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Equazioni funzionali. —  A  compactness method fo r  a class of 
semi-linear Volterra integro-differential equations in Banach spaces 
Nota (**> di A n dr ea  S chiaffino  presentata dal Socio G. S corza 
D r ag o ni.

R iassu n to . — In questa Nota sono indicati teoremi di esistenza per soluzioni di una 
equazione integrodifferenziale di Volterra in uno spazio di Banach.

Introduction

Let B a complex Banach space and —• A the infinitesimal generator of 
the analytical semigroup {e~tA ; t >  0} ; let D (A) denote the domain of A 
endowed by the graph topology. In this paper we shall study the existence of 
a solution to the Volterra integrodiiferential equation:

t

(PB 1) u  (o) =  * , ~  +  A u  +  J c  (t — 9  G (u (s)) ds = g  (t)
0

where C if) is a family of bounded linear operators, G is a nonlinear operator 
in B and g  if) is a given continuous function.

The “ mild ” form of (PB 1) is the following:

t t

(PB 2) u ( t ) = f  (t) — f à s j  g - (‘- r)A C ( t  — s) G (u (s)) dr.
0 s

t

where f  (t) — e~tA x  +  J  e~^~T)Ag  ( t) d v .

0
This kind of problems is the subject of several papers; a large bibliography 

on the most recent results can be found in [3] and [4].
In this paper we use a compactness method to prove local existence in 

the case in which G is continuous from a suitable Banach space between D (A) 
and B into B. In order that a solution to (PB 2) be “ strong ” , that is be a 
solution to (PB 1), it suffices to add a Holder-type hypothesis.

Finally we give some applications to a class of partial Volterra problems. 
M any thanks to prof. V. Barbu of Leyden University for the useful con­

versations we had on the same subject.

(*) This paper has been partially supported by C.N.R. (National Commitee for Re­
search) by means of G.N.A.F.A.

(**) Pervenuta all’Accademia il 22 settembre 1976.
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§ I . A  PRELIMINARY RESULT

Let X be another Banach space, such that D (A) c  X c  B in algebraic 
and topological sense. We denote by L (B , X) and L (B) the space of all 
bounded linear operators from B into X and B respectively. Moreover, we 
denote by | • |B , | • |x , I • |l<b ,X) , | • |l(X) the norms in B , X , L (B , X) and 
L (B) respectively.

In this section we shall prove the following preliminary result:

Theorem i. Let ms  suppose

i) fo r  every t >  o the operator e~tA Is completely continuous from  B 
into X;

ii) the map t ~>C (t) belongs to C° (o , T ; L (B)) ;

iii) the map t -> | e~tA |l(b ,x ) A summable on ]o , T].

Then the linear operator
, t t

(s/S) (/) =  dr- e -« -T)A C {x  —  s)b  (s) dx
0 S

maps C° (o , T ; B) into C° (o , T ; X) and is completely continuous. 

Proof. If o <  h <  T we m ay consider the operator

b)\t) =

o
t —h t—hj ds J e- v^ )A C ( t  — s) b {s') dT
0 s

o <  t <  h 

h . < t < l L .

Set M =  max {j C (f) |l(B) ; o <  t  <  T} and denote by S t the unit 
ball of C ° (o , T ; B) ; we will prove that j / Ämaps-C° (o  , T ; B) into C°(o , T ; X) 
compactly by means of Ascoli’s theorem; first we shall prove that sdh ST is 
an equicontinuous subset of C° (o , T ; X).

Given s >  o choose a >  0 such that

h <  t2 <  T , t2 — t% < a => I e~hA — e~t±A |l(b,x> <  £
*2

o <  tx < t2 <  T , t2 — tx < a =» j I e~tA |L(B,X) àt < e .
h

Let us consider tx and tz such that o <  tx <  t2 <  T , t2 — tx <  a and 
b (f) 6 St.

