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Algebra. •—■ The symmetric matric equation X„- • -X( A X 1- . -Xft= B .  
Nota di N ick M ousouris e A. D uane  P orter, presentata« dal 
Socio B. S egre .

RIASSUNTO. —  Si determina il numero delle soluzioni Xx, • • •, della suddetta equa­
zione su di un campo di Galois, dove A e B designano due assegnate matrici simmetriche.

i. Introduction

Let F =  GF (q) denote the finite of q =  p f  elements, p  odd. The trans­
pose of a matrix X is denoted by XV

L. Carlitz [2] and John H. Hodges [5] calculated the number of solutions 
X over F to the matric equation

(1.1) X ' AX =  B .

Carlitz found the number N t (A , B) of m X t  matrices X satisfying (1.1) for 
A  and B symmetric, A nonsingular of order m  and B of order t  and rank r. 
We refer to this as the unranked case. Hodges gave an explicit formulation 
for the number N (A , B ; k) of e x t  matrices X over F of rank k satisfying
(1.1) , where A and B are symmetric, A is of order e rank m  and B is as above. 
N (A , B ; k) is the number of ranked solutions to (1.1).

In  this paper we count the number of solutions X 1 , • • - , X n over F to 
the equation

(1.2) X'n • • • X[ AXx • • • X n — B ,

for Â  and B symmetric, where A is of order d0i rank m  and B is of order dn 
and rank  r  in both the ranked and unranked cases. N (a , ß , d 0 , • • *, dn ; m  , r) 
represents the number of solutions Xx, • • - , X^, n >  1, where X^ is a di^1 X di 
matrix, i  — 1 ,* • - , n to (1.2), (the unranked case), and a , ß represent the 
invariants of A and B respectively to be discussed in section 2. N ( a , ß , d0, • • •
* • •, dn ; m  , r  , kx , • • - , kw) , n  >  1, denotes the number of solutions of (1.2) 
where a , ß , d 0 , • • •, dn , r  and m  have the same meaning as before and ki 
is the rank of X ^, i  =  1 , • • •, n i (the ranked case). The resulting formula 
for N (a , ß , d 0 , • • • , dn \ m >r , kx , • • - , k^) is the more general formula in the 
sense that by summing over all admissible ranks of X t* yi  =  1 , • • •, n it is 
possible to evaluate N (a , ß , d 0 , • • •, dn ; m  , r). For n =  1 (2.2) and (2.3) 
yield explicit formulations for the number of solutions to (1.1) in the unranked 
and ranked cases respectively.

(*) Nella seduta del 12 febbraio 1977*
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2. Notation and preliminaries

Let F  be as in section 1. Matrices with elements from F are denoted by 
Roman capitals A , B , • • •. A  (s , ni) denotes a matrix of s rows and m  co­
lumns and A (s , m  ; r) denotes a m atrix of the same dimensions having rank r. 
Ir denotes the identity matrix of order r  and I (s , m ; r) denotes an s X m  
m atrix having Ir in its upper left hand comer and zeros elsewhere.

If A =  A (e , e ; m) is symmetric then A is congruent [3; 168] to a diagonal 
m atrix diag (ax , • • •, aw , o , • • «, o). Let 8 =  8 (A) =  ax , • • •, am (clearly 
8 ( A ) ^ o  unless m =  o) and let ^ denote the generalized Legendre function 
defined by (a) =  o , 1, -— 1 according as a =  o, a nonzero square or a non­
square of F. Then as Hodges [5; 222] notes X (A) defined by X (A) =  (8 (A)) 
is an invariant under congruence and is called the invariant of A.

Carlitz’s formula [2; Theorem 5] for N *(A , B), the number of solutions 
X (m , t) to (1.1), requires A  to be nonsingular. If in (1.1) A is taken to be 
symmetric, A =  A (e , e ; m) and B is symmetric B =  B ( t , t ; r) then by 
Hodges argument [5; 224] (1.1) can be reduced to the equivalent matrix 
equation

(2.1) X ' diag (Aj , o) X =  B, =  diag (B2 , o) ,

where Ax is symmetric and nonsingulaf of order m  with X (Ax) ==X(A) and 
B2 is symmetric and nonsingular of order r  with X(B) ±= X(Bx) == X(B2). The 
number of solutions X ( m  , f)  of (1.1) for A  and B symmetric, A =  A (e , e ;m)  
and B =  B (t , t ; r )  can now be calculated from

(2.2) N (X (A) , X (B) , « , t  ; m , r) =  Nf (A ,, B,) .

