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Equazioni differenziali ordinarie. —- A n  asymptotic analysis of 
nonlinear n-th order retarded differential equations N o ta  di L u -  
S a n  C h e n , C h e h - C h ih  Y e h  e J e r - S a n  L in , p resen ta ta  ^  dal 
Socio G. S a n s o n e .

Riassunto. — Si studia il comportamento asintotico di un’ equazione differenziale 
ordinaria ad argomenti ritardati.

i .  In t r o d u c t io n

The purpose of this paper is to establish asym ptotic behavior of solutions 
for the retarded differential equations of the form

(0  L „ * (**) if) + f  (t , x [ g 1(t )], - -- ,x [gm (01) =  o

where is an operator defined recursively by

L 01;(I) =  r  (I) , L ; r  (<) =  - L  —  x (l) , i =  i , 2 , • • • , »  , rn it) =  i .

Results concerning the oscillatory behavior of a wide variety  of retarded 
equations can be found in [ i—7]. Throughout this paper, the following com 
ditions always hold:

00

(i) ri (f) e c  [R+ =  [o , 00) , R+\{ o } ]  , j r { (t) dt  =  o° , i =  i , 2 , • • -, n —  1.

(ii) f  (P , y! ,• • • > y  A  6 C [R+ X Rm , R  =  (■— 00 ,00)] , /  (/ , o , • • •, o) =  o ,

(iü) gj(f )  e C  [R f , R] , lim £-;(/)== 00 , j  =  i ,2  .
j OO

The m onotonicity of /  is considered with respect to the order in Rm defined 
as follows:

X  —  ( # 1  ,  * * * j ^  ~  O r  ) * * * ) y 7i%) ^  y  j

for j  =  I , 2 , • • - , m. Let condition (ii) hold; we say that f  ( t , x 1 , • • •, xm) 
belongs to the class C* if it is nondecreasing with respect to x 1 , • • •, xm. And 

/  ( t , x t , • • •, #OT) belongs to C if it is nonincreasing with respect to x x , • • •, x m. 
For convenience, we define co^, i — o , i , • • - , n -— i as follows:

t t

«o00 = I > “l 00 = J  r i  i f )  d s  . «;(0 = J ri(s) “i-iOOd.?.
0 0

(*) This research was supported by the National Science Council.
(**) Nella seduta del 13 novembre 1976.
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2. P reliminary lemmas

In  order to obtain  our results, the following two K iguradze’s Lem m as 
[5, 6] are very im portant in our later treatm ent. Lem m a 1 was extended by 
the authors [1 ]. We only prove Lem m a 2.

L emma i . Let u (t) be a positive n-times continuously differentiable f  unc­
tion on an interval [a , 00). I f  1L n u (f) is of constant sign and not identically 
zero fo r  all large t, then there exist a tu >  a and an integer k } o <  k <  n with 
n  +  k odd i f  L n u (f) <  o , n  +  k even i f  L n u(f)  > 0  and such that fo r  every
I — L

( L ^ ( / ) > o ,  / =  o , I , • • -, k —  I
(2) {

( (■— I )n+l h i u (t) >  o , t — k , k +  I , • . • •, n .

L emma 2 (Kiguradze). Let x  if) be a solution of the differential equation

(3) L „ * (t) + f i  ( t , * (/)] (01) =  Ql (0

defined on the interval (o , 10), and let y  if) be a nonnegative solution of the dif- 
ferential equation

(4) L« (f) + f i  (t » y  [gi (03 ‘ y  [gm 003) =  Qa 00

defined on this interval. I f

(—  1 y*"1 {/1 ( t . * [gl (03 >-“ ,x[gm  (03) — Â  (t ,x [g i( t )] , -  ■ -,X [gm (#)])} >  O , 

f o r  o < t < t 0 , X [gj 0)3 >  y  [gi (03 .

(—  i f  {Lkx  (t0) —  L ky  (t0)} > 0 ,  k — o t I , • •• ,  n ■ i ,

(—  O’* {Qi (0 —  Qa (0 ) >  0 fo r  o <  t <  t0 .

then fo r  o <  t <  t0

(6) (— 0* [L* * (0  — Lfc:K0] >  o . k — 0, 1

Proof. From  (3) and (4)

(7) ( -  0 * [L* * (0 -  L t y  (03 =  2  (“  O ' [Li * (t0) -  L ,*  (A)3 <■>«• (0i l̂c

i?
+  (—  0 ’*'1 j  «»-*-1 (0  {A 0  » * [gi (03 > • • • » * [ gm (03) —

t

— f i  0 .  y  [gì (0 3 . • • • > y  [ gm (03)} <L
to

+  (—  0 ” j “ »-i-1 (0  [Qi (0  —  Qa (03 .
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It follows from (5) that (6) are satisfied on some interval (t* , /0]; we shall 
show th a t t* =  o. If  t* o, then we would have L^_i x (t*) =  L ^ y  (7*).
But this is impossible, since by (.5) and (7) we have

