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Analisi funzionale. — A pproximation theorem for set-valued func-
tions. Nota di Micuar KisieLEwicz, presentata ® dal Corrisp.
G. CimmiINoO.

RIASSUNTO. — La presente Nota contiene la dimostrazione di un teorema di appros-
simazione per funzioni a valori insiemi compatti convessi. Si dimostra che ogni funzione
F (¢, x) soddisfacente condizioni di tipo Carathéodory pud approssimarsi con una localmente
lipschitziana.

This Note is concerned with the approximation of set-valued mappings
satisfying Carathéodory type conditions by means of locally Lipschitzian
set-valued mappings. This theorem can be useful for proving existence
theorems in the theory of differential equations for set-valued functions.

Let R” denote the Euclidean #-space with the norm [|-| and let (H,7)
be the metric space of all non-empty compact convex subsets of R*, where
7 is the metric given by the Hausdorff distance. For A, Be H and A€ R
we define

(1) A+B={xr+y:2eA,ye B} and x-A={x:xeA}.

Let D be a measurable subset of R™ such that the Lebesgue measure |D |
of D satisfies 0 < |D | < oo. A function F:D —H is called measurable
if for every Ce H the set {#e D: F(¥)C 3£ ¢} is Lebesgue measurable.
A measurable function F:D —H is called Hukuhara integrable ([3]) if the
single-valued function g (#) = » (F (¢¥), {o}), where o € R”, is Lebesgue inte-
grable on D. The set of all Hukuhara integrable functions F: D — H will
be denoted by Xp. It was proved in [2] that (Xp, Dist), where

Dist (F,G) :fr(F (©),G(#)dz, is a complete metric space. For Fe Xy the

D
Hukuhara integral of F on D will be denoted by {F (#)de. If R is the set

o

b
of the real numbers and K a given set of vectors, together with the functions
+:KXxK—-K and -:RXK =K, K is called a quasilinear space over
R, if and only if all the axioms for a linear space do hold, except (i) the
distributivity of « - » over scalar addition and (ii) the existence of an inverse
under « +». We shall call the metric space (Y, d) a quasinormed space if
Y is a quasilinear space over R and d (v + 2,y +v) <d(%,v) +d(x,y)
h+y)x=rx+vyxand dQ-x,r-y)=Md(x,y) for x,y,2%,ve Y and
A,y >o0. In the sequel we will denote by o the element of Y of the form

(*) Nella seduta del 13 novembre 1976.
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o-x for xe Y. It follows from [1] and [2] that (H,») together with the
functions « +» and « - » defined by (1) is a quasinormed space. Hence it
follows that (Xp, Dist), together with the functions ® and ¢ defined by

@ FIQ@O=FO+GE® and A0FE®=rF@

for F,Ge Xp,2€e R 'and #€ D is a quasinormed space, too.

Let (X, ) and (Y, d) be metric spaces and let U = X be an open set.
We will say /: U — Y is locally Lipschitzian if for each x€ U there are an
open set Q. with xe Q,c U and a L, > o0 such that d (f(x),f (%) <
<L,p(x,x) for all x,,x,e Q,. A function f will be said bounded in U
if there is a number M > o such that d (f(x),0) <M for every xe U. In
similar way as in [4] we prove

THEOREM 1. Let (X, ¢) and (Y, d) be respectively a metric and a quasi-
normed space and let U < X be open. Let f:U — Y be continuous and bounded
on U. Then for every € > 0 there exists a locally Lipschitzian and bounded
Sfunction [©:U — Y suck that d (f° (x),[f(x)) <e for all xeU.