Hodges’ formula for the num ber of solutions X (m , t ; k) to ( i.i)  for A 
and B symmetric, A =  A (e., e ; m) and B =  B ( t , t  ; r), as corrected by 
Porter and Rfveland [7; 3.9] is given by

(2.3) N (X (A) , X (B) , e , t  ; m , r  , k) =

min(Är,w)
2  qHe~mi g ( e  —  m , t  —  s , k —  s) N (Ax , Bx , s) ,
s=h -

where A, and Bx are as above, h — max ( k , k — e +  m) , N (A ,, B, , s) is 
given explicitly in [4] and [5] and g ( m  , t , s) is the well known formula due 
to Landsberg [6] for the numbers of  m X t  matrices of rank j  given by

. . g  (m , t , s) =  y s(9- 1,/2 f i  (3n~i+1 -  O  -  I W  ~  O  -
i= l

We use gm to denote g  (m , ni):
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Finally Carlitz’s formula [2; Theorem 3] for the number of symmetric 
matrices C =  C (m }m  ; r) , X (C) — [x is given by

(2.4) S ( m , r , V) =  gm \qHm~r) gnM E( r ,  n)]"1,

where E ( r , [x) denotes the number of automorphs of C given by

(r—2)/2
2 / (,' - 1)/Si{i — (j,[^(— 1) ^-1]r/3} n  (1 — qu  r). r  even.

i=l
(r—1)/2

2  f i r - l i l t  J J  r  odd.
i=l

3. The number N (a , ß , d 0 , • • - ,dn ; m  ,r)

Lemma i . For n  >  1 , r <  min (d0 , - • - , dn , m), the number of solutions 
X 4 , i  =  I , • • • , n to (1.2), where A is symmetric, A  =  w (d0 , .*/0 , m),
X (A) =  a , B A symmetric, B =  B (<2̂  ydn \r)  , X (B) == ß z> given by the reduc­
tion form ula

u
(3 '0  1 ß y d$ , • • •> dn , m  , r) =  N (oc, ßn_x , > * *

rn-i= r ß«-i=—l,0,l

• * ) dn—i y m , /nn—\) X (ßw_x, ß , dn-^ , dn j rn—\ , f)  S Çdn̂ y , rn_^, ßn_x) ,

where u =  min (tn , d0 dn_t) and  N (a , ßn_3 , d 0 ,• • •, ^w_x ; m , r n_x) A of 
the same form  as N (a , ß , d 0 , • • •, dn ; m  , r) fo r  n >  2. I f  n  — 1 =  1 then 
N ( a ,  ß3 ydoydi , m , r ^  is given by (2:2), N (ßn̂  , ß ,<4 -ì , dn ; r n_x , r) is 
given by (2.2) adn S (̂ 4 _x , r^_x , ßn_x) is given by (2.4).

Proof. To count the number of solutions to (1.2) we first count the num ­
ber of solutions to each of the following .matric equations

(3 .2) x ; _ x . . . x ; a x x - - .  x ^ x - d ,

(3.3) x ; d x .  =  b .

Since A is symmetric, equation (3.2) forces D to be symmetric of order 
dn-i- Fix E  and let its rank be rn_x and X(D) =  ßn_x. The number of solutions 
to (3.2) can be represented by N (a , ßn_x, d0 , • • rydn_x ; m > rn_x). The number 
of solutions to (3.3) is given by N (ß^_3, ß , dn̂  , dn , rn_l yr). In order that there 
be solutions to (3.2) and (3.3) it is necessary that r  <  r %_x <  min (m , dQ , • • •

* y dn-f) •
Thé product N ( a , ß^_x , d0, • • •, dn̂  ; m  , r n_x) • N (ßw_x, ß , <4 -1, dn ; r n_x, r) 

represents the number of solutions Xx, • • •, Xw to the system of equations (3.2) 
and (3.3) for D described above. Multiplying this product by the number
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S (At-i y rn_j y fin-x) of symmetric matrices D with order dn_ly rank rn__̂ and 
invariant ß ^  and summing over all possible values for rn_x and ßw_3 we ob­
tain the desired result (3.1).

