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Meccanica dei continui. — A regularization theorem in the theory
of micropolar jfluids. Nota ™ di VALERIU A. SAva, presentata dal
Socio D. GRrarrI.

RIASSUNTO. — In base a un risultato di Agmon, Douglis, Nirenberg si stabilisce un
teorema di regolarizzazione per le soluzioni deboli del problema al contorno relativo al moto
stazionario di un fluido incompréssibile micropolare.

In 1967 Eringen [2] proposed the theory of micropolar fluids. The
vectorial forms of the field equations which govern the flow of a micropolar
fluid are

®» A+ wVV-v+ @+ &) Vio+ AV Xv—Vp + of = p7,
(2) (0 +BYVV-v +yV2v + 2V Xv—2 v + o/ = oy,
(3 ¢ +eViw=o,

where v is the velocity, v the micro-rotation or spin, p the thermodynamic
pressure, / and / the body-force and—couple per unit mass, p the density
and j the micro-inertia; A, ., £, «, B, and y are the material constants; the
dot signifies material differentiation.

These equations must, of course, be supplemented by appropriate boun-
dary and initial conditions.

Various mathematical problems for these equations have been considered
by a number of Authors ([3], [4], [5]) in the past few years.

In our previous article [6] we have considered the following boundary-
value problem for the differential equations of the steady flows of an incom-
pressible micropolar fluid:

Let Q be a lipschitzian, bounded open set in R® with boundary 2Q, let
f,2e€L?(Q) be two given vector functions. We are looking for two vector
functions 2 = (uy , %y, 243) , v = (v, , V5, v3) and a scalar function p, represent-
ing the velocity, micre-rotation, and the pressure of the fluid, which are
defined in Q and satisfy the following equations and boundary conditions

(4) (@ +AV2o+ AV XVv—Vp +pof—pv-Vo=0, in Q

(5) @+ B)VV-v +yV2y +AVXv—2 kv + o/ — pjv- Vv =0, in Q,
(6) Vo=o, in Q,

@) v=0 , Vv=o0, on 2Q,

(*) Pervenuta all’Accademia il 6 ottobre 1976.
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We have associated with (4)-(7) the variational problem:
" Find {o,v}e #3*x Hy* such that
(o + B (Vo , Vi) — £ (VX 9) — o @V, ) = o (f, ),
® BV, Vo) oy (T, V) — (VX o, 4) 4240, ) —
| — @V, )=, 9,
. for all {u, Y} e €5 XCq, (f,lel?(Q)).
Here CJ° is the set of vector functions defined in , having continuous
derivatives of all orders, and vanishing in a neighbourhood of 5Q , €7 is the

set of the vector functions in C° that are divergence free, Hy'* and Hy® are
the completions of C3° and %y, respectively, in the norm

llully = ( f |V dx)llz.

DEFINITION. A fleld of pairs (v (x),v (x)) over Q is said to be a weak
solution of boundary-value problem (4)-(7) whenever it is a solution of
problem (8).

The main result of [6] was the

THEOREM 1. Let Q be a bounded domain with smooth boundary Q. Let

Iy be such z‘haz‘f(f'u + 7)) dx be bounded in HyPxHy® Letu ,kb,a,B,¥
Q
be choosen so that
“w>o0 , £>»>0 , 3af+2y>0 , —y<B<y¥y

hold.

Then there exists a solution of problem (8) satisfying

Glielh + VD™ < — (£, 2|

where |{f,l}| is the norm of the linear contimuous functional defined by »
{f. . :

In this Note we shall give a regularization theorem for the weak solution
of boundary-value problem (4)-(7).
We first prove

THEOREM 2. Let Q be an open bounded set of class ¢, r = max (m + 2, 2),
m integer, m > O. Let us suppose that

ve HY(Q) , ve H™(Q) , pel®(Q) , 1<a< +oo,
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are solutions of the problem

| (A V2o + AVXY—Vp =f, in Q,
©) ( (0 B VVy+YVev LAV Xv—2Av=/, in Q,

{ V.v=o0, in Q
(10) v=1v, , V=y,, on 3Q.
If f,1e H™*(Q) and vy, voe H™ 2% (3Q), then
(11) ve H™?*(Q) , veH™™*(Q) , peH"'(Q),
and there exists a constant cy (o, n ,m , Q) suck that
(12) 12 llgmte.ag + 1V lgmteag + 1 2lgmtieg <
< o {1 gy + 1| 2 lgmacar + [12ollyms sty +

+ Ivollgm+2-1ja,a, + l12ll, + 1V} -

Proof. This theorem results from the paper of Agmon-Douglis-Niren-
berg [1].
Let us denote

(7),,7/2,7/3,\11,\;2,\13,]5)=(u1,%2,---,u7),

F=(_—fl:_'fzg—'fa"_“[ls—"l2:_18)0)'

