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Equazioni funzionali. — A compactness method jfor a class of
semi—~linear Volterrva integro—differential equations in Banackh spaces ®,
Nota 2 di ANDREA SCHIAFFINO presentata dal Socio G. Scorza
DrAGONTI.

RI1ASSUNTO. — In questa Nota sono indicati teoremi di esistenza per soluzioni di una
equazione integrodifferenziale di Volterra in uno spazio di Banach.

INTRODUCTION

Let B a complex Banach space and — A the infinitesimal generator of
the analytical semigroup {¢~™;z>0}; let D (A) denote the domain of A
endowed by the graph topology. In this paper we shall study the existence of
a solution to the Volterra integrodifferential equation:

(PB 1) u(o):x,—cjf;—+Au+fC(t——s)G(u(s))ds=g(t)

where C (¢) is a family of bounded linear operators, G is a nonlinear operator
in B and g (¢#) is a given continuous function.
The “mild " form of (PB 1) is the following:

t t

(PB 2) u(t) =f () — f ds Jae-“—*’*‘ C(x—9) G (u(s)) dr.

0 s

t
where f () = ¢ x + fe"(t'T)Ag (7) dr.
0

This kind of problems is the subject of several papers; a large bibliography
on the most recent results can be found in [3] and [4].

In this paper we use a compactness method to prove local existence in
the case in which G is continuous from a suitable Banach space between D (A)
and B into B. In order that a solution to (PB 2) be ““ strong ”’, that is be a
solution to (PB 1), it suffices to add a Hélder-type hypothesis.

Finally we give some applications to a class of partial Volterra problems.

Many thanks to prof. V. Barbu of Leyden University for the useful con-
versations we had on the same subject.

(¥) This paper has been partially supported by C.N.R. (National Commitee for Re-
search) by means of G.N.A.F.A.
(**) Pervenuta all’Accademia il 22 settembre 1976.
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§ 1. A PRELIMINARY RESULT

Let X be another Banach space, such that D (A) ¢ X < B in algebraic
and topological sense. We denote by L (B, X) and L (B) the space of all
bounded linear operators from B into X and B respectively. Moreover, we
denote by |-|g, |"|x, | b@.x, | juxy the norms in B, X ,L(B,X) and
L (B) respectively.

In this section we shall prove the following preliminary result:

THEOREM 1. Le? us suppose

i) for every t> o the operator =™

into X;
it) the map t — C (t) belongs to C° (o, T ;L (B));

i) the map t —~ | e |up,x) is summable on Jo,T).

is completely continuons from B

Then the linear operator
S
(b (1) = f ds f P C(r—5) b (s)de
0o s

maps C°(0,T; B) into C°(0,T ; X) and is completely continuous.

Proof. If o < £ < T we may consider the operator

o) o<t<h
t~h '

(Hdy@=1{""
{dsfﬂ—”*‘c (r—95)bo()dr A<t<T.
o s
Set M = max {|C (¢) |um ;0 <¢ <T} and denote by Sr the unit
ball of C® (0, T ; B); we will prove that ./, maps C°(o,T ; B) into C®(o, T ; X)
compactly by means of Ascoli’s theorem; first we shall prove that 7, Sy is
an equicontinuous subset of C%(o, T ; X).
Given ¢ > o choose ¢ > 0 such that

\h§t1<t2§T, ti—t <o=|e " — ay <
ONEN | s
ngl <f2£T, tg’—l‘l<G:>f|€~tA’L(B’X)dl‘<€.
21

