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Geometria differenziale. — Hypersurfaces for which the third fu n 
damental form is conformal to the quadratic mean form . Nota di 
L e o p o l d  V e r s t r a e l e n , presentata^) dal Socio B. S e g r e .

R iassunto . — Vengono caratterizzate le ipersuperfìcie di uno spazio ellittico di cui 
al titolo, ossia soddisfacenti alla (*). Si dimostra inoltre che le ipersuperfìcie di quel tipo di 
uno spazio euclideo che hanno curvatura media costante sono prodotti di sottospazi lineari 
e sfere.

§ i .  In t r o d u c t io n

Let M be a condimension 2 submanifold of an elliptic space. Suppose 
that M is quasi-umbilical w.r.t. 2 orthogonal normal sections \  and rj which 
are parallel in the normal bundle. Then \  and 7) are cylindrical if and only 
if the third fundamental form of M equals the quadratic mean form [5].

In the present paper first a characterisation is given for the hypersurfaces 
of Riemannian manifolds whose third fundamental form is conformal to their 
quadratic mean form, say

(*) III =  pIIH.

In particular, for III =  IIH , this gives a generalisation of a result of S. Ko- 
bayashi and K. Nomizu regarding Ricci flat hypersurfaces of Euclidean 
spaces [2]. Then it is proved that, in Euclidean space, the hypersurfaces 
for which (*) holds and which have constant mean curvature are the product 
submanifolds of linear subspaces of the ambient space with spheres.

§ 2. P r e l im in a r ie s

Let Mn be an ^-dimensional hypersurface of a Riemannian manifold N. 
Let b =  {eA} , (A , B , Ce {1 , 2 , • • - , n +  1}), be an adapted orthonormal fra
me associated with Let coA and o>a be the dual base forms and the
connection forms of w.r.t. b. Then the metrical fundamental form , the 
connection equations and the structure equations of Mw are respectively given by

(I) dj* =  £  (to*)2 ;
i

VeA =  o)a®«b; 

cl A <0A =  <oB A (Ob ) 

d A <0a =  (°a A <oB +  Qa

(2)

(3)

(4)

(*) Nella seduta dell’i i  dicembre 1976.
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whereby QB are curvature 2-forms of N, and i , j  , k e {1 , 2 , • • - , n). In parti
cular, if N is a space form of curvature c, then

(5) £2a — -— cuf A <ob.

One has the relations

(6) «A =  h\i w* ;

til̂ i are the connection coefficients. Since MM is an integral manifold of

(7) con+1 =  o ,

it follows by exterior differentiation using E. Cartan’s lemma that

e») k +i = 4»+l •

The quadratic mean form , i.e. the second fundamental form corresponding 
to the mean curvature vector H, and the third fundamental form  of are 
respectively given by

(9) IIh ^AA#-1

(10) III =  ^ ^ 1^ +1^ C0fc,
i

whereby h — trace [A*/1]. If N has constant sectional curvature c, then one 
has the following formula [4]:

(11) W =  (n — i)cds* —  III + I I h ,

where T* is the Ricci form  of Mw. We recall that according to III , IIH or W 
being proportional to d̂*2, respectively being zero, Mn has conformal Gauss 
m ap,1 is pseudo-umbilical or Einstein, respectively is totally geodesic, mini
mal or Ricci-flat. In particular, (11) shows that the Ricci flat hypersurfaces 
of Euclidean space are those for which III =  IIH. Theorem 5.3 (2) of [2] 
states that for n ^  3 the Ricci flat hyper surf aces of Euclidean space are the 
cylindrical hypersurf aces, i.e. the hypersurfaces for which zero is a principal 
curvature with multiplicity ^ n >— 1 [1].

§ 3. C h a r a c t e r i s a t i o n  o f  t h e  h y p e r s u r f a c e s  f o r  w h ic h  III =  pIIH

The main purpose of this section is to prove the following.

T h e o r e m  i . The third fundamental form of a hypersurface Mn of a Rie- 
mannian manifold is conformal to the quadratic mean form , III =  pIIH, i f  
and only i f  p principal curvatures of Mn vanisch and the other principal curva
tures are equal. I f  Mn is not totally geodesic (p < n) then p ■=■ 1 j(n — p).
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Proof, As is well-known we can always chose the vectors in Tm (Mw) 
such that b is a principal orthonormal frame, i.e. such that

(12) n y  = o for i ^ j .

Then, denoting the principal curvatures h^ 1 of MB by we obtain from (9) 
and (10) the following expressions for IIH and III:

(13) Hh =  ( ^ a, ) a«(g><)*;

(14) HI =  a? (<0?.

Thus, for any function p on Mw, (*) holds if and only if

(15) V» : Aj- (Aj • p2  Aj) =  o .
3

This is equivalent to

Ç16) V«'e I =  {1 , 2 , • • • , / } :  Af =  o ; Vf <M : A* =  A,-,
3

whereby o ^  p  ^  n.
If Mw is not totally geodesic, o p < n, then (16) implies that

C17) 2 i h  =  (n — p)k 3

and consequently

(18) p = i l ( n  —  p ) .

Remark, For the totally geodesic hypersurfaces Mn of N, (*) is trivially 
satisfied for arbitrary factor of proportionality.

C o r o l l a r y  2. Let Mn, n ^  3, be a hyper surf ace of a Riemannian 
manifold. Then III — IIH i f  and only i f  Mn is cylindrical,

§ 4. H y p e r s u r f a c e s  w it h  c o n st a n t  m e a n  c u r v a t u r e  in  space  form s

According to (16), the non-umbilical hypersurfaces Mn for which (*) 
holds are characterised by

(19) co?+1 =  o , <4 +1 =  Xo/,

whereby A ^  o ; i , j  , k  e {i , 2 , • • -, p) ; i ' , f , k ’ e {p +  1 , p  +  2 n}
o <  p  <  n. The mean curvature of such hypersurfaces is clearly given by

(20) x =  (n ■— p) X .

In the following we consider the non-umbilical hyper surf aces Mn of space 
forms N for which (*) holds and which have constant mean curvature.
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By exterior differentiation of (19) we then obtain

(21) CO* ' A u>j' = co}' A cJ =  o .

Using E. Cartan’s lemma this implies that

(22) Vf, t : g)/' =  o .

Exterior differentiation of (22) shows that essentially c must be zero.

PROPOSITION 3. The only space forms in which there exist non-umbilical 
hyp er surf aces with constant mean curvature fo r  which III =  pHH are the Elicit
ele an spaces.

Thus we finally consider the hypersurfaces Mn of En+1 for which (19) 
holds and t is constant.

We have

(23.) d A CO* =  coJ A co} ;

(24) d A co*f =  0 /  A co

Consequently the distributions determined respectively by

(25) Vf : co1 =  o ;

(26) VA : cô  == o ,

are both involutive. Using the connection equations, it is easy to see that the 
integral submanifolds corresponding to (25) and (26) are respectively (n-—p)- 
dimensional spheres with radius i/X and ^-dimensional linear subspaces of 
En+1. Moreover it follows from (22), based on a lemma of J. D. Moore [3], 
that Mn is actually product submanifold of these integral submanifolds.

Theorem 4. The non-umbilical hyp er surf aces Mn of En+1 with constant 
mean curvature t and fo r  which III =  pIIH are the piroduct submanifolds

EP x Sn-p {f  ^  j  c  E" x E"-î, i l

whereby o <  p <  n.
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