(* i ) n 1 [ L f t - i  x  (£*) • L f t - i d 7 ( A ) ] >  ( ■ i ) w 1 (ßo) * ' L n_! j /  (^0) ]  7> 0  •

C o r o l la r y  i . ^  (t) be a solution of (1), c >  o ,

(■—- i)*\Lfc# (7) >  o for k == o , 1 , • • •, ^ «— 1

W  (— I ) n_1/  (/f, * [gl (0 ] , • • • , * [ &»  (0 ]) >  o for  o <  / <  c .
Then (■—■ 1 f  L^ x (f) > 0  for  o <  t <  c /è =  o , 1 , • • •, n -  1 .

3. M a in  r e su lt s

A solution x  (t) of (1) is called strongly decreasing if there is c >  o such 
th a t for t >  c

(8) (•— 1)* L a. t  (/) >  o , k =  o , I , • • •, n — I .

From  Corollary 1 we can prove the following.

T h eo r e m  i . Suppose that (—  \ ) n̂ xf ( t , X ) X  >  o, where X  =  (x [g1 ( / ) ] ,
• • x  [gm (t)J) fo r  t >  T. Let every eventually positive solution x  (t) of (1) be 
strongly decreasing. I f  x  if) is a solution o f f  1) and any of (f) , i =  1 , o ,
• - - , n ~  I, has a zero in  [o , 00), (7) A oscillatory.

Proof. W ithout loss of generality, we m ay assume th a t x  it) is an even­
tually  positive solution of (1). Now there exists a c >  o such th a t (8) holds 
for t J> c and k =  o , 1 , • • - , n •— 1. If  follows from Corollary 1 th a t Lj. x  (f) 
k =  o , I , • • - , 72 •— I , has no zeros in  [o , c) and thus has no zeros at all.

T h eo r e m  2. Let n be odd (even) and F e C  [R+ x R m , R] with

F ( t , x t , ■ ■ ■, xm) >  /  ( t , * i , • • -, xm)

fo r  /  > o ,  xj e R  , j  — I, 2 , • • •, m. Suppose that F, /  e C* (C**) and every 
eventually positive solution of (1) is strongly decreasing. Then every eventually 
positive solution of

(9) L nx  (t) +  F ( t , x  [gt (0 ] , • • • , *  [gm (if)]) =  o

is strongly decreasing.

Proof. W e only prove the case where n is odd. L et y  (f) be an eventually 
positive solution of (9) which is not strongly decreasing. Let T  >  o be such
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tha t y  \_gj (/)] >  o for t >  T. Since F e  C* , L ny  (f) <  o. From  Lem m a 1 
we see th a t there is £ >  T  and an even integer j  ^  o such th a t for t  >  c

and
L i y ( f ) > o ,

(— I )”+i“1 L { y  (t) >  o : 

Integrating (9) n ~ j  times we have

i  o  , I f • • •, j

i = J  +  I

(10) F t y ( t ) >  I r̂J+i C t—/- i)  [ rf+2 (s ? J
w -i-i

J  F (s ’ y  L?i (•*•)]>•••. J Iä  0)]) ds di', • •
«1

<P(/, F , y )  > < p (7 , / , y )  .

In tegrating (10) j  times from c to t >  c we obtain

t / - 1

(11) y ( t ) > y ( c )  +  J  j  r a ( ^ _ 2) - - -
c c

• • • J  r~(u) <p (« , / ,  5/) d« d%- ■ •dî^j_i
c

=  y  (0  +  + (t J . .y) •
Now define

Xq'(f )  = y ( t ) , *„+1 (0 =  y  0 ) +  4* (V, / ,  * „ ) , 7) =  o , I , • • •

for t > c .  From  (i-i) we obtain  by induction that for t >  c and 73 =  o , 1 , • • •

o <  Xy 0 ) <  y  00 ,

*̂73+1 (/) — CO •

Consequently, letting lim (f) =  x  (t) , and applying Lebesgue’s theorem  on
7]->00

m onotone convergence we get for t > c

(12) X  (t) =  x 0 +  41  .

Hence x  (t) >  x 0 for t f>cy i.e. x  (t) has no zeros in \c , od). D ifferentiation 
of (12) yields tha t x  (t) satisfies (1) for t >  c and x f it) >  o for t >  c, i.e. (8) 
is not ture for k — 1 and t >  c. C learly x  (f) can be extended to a solution
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of (1) on [o , 00), and this solution is eventually positive but not strongly 
decreasing.

Remark. T aking (t) =  1, i =  1 , 2 , • • •, », /  =  p (t) x  (t), F =  q (t) x  (f) 
and n is odd, then  L ovelady’s results [7, Theorem s 2 and 3] are special cases 
of our Theorem s 1 and 2 respectively.
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