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Geometria algebrica. — On the geometry of flag manifolds and
Slag bundles. Nota ® di SamueL A. Trori, presentata dal Corrisp. E.
MARTINELLI

RIASSUNTO. — Si da una risoluzione parziale del problema di esprimere ogni sotto-
variéth di Ehresmann di una varietda di bandiere mediante la base di Borel-Hirzebruch
dell’anello di coomologia.

§ 1. INTRODUCTION

A flag is a nest of projective subspaces
S: 5,<S;<c---=8,4, dim S, =1

of complex projective space P, (C). The set of all such flags is called the flag
manifold of the space P, (C) and is denoted by F = F (» -+ 1). Cf. p. 324
of [1]). Let V be a non-singular algebraic variety of dimension &, which we
suppose to be imbedded in P, (C). A tangent flagtoVisa(o,1,---,d,#n)-
flag S with S, € V and S; the tangent [d] to V at S,. The set of all such flags
is called the tangent flag bundle of V and is denoted by V2. (Cf. p. 329 of [1]).

The Borel-Hirzebruch basis of the cohomology ring of F (% + 1) is given
on p. 256 of [2] while the Ehresmann basis in terms of permutations (a4, -, @,)
ofo, 1, .-, nisgiven on p. 263 of [2] and in 1.2 of [1]. The purpose of this
paper istogive a partial solution to a problem raised by Monk on p. 284 of [2].

The problem is that of finding a formula expressing any given permutation
symbol in terms of the Borel-Hirzebruch basis. We shall be using the Ehres-
mann base as is given on p. 325 in [1] where the integers in an index (per-
mutation symbol) represent codimensions whereas Monk’s symbols use actual
dimensions. In other words, the index corresponding to a Monk’s permutation
symbol, (@, -, @), is (B—ay, -+, n—a,). If the index k= (£y, -, &)
is such that £y < £ <..-< £,, then the problem has beensolved and the
formula is given in (1.4.3) on [1]. Here we give the formula for an index
k= (ky, -+, ky) where £y > by >---> £,

“ Ehresmann ’ subvarieties of V® are defined in 2.0 of [1] using linear
systems of primals on V and indices. We also give the formula expressing
an ‘ Ehresmann’ subvariety of V%, with index k= (%4, ---, %, where
ko > ly >--->k,, in terms of the basis elements given in 1.5 of [1].

(*) Pervenuta all’Accademia il 25 ottobre 1976.
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§ 2. IDENTIFICATION OF BASES ELEMENTS

LEMMA 2.1. The identification of the bases elements of the cohomology group
H2 (F (n - 1)) 45 given by

Yo=—[(); FI,
Y = [o,1, +,d—2,2); F*—[(0,1,---,i—1,7+1); F%
a<i<n—1),
and
Yo= [(0,1, -, m—2,nm);F]%

Proof. The Ehresmann basis for H? (F (» -+ 1)) is given on p. 265 of [2]
and the identification with the Borel-Hirzebruch basis is given in (13.5) of [2].

THEOREM. 2.2. Let k= (g, *, @y) be an index such that ay > a; >~ - -
o> q, >0 and such that the Ehresmann subvarieties of F (n + 1),
@y, -+, an); F] and [(ag,...,a,); F)| are equal. Then in terms of the
Borel-Hivzebruch basis elements, the class of the Ehresmann subvariety,
[(ag, -+, ap); Fl, is given by

q
[(ag, +yag); F1* = (— D)™y yi* -+ - ¥g?, where m = Z a; .
i=0

Proof. From Lemma 2.1, to prove the theorem it suffices to prove that

(o, a) s FI = TT{I0, 1oy d— 1,7 - 1) P —
—[(o,--+,i—2,4); F]*}".