Proof. For fixed x€U put NE,2)={yeU:p(x,y) <1 and
d(f(x),f(») <e}. Then U= () N(g/2,x). Since every metric space is
2eU

paracompact there is a locally finite refinement {Q,},ea of {N (¢/2,2):xe U},
where Q, is nonempty and open. Define p,: X — Jo, o0) and p,: X — [0, 1]
for all a€ A -by

0 ifx¢Q; | . )
o () = and - o (%) = o (x) [g s (x)]’

'\D(x,aQa) if xeQ,

where D (x, aQa) =inf {p (x,2):2z€ :Q,}.
It is not difficult to see that p, is Lipschitzian with constant 1. Hence

it follows that p, is locally Lipschitzian in U-Let {x,}qca be a subset of U
such that x, € Q, for a € A. Let us define /* (x) = Y, #, (*)-f (%) for xre U.
a€A

Since {Qu}oea is locally finite, then for every x eVU‘ there is an open set 2,
with x € Q, U such that

A ) ) < T d (P () () () f (1) =

< ‘az;,\ [2a (#0) — 2a (x2)]"

d (['I i (xf;“f‘ia @) ] T g, <x§afia (@) ﬂx“)) =

S g [.pa (xl) — Pu <x2>] d (f(xa> ) 6)
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for x;, 2, € Q, and p, () > Py (). Similarly, for p, (x) < po.(x,) We obtain

d(f* (), /() < % [£a (x2) — # (2]

d (pa @ [p; ey ‘] T

< Z (£ (23) — pu (x)1 d (f (20 , ).

Then for xy, x,€ Q, and p, (x;) 7% p. (x,) we may deduce the existence of a
number L, > o such that d (f° (x),/f° (x,)) <L, p (2, 1,). Hence it follows
that £ is locally Lipschitzian. Similarly, for x€ U we obtain d (/© (x), 0) <M.
Moreover, by the definition of {Qy}sea fOor every x€ U there is a,€ A so that
x€Q,,. Then for a,€ A there is £€ U such that Q, < N (¢/2, %). There-
fore for x€ U there is £€ U such that xe Q,, < N (¢/2, &). Since p, () =0
for oc # o, then

1@ S @)= Zhwr @, @S =
S ZAWIUE ) S F U@ S0+ A o)) <
<e Z Po (x) ==

This completes the proof.

We shall say that F: DXU —H satlsﬁes Carathéodory type conditions
if F(-,x) is measurable in 2 D, F (#,:) is continuous in x€ U and there
is a Lebesgue integrable function 7 :D — R so that » (F (¢, x), {o}) <m (¢)
for xe U and a.e. 2€ D. : Here F(-,x) denotes the function of the form
D3¢ —F(,%) for fixed xe U. Now we can prove the following theorem:

THEOREM 2. Let (X, p) be a metric space and let (H ,r) denote the space
of all nonempty compact convex subsets of R™ with the Hausdorff metric r.
Suppose U is an open set of X and D is a measurable subset of R™ such
that 0 < |D | < oco. Let F:D XU —H satisfy Carathéodory type conditions.
Then for every v, > 0 there is a mapping F' : D XU — H satisfying Carathéodory
type conditions with following property: for every x€ U there are an open set €2,
with x€ Q, < U and a number L, > o suck that Dist (F (-, %), F"(-,x) <7

Jor each xe U and ‘ r(FV(t,2), F' (¢, 29) dt <L, p (%, x5) for x;, 2,€ € .
o 5

Proof. Let f(x) = F(., %) for fixed xe U. We have f (x)e Xp for every
xe U. Therefore f: U — Xp. It is not difficult to verify that f satisfies the
assumptions of Theorem 1. Then for ¢ = 1/» there is a locally Lipschitzian
function f, : U — Xp so that Dist (f, (*),f(*®)) < 1/n for xe U. There is

a subsequence, say {fi} of {/u} such that » (f, (x) (), f(x) (¥)) — 0 as £ — oo
for a.e. 26 D and uniformly with respect to x€ U. - ‘Then for every 7 > o0



MicHAL KISIELEWICZ, Approximation theovem for set-valued functions 367

there is a positive integer 4, such that 7 (f;, (x) )./ (%) () <7 for ae.
te D and xe U. Let F" (2, %) = f;, (x) (). It is easy to see that F" satisfies
Carathéodory type conditions. For x€ U we have Dist (F" (- ,x), F (-, x))<m.
Furthermore for every x€ U there are an open set , .with xe Q, < U and
a number L, > o such that Dist (fz, (xy), /e, (x5)) < L, ¢ (21, x,). Therefore
for x;, x,€ Q, we have

fr (F (¢, x), FF (¢, x))de <L, 0 (x,, 2.

D

This completes the proof.
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