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Equazioni differenziali ordinarie. —  On the positive bounded 
Solutions o f linear delay higher order differential equations (* (**)}. Nota 
di L u~ S an C h en  e C h eh - C h ih  Y e h , presen ta ta(##) dal Socio 
G . S a n so n e .

R iassunto. — Si dànno condizioni sufficienti perché l’equazione 

L» X (t ) +  (— I )n+1 a (t ) *(<?(/)) =  O 

abbia soluzione positiva limitata.

i. Introduction

In this paper we consider the ?z-th order (n >  1) linear delay differential 
equation

(0  L„ * (t) +  (— I )«+i a it) x  (g (t)) =  o ,

where the differential operator L n is defined by

L0x ( f ) = x  (t) , L ix  (t) =  (t) (Li_!x (t))1 , /  =  1 , 2 , • • -, n ,

r n (0 === ^

and the functions ^  (t) (i =  1 w •— 1) are positive at least on [t , 00) , 
t  >  o. Let ^  be an integer, n >  1, <3 (7) be a positive continuous function on 
[t , 00) and let G be the set to which g  (t) belongs if and only if g  (t) is a non­
negative, nondecreasing, unbounded continuous function on [t , 00) such that 
g  00 <  /  whenever / >  t .  Let G° be the subset of G to which g (t) belongs if 
and only if g  (t) is in G and g  (f) <  t whenever t >  t.

We give here some conditions to ensure that (1) has a positive bounded 
solutions. The technique used is an adaptation of that of Lovelady [1] which 
concerns the particular case (t) =  r2(f) =  • • • =  rn_1 (f) =  1. In what follows 
the term “ solution ” is always used only for such solutions x  (t) of (1) which 
are defined for all large t .

2. Lemmas

To obtain our results we need the following two lemmas. The first of 
them is due to Lovelady [2], and the second is an improved version of another 
Lovelady’s Lemma [1 ].

(*) This research was supported by the National Science Council.
(**) Nella seduta del 13 novembre 1976.
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LEMMA i . Let y  (f) be a positive bounded solution of 

(2) L ny  (t) +  (— i)re+1 a it) y  (t) =  (— l)n <p (t) ,

where 9 (f) is a positive continuous function on [ t  , od). Let

00

I f  k =  I , 2 , • • •, n, then uk (t) is monotone,. lim uk (t) =  .0 and there exists 
tb >  t  such that fo r  t >  tb *~>0°

uk (f) > 0  i f  k is odd,

uk (t) < 0  i f  k is even,

where

% (0 =  y (0 . (0  =  >\ (f) «1 (0 > • • •, «» (0 =  V i  (0 L  (0 •

LEMMA 2. Suppose that the conditions (G,) and (C2) hold. Let ^ (/) 
tive continuous function on [t , 00). Suppose also that (i) <  9 if) fo r  t >_ t, 
<27̂  exists a positive bounded solution y  (f) of (2). 7%^^
exists a positive bounded solution x  (f) of

(3) L» * (O +  (~- 0re+1 « (0 * (0 =  (— 0” I  00
07Z [ t  , od) such that

x ( t ) < y ( t )
fo r  t >  t .

Proof. We define the following functions on [ t , od)

«x (0 =  y  0 ) .  «2 (0 =  r i 00 «100 > • • • » «» (0 =  rn- 1 (0 L  (A

Then, by Lemma 1, we obtain for k =  1 , 2 n

(4) lim (t) =  o .
£-»oo

Integrating (2) ^ •— 1 times and using (4) we obtain

(5) — «1 (0 =  f ÿ ÿ  H (r2 , • ; <p 0) +  a (s) y  (s)) .
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and

(6) y  00 =  % (0 = H (*1, • ’ *.''n-i ;<p(0 + « (- f ) j(- t))

for t >  t . It follows from (5),, (6) and 9 (?) >  ^ CO that

(7) - y  w > -r i CO H , • • -, rn-1 ; ^ (j ) +  a (s) y  (s))

and

(8) JK (0 >  H (rx ) * * * ? Gi—1 ; ^  (s) +  a (s) y  (s))

for t >  T. Consider the positive function sequence {zk (V)}£Lx which are defined 
on [t , 00) as follows:

*i.00 =  y  (f)

s*+i 00 =  H (rx , • • •, rn_x ; 0 (s) -f a (s) zh (s))

if k >  1. By an induction argument, we see easily that for t >  t and k is a 
positive integer

o <  zi+1 (t) <  zk (t) <  y  (/) .