Then equations (9) become

7
(13) Y i D) uy = Fy, 1 <i<7,
=i
where D = (i 22 ), and [y ®)],E = (5, &, £ is the matrix of
dx, T awy, | oy )? “ ’ :
elements
Z’U(‘E)=(.u'+’é>’2,28ij: 1<7,7<3
lins,; (8) = Us,448 (€) = Feigi bs s 1<7,7<3
livagus (B) = (2 + B E;E; + v |EP 8i; — 2 A3y, 1<7,7<3

/n(i)=—-li7(i)=ii , l7,i+1(£)= g (€)=o0, 1<:<3,
I &) =0 ; |£l‘“’=£§—l—i§+£§-

Here ¢;; are the components of the permutation tensor.
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We take (see [1], p. 38) s;,=0,4,=2,1 </ <6,85,=—1,%4=1.
As requested, degree /; (§) <s;+¢,,1 <7,7<7. The matrix [Z;,- &)] will
have the elements

Ly (&) =@ +AERS,, 1<7,7<3
Ti13,5 &) =l &) = 0, 1<,/ <3
live,jea (B) = ( + B) Es&; + 1 |E]? 85, 157,/ <3,
hi®=l®=o0, (<i<3,
m® =0 , hun@® =/luE=o0, 1 <7<3.

We easily compute L (§) = det [/;; ()] = v (& + &) (x + B) |E[%, so that
L () # o for real £ 5 o, and this ensures the ellipticity of the system (Con-
dition (1.5) of [1]). It is clear that (1.7) on p. 39 of [1] holds with »m = 6.
The Supplementary Condition on L is satisfied: L (§ + t£") = o has exactly
6 roots with positive imaginary part and these roots are all equal to

T(E,E)=—E8 + |8 —]|EEP.

Concerning the boundary conditions (fr], p. 42), there are 6 boundary
conditions and Bpj=28,;,1 <2 <6,1<;<7. We take 7= —2,
h=1,2,--,6. Then, as requested, degree [B;;] <7, + ¢ and we have
Bf’u = BhJ

It remains to check the * Complementmg Boundary Condition ™ ([1]).
It is easy to verify that

M+ () = (v — =" ®)",

N
where v+ () = v+ (£,7). The matrix with elements Z By €) L#* (&) is
simply the matrlx w1th elements /;; (8) ,1 <4,k <6, ———ZM B, 1<ks<3.

A combination Z Ch Z B,; (8) L#* (£) is then equal to an one row matrix

[cl () (o ca (i + B) (B m s ca (i B) E +
Y (E + ,m>2 + ("31 + 7”1) ‘glf;urs (E.-j -+ ‘mj) N

Cs Y(g + )+ G A o) ; civs Gg + T25) 5

. 3 3
Gt o G ) 3 enn G )i B oy @ k)|

This matrix is zero modulo M* only if ¢; =-..=¢; = 0, and the Comple-
menting Condition holds.
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We then apply Theorem 2.5, p. 78 of [1] in order to get (11) and (12).

Remark. Theorem 2 does not assert the existence of v, v, p satisfying
(9)-(12) (for given f,7,v,, v,) but gives only a result on the regularity of an
eventual solution.

THEOREM 3. Let Q be an open set of class C* in R® and let f,[ be given
in C*(Q). - .
Then any solution {v,v, p} of (8) belongs to €% (Q)xC™ (Q)xC” (Q).
Proof. We notice that {v,v}e L*xL® and then
v-Voe L(Q) , ov-VweL*(Q).

Theorem 2 implies that {v, v} € H*** (Q)x H>** (Q) , p € H"** (Q); but from
the imbedding Sobolev’s theorems it follows that {v, v} e L* (Q)XL" (Q) for
any o, 1 <« < --oo. Therefore D;(v; v;) € H™*(Q) and D;(v; v;) e H™"*(Q),
for any «. The nonlinear terms Z v; D;v and E v; D;v are equal to

2 1
>, D;(;v) and ZD,- (v;v) respectively, because of (6). Hence v-Vve

e H™*(Q) and v-Vve H™"*(Q) for any «. Then the Theorem 2 implies that
{v,v}e H"*(Q)x H"*(Q) and p € 1.2(Q), for any «. By imbedding Sobolev’s
theorem H"* (Q) < 1L*(Q) for any a > 2. Therefore v-Vv,v-Vve L* (Q)
for any a. Then, Theorem 2 shows us that {z,v}e H™* (Q)xH>"(Q),
p € H"*(Q), for any «. Repeating this procedure we find in particular that
{v,v}e H** (Q)xH™* (Q), pe H"*(Q), for any m > 1. The same pro-
perties hold for any derivative of v, v or . The imbedding Sobolev’s theorem
implies therefore that any derivative of v, v or p belongs to C (Q), and this
is the property announced.

Remark. 1t is clear that we can assume less regularity for f, / and obtain
less regularity for »,v and p.
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