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Geometria differenziale. — A ypersurfaces for whick the third fun-
damental form 1is conformal to the gquadratic mean form. Nota di
LreoroLD VERSTRAELEN, presentata ) dal Socio B. SEGRE.

RIASSUNTO. — Vengono caratterizzate le ipersuperficie di uno spazio ellittico di cui
al titolo, ossia soddisfacenti alla (¥). Si dimostra inoltre che le ipersuperficie di quel tipo di
uno spazio euclideo che hanno curvatura media costante sono prodotti di sottospazi lineari
e sfere.

§ 1. INTRODUCTION

Let M be a condimension 2 submanifold of an elliptic space. Suppose
that M is quasi-umbilical w.r.t. 2 orthogonal normal sections & and % which
are parallel in the normal bundle. Then £ and % are cylindrical if and only
if the third fundamental form of M equals the quadratic mean form [5].

In the present paper first a characterisation is given for the hypersurfaces
of Riemannian manifolds whose third fundamental form is conformal to their
quadratic mean form, say

* I = oIl .

In particular, for III = Ily, this gives a generalisation of a result of S. Ko-
bayashi and K. Nomizu regarding Ricci flat hypersurfaces of Euclidean
spaces [2]. Then it is proved that, in Euclidean space, the hypersurfaces
for which (*) holds and which have constant mean curvature are the product
submanifolds of linear subspaces of the ambient space with spheres.

§ 2. PRELIMINARIES

Let M” be an #-dimensional hypersurface of a Riemannian manifold N.
Let 6 = {e,},(A,B,Ce{1,2,---,2 -+ 1}), be an adapted orthonormal fra-
me associated with meM”. Let ® and ws be the dual base forms and the
connection forms of M w.r.t. . Then the metrical fundamental form, the
connection equations and the structure equations of M™ are respectively given by

(1) ds? = 3} (@9)?;
(2) Vea = o) ® 5 ;
3) dA et =’ Aog,
) dA ol = ol A et + QF

(*) Nella seduta dell’r1 dicembre 1976.
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whereby Qf are curvature 2-forms of N, and 7,7, 4€{1,2,---,%}. In parti-
cular, if N is a space form of curvature ¢, then

) QF = — o™ A "

One has the relations |

®) o = Ky ot

Zs; are the connection coefficients. Since M» is an integral manifold of
) @l =o,

it follows by exterior differentiation using E. Cartan’s lemma that

8. : ATt = nt.

The quadratic mean form, i.e. the second fundamental form corresponding
to the mean curvature vector H, and the #hird fundamental form of MP are
respectively given by

(9 Iy = 2" o o)
(10) I = 3 a5 i o oF,
7
whereby % = trace [4};']. If N has constant sectional curvature ¢, then one

has the following formula [4]:
(11) VY =(m—1)cds®*—1III + 11y,

where W is the Ricci form of M. We recall that according to III, Il or ¥
being proportional to ds?, respectively being zero, M” has conformal Gauss
map, 'is pseudo-umbilical or Einstein, respectively is totally geodesic, mini-
mal or Ricci-flat. - In particular, (11) shows that the Ricci flat hypersurfaces
of Euclidean space are those for which III = IIg. Theorem 5.3 (2) of [2]
states that for » = 3 the Ricci flat hypersurfaces of Euclidean space are the
eylindrical hypersurfaces, i.e. the hypersurfaces for which zero is a principal
curvature with multiplicity =z — 1 [1].

§ 3. CHARACTERISATION OF THE HYPERSURFACES FOR WHICH III = plIly

The main purpose of this section is to prove the following.

THEOREM 1. The third fundamental form of a hypersurface M* of a Rie-
mannian manifold is conformal to the quadratic mean form, 111 = plly, o
and only if p principal curvatures of M™ vanisch and the other principal curvo-
tures are equal. If M" is not totally geodesic (p < n) then p = 1/(n — p).
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Proof. As is well-known we can always chose the vectors ¢; in T,, (M®)
such that & is a principal orthonormal frame, i.e. such that

(12) Aft=o0  for iy .

Then, denoting the principal curvatures kY™ of M™ by 2, we obtain from (9)
and (10) the following expressions for Ily and III:

(13) Iy = (Z 7\]') IICOM
7
(14) I = 2 ()"
Thus, for any function p on M?, (¥) holds if and only if
(15) Vi:li(ki—p;lj):o.
This is equivalent to
(16) Viel={1,2,,p}: =0 ; Vi¢lidj=pI,
‘ 3

whereby 0 < p < 7.
If M” is not totally geodesic, 0 < p < 7, then (16) implies that

(17) ;M:(ﬂ—ﬁ)P;lj,
and consequently |
(18) p=1/(n—p).

Remark. For the totally geodesic hypersurfaces M® of N, (¥) is trivially
satisfied for arbitrary factor of proportionality.

COROLLARY 2. Let M"™n =13, be a hypersurface of a Riemannian
manifold. - Then 111 = 1y if and only if M" is cylindrical.

§4. HYPERSURFACES WITH CONSTANT MEAN CURVATURE IN SPACE FORMS

According to (16), the non-umbilical hypersurfaces M” for which (*)
holds are chdracterised by

n+41 n+l P
(19) g [O¥ =0 ) ;g = A& )

Whereby 7\#0 ) i)j)ke{l y 2 1"')?} y Z.l!j,>'él€{p + I ’?_l_zy"',%}
o< p<n. The mean curvature of such hypersurfaces is clearly given by

(20) T=(m—p)\.

In the following we consider the non-umbilical hypersurfaces M® of space
Sforms N for which (*) /olds and which have constant mean curvature.
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By exterior differentiation of (19) we then obtain

(21) o Ao’ =i Ao =o0.

Using E. Cartan’s lemma this implies that

(22) Vi,itef =o.

Exterior differentiation of (22) shows that essentially ¢ must be zero.

PROPOSITION 3. The only space forms in which there exist non-umbilical
hypersurfaces with constant mean curvature for which 111 = olly are the Eucli-
dean spaces.

Thus we finally consider the hypersurfaces M® of Em# for which (19)
holds and « is constant.

We have
(23) dA o = Aol
(24) dA e =o' Aol
Consequently the distributions determined respectively by
(25) Viie =o;
(26) Vi:iw' =o,

are both Znwolutive. Using the connection equations, it is easy to see that the
integral submanifolds corresponding to (25) and (26) are respectively (7 — p)-
dimensional spheres with radius 1/A and p-dimensional linear subspaces of
E"tl. Moreover it follows from (22), based on a lemma of J.D. Moore [3],
that M® is actually product submanifold of these integral submanifolds.

THEOREM 4. The non-umbilical hypersurfaces M™ of E™ with constant
mean curvature © and for whichk 111 = plly are the product submanifolds

E? x Snr (_—n —2 ) < Er X Erpit
T

whereby o0 < p < n.
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