If t2 <  h we have (sdh b) (tf) —  (<sdh b) (tf) •== o.
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If h  <  h < t2 we have ( s / h b) (/2) ■— b) (/1) =  b) (4)î therefore:

<2—Ä t2—̂

I (•*» b) (4) -  ( j / *  *) (4 ) |x  <  M J d s  I ! ê - (,2- t)A |L(B>X) dT =
0 s

t2—h t% — S #2

=  M J d s  j  I *~TA |ub .x, dT <  TM  J  I <TtA |L(B,x) dx <  MTs.
0 h ti

If h < t x we have:
t l —h t i —h

b) (4) ~  0 4  b) (4) =  Jds J  [ r f c - ,)A - ^ (<1- T)A] C ( t  -  s) b (s) ds +
0 s

t i —h t2—̂ ^2—Ä
e - ( t 2- )̂a 0  ^  3 (^ dj +  J' 0  ^  b  ( s )  d̂ ;

0 t-±—h —h

therefore
h+a

I (s&h b) (4) “  { ^ h  b) (̂ 1) |x <  — ——  +  M (T +  g) j  \e xA |l(b ,x> d/ <
h

<  +  M (T +  a)] e ;

it follows that S is equicontinuous.
To construct a compact subset Dh of X such that (stfh b) ( i )e Dh when 

b e  ST and o <  /  <  T let us first prove that the set

rA= U «“u Sb
h< t<  T

(here SB is the unit ball in B) is a precompact subset of X.
In fact let {xn} a  ; we have x n =  e~tnA bn (h <  tn <  T  and <£nG SB) 

and we m ay suppose tn ~> t > h  and e~tA bn - ^ x  \ therefore x n —►
Let KÄ be the closed convex hull of TÄ ; let us observe that Kh is balanced.

MT2
Finally we can choose Dh =  *—-— KÄ ; in fact b) (t) =  o e  DÄ if

t < h \  in the case t  >  h we have C ( t  — s) b (.s) G MSB and e~^'~s)A C ( t  — s) 
b (s) G MTfic  MDÄ ; since DÄ is convex and balanced and

t —h t - h  

0 0 "

we can apply the mean value theorem to get that s#h SB cz Dh .
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Theorem 1 will follow if we shall prove that

(2) lim I (jtfi) (t) — ( s / h b) (t) |x =  o
t—0"f"

uniformly for b e ST and o <  t <  T.
To prove (2) let us first consider the case / <  h ; then we have

h

I (j/J) (/) _  (j/ 4 J) (/) |x =  I ( ^ )  (/) |x <  MA J  I *~tA |L(B,X) dr.
0

In the case t  >  h we have
t—h t

( j*  b) (t) — ((✓ * <5) (/) =  f d s j  *-<‘- T)A C ( t  — j)  b {s) dx +
Q . t~h

t t
+  J  di* j  £-(<-T)A C ( t  — s) b (s) ds ;

t-h s

therefore
h h

I (j&b) (t) — b) 00 |x <  M l J \e tA |l(b ,x) d r  +  iAh |" tA |l(b,x> d f
0 0

and (2) follows. Theorem 1 is now proved.

§2. The local existence Theorem

The Volterra equation (PB 2) can be written in the form 

(PB 2') u ( t ) ^ ( s d G ) ( u ( t ) ) + f ( t )

so that we may study (PB 2) by means of Schauder’s fixed point theorem. 
More precisely, we have:

Theorem 2. Let us suppose, in addition to the hypotheses of Theorem I : 

j) G € C° (E , B) where E is the ball {x e X : | x  — x 0 |x <  r) ; 

jj) g e  L1 (o , T  ; X).

Then there exists a solution to (PB 2) in [o , T 0] with a suitable T 0 <  T.

Proof. We m ay suppose | G (x) |b <  N , x e  E, because of the continuity 
of G. For every T 0 <  T the map

( & u ) ( t ) ^ f ( t ) + ( s / G ) ( u ( t ) )

15. — RENDICONTI 1976, voi. LXI, fase. 3-4.
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is completely continuous from C° (o , T0 ; E) into C° (o , T c ; X); to apply 
Schauder’s theorem we have to choose T 0 in such a way to get

f ( C 0 ( o , T 0 ; E ) ) c C ° ( o , T 0 ; E)  .