This and (7) imply that \ z k (t'))kL1 is equicontinuous. Thus there exists a 
subsequence {znk (/)}£! * of {zk (?) }<fL1 , which converges uniformly to x  (t). 
Clearly x  (t) < y ( f )  for t >  r, and by the Dominated Convergence Theorem 
we get fo * t >  t

(9) x( t )  =  H (ri r  V i  ; 0: (>) +  « 0 ) * 0)) •

Differentiating (9) yields (3) for t >  t .  This completes our proof.

Remark. From (7), (8), (9) and the facts that x  (t) <  y  (/) and ^ (?) <  
<  9 (t) on [ t  , 00), we see that ■— x' (?) <  •— j /  (?) and x r (?) <  o for t >  t.

3. Main results

THEOREM i. Let the conditions (Ci) and (C2) hold.
Suppose that g  if) G G° <27^

(10) : L„ * (t) +  (— 0 M+1 a (?) * 00 =  (— i)w (t ~ g  00) a (t)

has a positive bounded solution. Then (1) has a positive bounded solution.

Proof. Let W 1 (?) be a bounded positive solution of (10). Since Wx (?) >  o , 
<  o , Wx (?) >  o, we know that Wx (00) =  lim Wx (?) and Wx (00) =

t — 00

=  lim Wx (?) both exist. Also, Wx (00) =  o for otherwise Wx (00) and Wx (00)
t—00

cannot both exist. Now, we find t0 >  t  such that j Wx (?) | <  1 for t  >  g  (?0).
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Let tb >  t0 and let X (f) and (t) be continuous nonnegative functions on 
I / o  > °°) such that X (t) +  jx (/) =  I for / >  tQ and X (t) =  i , [l (/) =  o if t >  ^  
and such that X (/) >  o , [x (t) >  o if t0 < t  < t h. Since W( (/) <  o , Wx (t) 
is nonincreasing. Hence Wx (g (/)) >  Wx (/). If / >  t0 then

w , (g (tj) -  Wx (0 =  I Wx (g (tj) - W , ( / ) | = |  w ;  (6) (t— g  (tj) I < t — g ( t )
for some 06 (g ( f ) , t). Thus by Lemma 2, there is a bounded positive solution 
W2 (t) on [/„ , oo) of

L»W 2(0 + (_ . i ) » + 1a ( /)W ,(0

=  (— I)* f  (0 (* - j t  (0) « (0 +  ( -  I)* X (0 « (*)■ [wx (* (0) wx (#)]

with o <  W2 if) <  Wx (7) and •— W2 (7) <  ■—■ Wx (7) for t > t 0. Extend W2 (7) 
to L? (*o) . °°) by requiring W2 it) =  W2 (/0) if (70) < T  <  A> • Integrating 
•— W2 (t) <  ■—• W] (7) from g  (f) to t , we have

W2 (g (fj) — w2 (0 <  wx (g  (0) -  Wx (0.

Hence Lemma 2 implies that there exists a bounded positive solution W 3 (f) 
on [/„ , oo) of

L „ w 3(/) +  ( - i r < i ) w s (/)

=  ( -  F (0 ( t - g  (0) «. (0 +  ( -  I)re X (t) a (t) [W2 (g (tj) -  W2 00]

with o <  W 3 (/) <  W2 (/) and — W3 (/) <  *— W2 (t) on [t0 , oo). Extend 
W 3 (7) to (/0) , oo) by requiring W 3 (/) =  W 3 (/0) if g  (t0) < t  < t 0. Con­
tinuing this way, we have a sequence {W& (/)}£Li of positive nonincreasing 
functions such that

0 0  o <  w ,+1(/) < w * ( 0  < w x(0

(12) -  w ;+1 (o <  -  w ;  (o <  -  w ; (o

and

(13) L„ W*+x (t) +  (— i)"+1 « (t) W,+x (/)