Let us consider 4 and #, such that o < <4 <T,4—1¢ <o and -
b (?) € Sr.
If £, <74 we have () 6) (t;) — (A 6) (1) = o.
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If 2, <% <t we have (&} 8) (t,) — (4 6) (t) = (), b) (#5); therefore:
to—h lz:—h

|08 1) — (1) &) e S M [ s [ e |z v =
0 8
—h tz-—

—Mfds Ie ‘L(BX)dT<TMfle [L(B}\)dT<MT€

If 2 < ¢ we have:

tl—h -k
(4, 8) (t) — (43 8) (ty) = f ds f [e72 ™ — =AM C(r —5) b (s) ds +
[1] 8
ti—h tag—h to—h
-+ f ds f ~=DAC (v — ) b (s) ds + f A (r — ) 6 (s) ds;
ti—h t1—h
therefore
k4o
MT2e

| (0 8) (@) — (1 6) () |x < +M(T +0) f |7 lupxy d2 <

S[_I\E+M(T+a)]

it follows that 7, S is equicontinuous.
To construct a compact subset D, of X such that (&7, 8) (#) € D, when
b€ St and 0 <¢ <T let us first prove that the set

Fh == U e—tA SB

A<t<T

(here Sg is the unit ball in B) is a precompact subset of X.

In fact let {x,} = T,; we have x, = ¢ "4, (4 <2, <T and 4,€ Sp)
and we may suppose Z, —# >/ and e ** 4, —x; therefore z, — x.

Let K, be the closed convex hull of I’ ; let us observe that K, is balanced.

. 2
Finally we can choose D; = —IY%I; K;; in fact (&, 0) (/) =o0e D, if

t <%; in the case # > /% we have C (t— ) & (s) € MSg and ¢~ =94 C (t—29)
b (s) € MI', € MDy; since D, is convex and balanced and

t-h t-—-h
fds de <
J 2

0

we can apply the mean value theorem to get that &/, Sg < D, .
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Theorem 1 will follow if we shall prove that

@) lim | (/6) (6) = (41, 6) () [x = o

uniformly for be Sp and o <z <T.
To prove (2) let us first consider the case # << /% ; then we have

A
(5 O — (A Ol =1 (75 O lx = Mb [ |7 o,z 0.

In the case # > % we have
t—n ¢

(&2 8) () — (¥}, 8) (¢) = f ds ‘ f e C (r—5) b (s)dT +
] t—h

+J dsfe'(t_T)A Clr—s)b(s)ds;
t—h 3

therefore
A A

|75 @) — (D) @) | < MT [ 17 iz d + M [ 1o~ gpzyde

0 (]

and (2) follows. Theorem 1 is now proved.

§ 2. THE LOCAL EXISTENCE THEOREM

The Volterra equation (PB 2) can be written in the form
(PB 2/ u(t) = (HG) (@) +5@

so that we may study (PB 2) by means of Schauder’s fixed point theorem.
More precisely, we have:

THEOREM 2. Let us suppose, in addition to the hypotheses of Theorem I1:
i) Ge C(E,B) where E is the ball {xe X: |x—.a:0 lx <7};
i) geL'(0,T;X).

Then there exists a solution to (PB 2) in [0, Ty with a suitable T, <T.

Proof. We may suppose |G (#) [z <N, xe E, because of the continuity
of G. For every Ty <T the map

(Bu) (&) =1 (&) + (HG) (e (&)

15. — RENDICONTT 1976, vol. LXI, fasc. 3~4.
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is completely continuous from C°(0o,T,; E) into C°(o,T,; X); to apply
Schauder’s theorem we have to choose Ty in such a way to get

Z(C°(0,Ty; E)) =C(0,Ty; E) .
We have

¢

| @) () — o I < | xp— o Ix + [ | (3 b de +

]

12
+ MNTf | E-TA ]L(B,X) d‘l'
0

which is less than » if # << T,, where T, > 0 is close to 0; the theorem follows.

Remark. Uf g (&) belongs to C®(o, T ; B), every solution to ('PBV 2)is a
mild solution to '

©)) % +Au =1 ()

where 2 () =g (@) — f C (¢ — )G (u (5)) ds is continuous.

Therefore « (¢) is Holder-continuous in the sense of the B-norm (see [6]).
We can now state the following '

COROLLARY. [f, in addition to the hypotheses of Theorem 2, we suppose:
' g is Holder-continuous from k[o . T] into B;
i) C @) is Holder-continuous from [o,T] into L (B);
i)Y xe€ D (&)

we conclude that u is a strict solution to (PB 1) and —(15— , (Aw) (He C* (0, T; B)
where o is the Holder coefficient of g and C.