We have
t

I (ß u ) (/) — x 0 |x <  I e tA x 0 — x 0 |x +  j* I /  ( t) |x dT +
J0

t

+  M N t J | < T tA |L(b ,x , ^ t 

0

which is less than r  if t <  T 0 , where T 0 >  o is close to o; the theorem follows.

Remark. If g  (t) belongs to C° (o , T ; B), every solution to (PB 2) is a 
mild solution to

(3) f f  +  A u  =  h (t)

t

where h (t) =  g  (t) — J C (t — s) G (u (s)) di* is continuous.
0

Therefore u (i) is Holder-continuous in the sense of the B-norm (see [6]). 
We can now state the following

COROLLARY. If, in addition to the hypotheses of Theorem 2, we suppose: 

j)' g  is Holder-continuous from  [o , T] into B; 

jj)' C (t) is Holder-continuous from  [o , T] into L (B); 

ijjj)'  x 0e D (A)
óuwe conclude that u is a strict solution to (PB 1) and ~~~ , (Au) (f) e Ca (o , T  ; B) 

where a is the Hôlder coefficient of g  and C.

Proof. It suffices to prove that the function h (t) is Holder-continuous 
(see [6]). Set b (f) =  G (u (t)); we have, for o <  tx <  /2 <  T 0 :

h

I A (^2)  —  h  O i) |b <  \ g  ( f f )  ■— g  f i )  |b +  N  J  J C ([t2 —  s )  |l(B) di* +

h
h ■

: +  N j IC (4 — 9  — C (tx —  s) lus) d j <  Ka (t2 — txf
0

where Ka is a suitable constant.
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§ 3. Some applications

Let Q be a bounded open set of whose boundary 90  is smooth. Let 
us consider the problem

t
(*

——' (x  > t) — AXu { x  , t)  +  c (x , t — s) G (x , u (x , t — s) ,
at  J

V (u (x , t — sf) di* =  g  (x , i) x  g O , t >  o 

I  u (x , t) =  o x g 90  t >  o 

1 u (x , o) =  u 0 (x) g Lp(0) # g O.

Let us consider B -  I?  (O) where p  > n, D (A) =  H 2,2? (O) n  H Î,p (O) 
and A =  '— A; let us choose 0 <  1 in such a way that D (Ae) c= C1 (O) and 
set X — D (A0). Moreover, define (C (t) u) (x) =  c(x }t )u  (x). So by theorem 2 
it follows

THEOREM 3, Let c (x , t) and  G (x , u , v) be continuous, respectively,

O r[o ,T ]  <272̂  O • R • Rw; suppose in addition that g  (♦ , /) am/ belong to

L1 (0 , T ; L27 (O)). The?i there exists a m ild local solution to problem (4).
If moreover c (pc , f) and g  (x yf) are Holder-continuous in t and u$ (pc) 

belongs to D (A), every mild solution to problem (4) is a strict solution and 
du du d2 U belong to Co (o ) Xo . L p (Qyj_
dt dXi dXj  dXt

Remark 1. If p  <  n Theorm 3 holds with the further hypothesis

I G (x , u , v) I <  Yo +  Yi I u \Pl +  T2 I v \V2 x  g£ Iu  € R v  gRP

where p 1 and p 2 are suitable Sobolev exponents.

Remark 2. Let B° =  {u G C° (O) : u (x) — o x  G 90}. If u0G B° we 
can set our problem in B° and pose X — | ug  C1+e (O) : u (x) =  o x  G 90  |, 
where o <  0 <  1; we conclude that every mild solution to problem (4) 
belongs to Ca ( [ o , T 0] xO) .

Moreover, if c (x , t) and g  (x , t) are Holder-continuous and if A^0e B°, 
every mild solution to problem (4) is strict and all its derivatives of first order 
are Holder-continuous as its space-derivatives of second order.
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