «)} ,
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where

and

>  I , a =  (2 v +  1) 7t /4

P2 =  I + 0 ( 1 ^  I“ 2) , Q2 =  (K9/ * ) { i + 0 ( M - 2)},

we obtain from (3.7),

D̂ +ico

TC2

r* rJ -

fr r+ \ __ K10 j I__ cos (1 —• #) w  cos (tw —■ a)
U n ( /  y x ) —

D n —ioo
sin (w —  a) +

+
sin (1 •—■ x ) w  cos (tw —  a) cos (1 ■— x ) w  sin [tw •— d)}

xw  sin (w -—• d)

h +  /v sin (1 —-x )w  cos (tw —-a) [x (t

(3.8)

/  w  sin (w —■ d)

Ii +  I2 +  I3 +  L , say,

tw sin (w — a) 

, X , w) 1

where | jx ( t , x  , w)  | <  e for w  lying on T>u -f- i oo to Dw — ioo.
Now, if x /D„ <  t <  xj2 , x  —  t >  x j 2, so that

(3-9) L  I <
Kr

D„xt

If x j 2 <  t  <  x, then (3.9) is true from (3.1). Hence (3.9) is true for 
I /D„ <  t < x  <  I .

Further,

(3-10) ï. I <  K- ^ ± ^  ( &  +  * " ( * - *> dv
7Z X t Ì  D2 +  v2 n x t  J  / d 2 +  /

o

(3-ii)

x t D n (2 •—-x —-f) 

In a similar way,

I
ï.

=  ° ( : xt  T>n (x +  f) (2 —  ^  — t) 

Finally, using the integral,

+  0 ( 1 )

cos h \v dv —
7C

cos h v sin 7r/2 (i ■— X) ’
i <  X <  i ,
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we obtain, in view of (2.9),

l __ sin Dn (x • t) sin D , ( 2 — a? —  t)
'  1 2 sin 7t/2 (a: — 0  2 sin 7t/2 (a; +  0

The lemma, now, follows for t  <  x, from (3.8) to (3.12). For x  <  t, 
t  and x  are merely to be interchanged.

3.3. Lemma. For 2l~Dn < x  <  1 and o < t < i J D nf

(3.13) I U„ (£, #) I <  K12 / +1/2 x ~x D„+1/a <  K 12/x ,

and f o r  o <  x  <  2/Dn , 4/Dw <  t  <  1,

(3.14) I u ,  (/ . x )  I <  k 13 *v+1/2 r 1 d ; +1/2 .

Proof, (3.13) follows from Watson ([8]; §3.31), (2.6), (3.3) and (3.4).
(3.14) follows in a similar way.

4. Main theorems

4.1. THEOREM. The system {9m(t)} form s a basis in  the Banach space 
L f  (o , 1), where p >  1 , — 1 <  ß <  /  — 1 and v >  — 1/2.

Proof‘ By Pollard ([6]; p. 361), it is enough to show that 

(4-i) l |S „ (a ; ,/) ||p ,p < K 14 ||/ | |p i3, f o ra l i  f e  L ßp .

Let o < x  < 2 l D n . Then by (2.4), (3.2), (1.2) and (3.14),

(4-2) | S B( * , / ) | < K 6Dn J  | / ( f ) | d f  +
0

1

+  K13 x >+112 d ;;+1/2 J  i / M  d/ <  k 15 d<1+P)/* II'/ IU  •
4/Dw

Therefore, we have 

2/D*
(4-3) J | S „ ( * , / ) F * 0 d * < K ? J | / | | £ , ß .

0

Now, let 2/Dw <  ^  <  I .  Then

i/D „  1̂

(44) Sn ( * > / )  =  (  J +  J ) / f ô U n ( / , ^ ) d /  =
0 1/D«

=  ai +  çr2 > say.
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By (3-13) an<i  Lemma 1.1, we obtain, as in (4.3),

(4.5) fflo o r * ß d * < K ? 7 ii/ii£iß
2/Dw

Further,

<+ 6 > £ % £ 4 / w * + t W -
I/O«

where

(4.7) I T (*) I <  &
V^n

sin Dw (2 -— x  —-t) 
sin 7r/2 (x  +  0 /  (0 d/ +

+  K:18 I 1 / (0 1 d ^ + K l9 /  1 / ( 0  I d/: 
1/D« I/O«

ATif D„ (2 -—' a: 0

=  A  0 0  +  t 2 (a:) +  Ts (at) , say . 

Now, using Lemma 1.2, we get

(4.8)

j.

(  |T1 ( * ) f * Pd ^ < K 5, | | / | g , 3. 
2/D»

Also,
1/2

(4.9) T2( * ) < - ~ “  j  ì l ^ à ì .  dt  +  K18 j  J ^  d/ =/ ( 0
^  D n J t  

i/o«
2 ---- #  — ■ t

1/2

t 2 (or) +  Ta' (x) , say .