The proof is by a series of inductions. When ¢ = o and g, == 1, then from
Lemma 2.1 |

[0 FI* = —o.
Now as a first inductive hypothesis, assume that

[(@; FI* = {[(1) ; FI*}}, for /[<a,.
Then

[(@o) ; F1* = [(1) 5 F]* - [(@0—1); F]*,
(by the intersection formula on p. 265 of [2]),
= [(1); FI* - {[(1) ; F]}}"7,
(by the first inductive hypothesis),
\ = (— D",

(by Lemma 2.1).
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Next as a second inductive hypothesis, assume that for p <g

p
[(ao,"‘,dp);F]*z];[){[(O,"',Z.——I,Z.'I— I>,F]*’—
—([o,--+,i—2,7); F]*}*%.
When a, =1, we have that
[(ao:""aqﬂ);F]*'{[(O""’q—l’g_l_I);F]*”"
'—[(0""»q—2’7>§F]*}:[(ao;"';dq—lyl);F]*,

by the intersection formula on p. 265 of [2] since @y > a; >+ > @,y > 1.
Finally assume as a third inductive hypothesis that for 4 < a,, we have

[(QO"""ZQ—D;F]*'{KO)"')Q——I 7q_|" I>;F]*_
— [0, 9—2,9) FIP = [(@9,* "+, @, 6) ; FI

In other words,
2 b
& ”b_i(z'){[@ g 1,0+ 1) FIN [0, g — 2, q) ; F]P-i

'[(‘%:"an—l);F]*: [(‘ZOV":aq—l!é);F]*-

Hence
a {[(0, -+, i—1,i+1);F*—[(0, -, 7 2,4); F]9% =
i=0
:[(aO"")aq~]>;F]*'{KO;"‘;Q’—I,q—J,—I);F]*

— [0, -,g—2 4D F]*}aq’
(by the second inductive hypothesis),

L ;:0(__ I)aq—z’ (‘Zq) {[(o,~--,g—~1 ,q + I) : F]*}i.
'{[(O""rg'_‘z rg) ) F]*}aq—i' [(aoy"':dq—l); F]*y
=S (T (M) o e g T

'{[<O""r9"—2’9) ) F]*}aq“i' [<ao""’aq-—l) > F]*,
=[O 2,0 B & (— e ("“f ‘).

]

.{[(o,...,q—l ,q + I);F]*}i.{[(o,...’q___z,g);F]*}aq—l—i.
'[(ao,"',dq_,>;F]*+ [(0,"',9"—1 ,9—|— I); F]*'

. ;ql (— I)uq—i (“.q:ll> {0, -+,¢g—1,q+ 1); Fp¥t.

z

{llo,--,9—2,9); F]*}aq_i' [(@o,---) @g); FI¥,
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ag—1 1—i (¥ — T\
=_—[<0:'°"7'—2:9>;F]*‘g_o<—l)aq‘ ( Z )

.{[(o,...»,g—l »9+I);F]*}i-{[(o,“-,q-——z,g);F]*}“q—l—i_
'[(“0»"',dq—x);F]*+[(0,°'-,9—“I,q+1);F]*-

S o (e g g s F

>

i=o
AL, g—2,9); FPIT T [(@0, -, @g) s FI¥,
=—[0,,¢g—2,9);F1* [, -, 01,8 —1D; F* +
+ [, g—1,g+1);F1* [(@0, ) @gu1»ag— 1) ; FI*,
(by the third inductive hypothesis),
= [(@0," s ags, 29 ; FI*,

(by the intersection formula on p. 265 of [2] since ag>a; >+ > @y > ag—1).
Thus

[<ao""’“q>;F]*=ili%{[(o,n-,z'——l i+ 1); F]*—

q
— [0, +,d—2,0); F¥ = (— )"y yi* - - - vy%  where m = 2 a;,
=0
(by Lemma 2.1), and the theorem is proved.

COROLLARY 2.3. Forany (g, )-index k = (ay,* -+, ay) where ay > a; > - -
<> ay, for any non-singular variety V of dimension > q and any sufficiently
general nest L of linear systems on NV with top dimension >t — 1, the coho-
mology class of an * Ehresmann’ subvariety of V* is given by

(@, -5 a0); LI VA* = (p* @) (p*a + 8™ -+ (% 2 + 8%,
where a € H2 (V) is the cohomology class of the member of Z,.

Proof. By the invariance principle in Theorem 2.5 of [1], the Corollary
follows by putting

Y0='_'P*d,

and Y, =—p*a—3,, 1

IA
A
I

in the value of [(ay, -, @) ; F]* found in the theorem.
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