Theorem 1 now follows from the lemma and mathematical induction.

THEOREM i. The number N =  N (a , ß , A) > * • - , dn ; m ,r), o f solutions 
X] (d0 , A) , • • •, Xn (dn_x y AO to the matric equation (1.2) is given by

(3.4) N =  2  2  N (a , ß , d 0 , dx ; m , rt) ■
îï=r P i=o ,l ,- l

n—1
i A?+l y  rj y rj+1) S (dj , Tj , ß̂ ) ,

where ^  =  min (m , d 0 , • • -, A) , ßn — ß , rn =  r  , 1 <  i  y k < . n ~  1 , n >  1 and  
r  <  min (d0 , • • -, dn , m).

The above formulation together with the formulae for evaluating (2.2) 
and (2.4) give N as an explicit function of the variables a , ß , d 0 , • • - , dn , m 
and r. We will not take the space here to list this combined formula. For 
n — I, the number of solutions to (1.2) is given by (2.2) Hence the number 
of solutions X^ (d{-x, dì) , i  =  1 , • • *, n  to (1.2) can now be calculated in all 
cases where solutions exist for n >  1.

4. T h e  num ber N (a , ß , d 0 , • • •, dn ; A , • • -, kn , m  , r)

In this section we obtain a formula for the number of solutions to (1.2) 
in the ranked case, that is where X^ =  X* (A-i , d i , hi) , 1 < i < n .  The 
proofs of Lemma 2, which gives a reduction formula, and for Theorem 2, which 
gives the desired result, are analogous to the proofs of Lemma 1 and Theorem 1 
and will not be included.

Lemma 2. For n  >  1 ,>  <  min (m , A , • • *, A0» the number of solutions 
Xi(di_x y di ; kì) , i  =  I , • • •, n o f ( 1.2) where A  is symmetric, A — A ( d Qyd0y m), 
X (A) =  a , B is symmetric, B =  B (dn , dn ; r) , X (B) =  ß is given by

N (oc, ß , A) y • • •, dn ] kx y * > At y wt y r) =

=  i ;  s * > dn—1 î A > * * * > At— 1 ,
1,0,1

• N (ßft,—] > ß > At—1, dn , kn , , *̂) * S (At—1 > 1 > ßn—l) J

where u — min (m , kx , * • •, AO N (a , ßn_-1 » A) > * * * > At—1 î A  > * * * > ^
^  of the same form  as N (a , ß , d 0 , • • dn ; kx ,* • *, At >m ,r )
I f  n  •— ï =  ï , then N (a , ß , d 0 , dx ; A , m  , r) is given by (2.3). N (ßw“3, 
ß , At-i > At ; At , , r) w* by (2.3) S (A t-i, rn_} , ßn_3) w given
by (2.4).
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Theorem 2. The number M =  N (a , ß , d 0 , • • -, dn ; kx , • • •, kn , m  , r) of 
solutions X x (d0 , dx ; hx) , • • •, X n (dn- \ , dn ; kf) o f the matric equation (1.2) is 
given by

(4.1) M =  2  2  N (a , ßi., d0 , dx ; m  , rx , k,)-
n=r ßy=—1,0,1

n—1
n  N (Pa y Pa+1 ) y dh+i î rh y ?'h+l y &h+l) * S (d^ , r^ , ß )̂
A=1

where ßn =  ß , rn =  r  ^  — min (m , ^  , • • •, /^) , 1 < i  >j < n *— 1 , ^  >  1
<2%̂  r  <  min (m , kx , • • •,

As in Theorem 1 all of the forms appearing on the right in (4.1) can be 
calculated explicitly in terms of a , ß , d 0 , • • •, dn , kx , • •; •, kn , m  and r .  The 
process begins by referring to (2.3) and (2.5). We will not take the space here 
to put the various formulae together to write a single explicit formula.
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