As in (4.3),

(4.10) \ < ( x ) \ Px * à x < n i \ \ f \ % , f ,
2/D „

and by Lemma 1.3, 

(4-10  /

1/2 1 1

rr / \ yp

2/D „
= K“ ( /

r* \

+  . l i /2/D* 1/2 1/2
1

ÄjH«VI +  Kf3 I
f*

1/2

/ ( 0
2 •— •— t

d t x ß dx

< K L I I / | g , e .
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Similarly,
1

(4.12) (  |T3( ^ ) r ^ ^ < K f 5ii/ii^ .
2/D„

We also have, for 2fDn < x < i , o < t <  i /Dn , x  — t >  x/2) so that 

l (x) \  = i f  dt <  K.sin rc/2 (x — t) ■26
F W

a;

Therefore,
1

(4.13) j  \ l ( x ) y > x & d x < K U f \ \ P s .
2/D„

Thus, from (4.4) to (4.13), it follows that for 2/Dn <  * <  1 ,

1

(4.14) s n ( x , f )  =  i  I  - i n ^ ^ / ( 0 d/ +  § . (x) .
6

where
1

(4.15) J  \ S n ( x ) \ P * * à x < K U  f i l l s -
2/Dm

Using (2.9) if we set y . =  (v +  1/2) 71/2, we obtain,

(4-i6) I  I  ^  ^  _1-| - / ( 0  d* =  cos Y* j  &»(*>*) /(?) cos y t d t  +
6 0

1

+  sin yx j  An (x , t ) f  (t) sin yx  dt +
0

1

+  I  2  s f n  ^ ( ^ 7)■ /  (0 c o s  +  è )  ™ ( *  -  0}  ,
Ó

where A„ , t) is the Dirichlet kernel for Fourier series.
From Hardy-Littlewood [4] and Babenko [2], it is true that the functions 

of the class L ßp ( o , 1) can be expanded by trigonometric systems. Hence, 
the partial sums of the Fourier series with respect to these systems satisfy the 
inequality (4.1).
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Hence, from (4.3) and (4.14) to (4.16), (4.1) is proved.
The theorem is, thus, completely proved.

4.11. Remark. It may be noted that the system discussed by 
Gol’dman [3] is a special case of our system (2.1), when /  =  o. Also, when 
v =  (2.1) reduces to a trigonometric system.

4.2. Theorem. P o r v > ~  1/2 and f e ' L f )p > i , — 1 < $ < p  — 1, 

1

(4.17) Urn \  | / ( * )  — S„ ( x ) f x *  d* =  o .
n-> 00 J 

0

Proof. From Young ([9]; § 9), it is true that for any function / ,  if

1

j  f  OD <Pm (f) dt  =  o , m  =  I , 2 ,3  , • • •,
0

then /  is a null function. From this and Theorem 4.1, it follows that the 
system {cpw (0} forms a complete orthonormal basis in LßP (o , 1), hence, it 
is closed in

(4.17) follows from the above conclusion.

5. D ivergence of D ini series

We shall, now, exhibit an example to prove the condition — 1 < ß <  
<  p  — I to be essential for the convergence of the Dini series (2.3) cor­
responding to /  G Lß*\

Gol’dman [3] has proved the following lemma:

5.1. LEMMA. Let v >  — 1/2. Then the following relations hold'.

(5-0

1

J  1 j v ( a „ ) * 1/2 d x - x r / 12 iogxm,
0

ß =  — I , p  >  I ,

and
1

(5-2)

1

f 1 d* ~  A-p/2,
0

ß > — I , p >  I ,

where
upon

^  denotes the presence of bilateral relations with 
v, p  and  ß only, m being sufficiently large.

constants depending
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5.2. Lemma. For v >  *— 1/2, m sufficiently large, the following estimates 
are true\

(5*3) II 9m lip,3 ~  1 » ß > — I . A >  I ,

and

(S-4) II «Pm lip,ß ~ (lo g X m)VP » ß = ---

Proof. By recurrence relations and asymptotic expansions,

(5*5) em ~  \  {Jv (fm) 4“ Jv+l (fm)} (vAm) Jv (fm) Jv+i (fm) “

== 11(pfri) ( T +  O (X^1)} .

Hence, (5.3) follows from (5.2) and (5.5). Similarly, (5.4) follows from 
(5.1) and (5.5).

5.3. THEOREM. There exists a function f Q g whose D in i series diver­
ges in the ï̂ ,v_f-norm .

Proof. For each m ,m  =  1 , 2 , 3  , - • • etc., cpm e the space conjugate
to Lp_f, and hence defines a linear functional on the space L p_f .  Thus, by 
(5.4), {<pm} is a sequence of linear functionals whose norms form an unbounded 
set. By the Banach-Steinhaus theorem, Taylor ([7]; § 4.4), there exists a 
function f 0 e L^_/, such that the Dini coefficients corresponding to f 0 do not 
form a bounded sequence.

Hence, the general term of the Dini series does not tend to zero in the 
Lp-i’-norm. This proves the theorem.

5.31. Remark. For ß >; p  •— 1, to have <pmeLßP (o, 1), we must have 
(v +  1/2) P +  (J> —  1) — ß >  o.

5.4. Theorem. For ß >  p  — i , p  >  i, there is a function in L f  (o , i), 
whose D in i series diverges.

Proof. For. ß >  p  —  1 , L p~i £  Lßp. Hence, the theorem follows from 
Theorem 5.3.

5.5. THEOREM. For ß < — i , p > i y there is a function in  (o , 1), 
whose D in i series diverges.

Proof. For ß <  — 1, either {<pOT} does not form a basis for or it forms 
a basis for Lß^\ If it forms a basis for Lß,2̂ , then for ß <  ■— 1 , ß' >  •— 1.
Therefore, the theorem follows from Theorems 5.3 and 5.4.
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