==(— !)“ F 00 (t — g  (fj) a 00 +  (— i)B X (t) a 00 [W* (g  (fj) — W k f ]

fot t ’> t 0i i. By ( ii) , {W^(/)}^li converges pointwise, and (12) says 
that the function sequence is equicontinuous, so {W^ (/)}^lx has a locally 
uniform limit, say y  (/). Now, (13) says that {Ln W k (/)}£LX converges locally 
uniformly, so Lny ( t )  exists on [t0 ,00) and L n W k (t) -> L,n y  (t) locally uni­
formly and

(14) L ny  ( f  +  (— 0 "+1 a 00 y  (0

=  (— 0" F ( t j ( t — g  00) a. (t) +  (— I)n x 00 a ( f  [y (g (tj) — y  (/)] ,
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if t >  t0. For t tbl we have X (f) =  I , [L (f) =  o . Hence (14) gives (1) for 
t >  4, so y  (f) is a solution of (1). Clearly y  (t) is bounded. Next, we shall 
prove that y  (/) is positive. Clearly y  (f) is nonnegative and nonincreasing, 
so if T >  t0 and y  (T) =  o then y  if) =  °  for t >  T. Suppose tQ <  T < 4  and 
y  (T) =  o. Now, y  (f) — o for t >  T, so L*ny  (T )-=  o and (14) is violated 
since pi (T) (T •— g  (T)) a (T) >  o. Suppose y  (t) >  o on [t0 , 4) , y  (/) has a 
zero and T is the first such zero, i.e., T >  tb , y  (f) >  o on [4 , T) and y  (T) =  o. 
Now, L ny  (f) =  o and since g  (T) <  T , a (T) y  {g (T)) >  o; contradicting (1). 
Thus y  (?) > 0  for t >  t0. Hence the proof is complete.

Remark. From the first inequality of ( 12), -—■ W&+1 (t) <  — W& (/) for 
k >  I we have

t t

-  ( w ;+1.(s) ds <  -  
git) git)

that is

J W k (s) di* for k >  I ,

w ^ G r ( 0 ) - w * +1(0 < w * ( ^ ( 0 ) - w * ( 0  for k > i .

T h e o r e m  2 . Let g ( t)  , h (t) be in G° and g ( t)  < h  (t) fo r  t >  t . Suppose 
that there exists a positive bounded solution of (1). I f  the conditions (Q) and 
(C2) hold, then there is a bounded positive solution of

(15) ' W (f) +  (■— i)n+1 a (f) W (h (fj) =  o .

Proof. Let y  if) be a bounded positive solution of (1). It follows from 
Lemma 1 that there exists a tQ >  t  such that for t >  4  and k  — 1 , 2 , • • •, n

uk (f) > 0  if is odd

and

uk (t) < 0  if k is even

lim uk (it) — o
00

where

«1 (0 =  l  (7 . ^2 (7 =  r i (7 «1 (0 »• • •> «» (7 =  rn-i (0 % -i (0 •

Let 4  >  4  be such that g  (4) >  t0. Define y (t) by

y 09=  y  (4) if t <  tb 

y (0 =  y  (f) if * >  4 •

Let x  (t) =  y  (t) •— ÿ (0 > then * (0 >  ° on [g  (4) , tb) and x  (f) =  o on [4 ,0 0 ). 
Since, y  (f) is a solution of (1).

l „  ÿ  CO +  (—  0n+1 «  (0 y  (0) =  (—  0* a (0 *  ig (0)
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for / >  t0. Thus for t > t b

(16) y  (it) =  H O'!, • • -, rn_x ; a (s) [ÿ (g  (s)) -f * (g (j))]).

Since y (t) is nonincreasing', y {g (V)) >  y (h (/)) for t  >  tb. Hence (16) implies 
for t >  4

(17) 9 00 >  H (A > • • • » fn-i ; a 0 ) [y (h CO) +  x  (g 0))]).

As in the proof of Theorem 1 we have a bounded nonnegative solution W (/) of

(18) W (/) =  H , • • - , r„_, ; a (s') [W (h (s)) +  x  (g  00)]) ,

or

(19) L„ w  (0 +  ( ~  I)"+1 a (t) W (A (0 ) =  ( ~  Iy  a (t) X (g ( t) ) ,

for ' t > t b. The positivity of x  (7) on [g (tb) , tb) and the fact that h (t)e  G°, 
ensure as before that W if) has no zeros.

If T >  4  and g  (T) > tb , then (19) yields (15) for t >  T. Hence our 
proof is complete.
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