Proof. 1t suffices to prove that the function /% (¥) is Holder-continuous
(see [6]). Set & () =G (u (¥)); we have, foro <z <2, <T,:

2]
At —h@) s < |g ) —g @ s +Nf|c.(l‘z’—o‘) lLee) ds +
| . ‘ 4
+ Nf |Ct—3s5)—Cty—s) [L(B) ds < K, (e —#)*
0 ) L

where K, is a suitable constant.
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§ 3. SOME APPLICATIONS

Let Q be a bounded open set of R” whose boundary 3Q is smooth. Let
us consider the problem

%?-(x,t)—Axu(x,z‘)‘f‘ff(x’f—‘f)G(x»”(x’t_x)’

(4) ~ Vu@x,t—s))ds=g@x,HxeQ,z>0
u(x,f)y=0 x€3Q t>o0
u(x,0) = uy(x) € LP(Q)x € Q.
Let us consider B = 17 (Q) where p >, D (A) = H*? (Q) n Hy? (Q)
and A = — A; let us choose 6 < 1 in such a way that D (A% < C' (Q) and

set X = D(A%. Moreover, define (C(?) %) (x) = ¢(x, £)u(x). So by theorem 2
it follows

THEOREM 3. Let ¢(x,%) and G (x,u ,v) be continuous, respectively, in

Q-[o,T] and Q-R-R*; suppose in addition that g (- ,t) and ;f belong to
i

L'(o,T ;L2 (Q). Then there exists a mild local solution to problem (4).

If moreover ¢ (x,?) and g(x,?¢) are Holder-continuous in ¢ and #, (x)
belongs to D'(A), every mild solution to problem (4) is a strict. solution and
du  du Ru

- — I 0 1 .
5% Tw ! xiox belong to C®(o, T, ; L (£2))
Remark 1. 1f p <n Theorm 3 holds with the further hypothesis
|G, e, )| <vyo+vi|e+yv|v|? reQueRveR"

where p, and po are suitable Sobolev exponents,

Remark 2. Let BO={u e C'(Q:u(®) =0 x ¢ aQ} If uoe B® we
can set our problem in B and pose X = |#e C'**(Q):u (x) =02 €2Q |,
where 0 < 0 < 1; we conclude that every mild solution to problem (4)
belongs to C*([o, To] X Q).

Moreover, if ¢ (x,%) and g (v, #) are Holder-continuous and if Az,e B9,
every mild solution to problem (4) is strict and all its derivatives of first order
are Hélder-continuous as its space-derivatives of second order.

REFERENCES

[1] V. BARBU (1973) ~ Inlegrodifferential equations in Hilbert spaces, « Anal. Stiin. ale Univ.
¢Al L. Cuza,’ Din. Iasi», 19. .

[2] V. BARBU (1976) — Nonlinear Semigroups and Differential Equations in Banach Spaces,
Noordhoff International Publishing and Editura Academiei, Leyden—Bucaresti. '



228 Lincei — Rend. Se. fis. mat. e nat. — Vol. LXI ~ Ferie 1976

{31 V. BARBU — Nonlinear Volterra Integrodifferential Equations in Hilbert Space (to appear
on «Sem. Matem. Univ.», Bari).

{4] M. G.CrANDALL, S. O. LONDEN and J. A. NOHEL (1975) —An abstract nonlinear Volterra
integrodifferential equation, «M.R.C. Tech. Summary Report, Univ. of Wisconsin»,
December. ,

[5] C.M. DAFERMOS (1970) — An abstract Volterra equation with applications to linear visco-
elasticity, «J. Differential Equations», 7, 554-569.

[6] G. DA PrATO and P. GRISVARD (1975) — Sommes d’operaters lineaires et equations dif-
Serentielles operationelles, « J. Math. pures et appl.», 54.

[7]1 R.C. MACCAMY — Stability theorems for a class of functional differential equations, « S.1.AM.,
J. Math. Anal.» (to appear). .

[8] J.S. WoONG — A nonlinear integro-partial differential equation arising from viscoelasticity
(to appear).



