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Equazioni differenziali ordinarie. — On t/e oscillation and asymp-
fotic properties for general nonlinear differential equations . Nota
di Lu-San CHEN, presentata dal Socio G. SANSONE.

RIASSUNTO. — L’Autore trova alcune condizioni sufficienti che assicurano lim x (#) = o
per le soluzioni oscillatorie dell’equazione o0
Una@ @O0 @ @DAC @O T+ a@Ox@) f(x(t—g@)=20@).

Nel caso 4 (¢) = o I’Autore prova che con le stesse condizioni Pequazione non possiede
soluzioni oscillatorie.

INTRODUCTION

The purpose of this note is to consider the general nonlinear z-th order
(n > 1) differential equation

(1) et D a1 [ O @2 ODVY--- 17T
+a@x@Of x(t—5@O) =60,
where the functions »;(?),(7=1,2, -+, %2—1) are positive at least on

[v,00). We shall consider only those solutions of the equation (1) which
exist on some half-line [% , 00), where # may depend on the particular solu-
tion, and are nontrivial in.any neighborhood of infinity. Such a solution is
called oscillatory if it has arbitrarily large zeros; otherwise it is called #on-

oscillatory. Here we shall give some conditions to ensure that lim x(#)=o
t— o0

for all oscillatory solutions of the equation (1). However for 4 (¢¥) = o, the
same conditions guarantee that all eventually nontrivial solutions of the dif-
ferential equation

() [ns @) rae DL 2 O T D A O] 11T
Ta@x@Of(x@t—g@) =0

are non-oscillatory.

The technique used is an adaptation of that of the Author [1} which
concerns the particular caser; () = r» (¢) and 7, () =73 () =+ =rp, () = 1.
Recently, Staikos and Philos {2] discussed the similar problem for the follo-
wing equation

s @O ae O L [ O e Q2 O 1TV +2@x O =60,

*) This research was supported by the National Science Council.
PP y
(*¥*) Pervenuta all’Accademia il 2 settembre 1976. )
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also, Singh [3] has treated the special case

n@=r@ , n@OQ=r@==r,O=1 , L&) =20

and

fa@t—g@) =1 in (1)

In addition the following assumptions will be made for the rest of this
note.

Assumptions

O a@®,6@) and r;()GE=1,2,+-,n—1) are continuous real-
valued functions on [v, o),

(1) g (t) is continuous, positive and bounded so that there exists some
positive constant m such that

o<g(t) <m,

(iiiy 2 (y) is continuously differentiable on (— oo ,00) and is an odd

JSunction such that sgn h(y)=sgny, there exists §>0,0< -5~ Yoy ( 5= <P and
lim oy ( ) exists finitely so that —5— 7 ( ) is continuously differentiable on [z ,00),
y—=>00

(iv) f () is a continuous even real positive function on (— oo, 00) and
increasing on [T, 00) with f(0) = o.

2. MAIN RESULTS

THEOREM 1. Assume that S (») is bounded and

3) lim infr, (/) > o,
- dz
@ f 71 (%) =
I I i
(S> ./{ msj ;3—@ . '; 137‘11—1 (51;—2) f !d <‘Y) I ds dsn—z . d‘fl <oo,

and

[ o0 00

©) f—f’z—é&j.f;;z?g)”'fmfm“}@)!ds ds, y -+ ds,< oo,
St n—3 Sp—2
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Then for every oscillatory solution x () of the equation (1),

lim x(#) =o.

> 00

Proof. Let
(7) M, = sup f (),

o<y <oo

and suppose on the contrary that limx (#) %% 0, then

>0

(8) lir{l inf|x(®) | =o0,

and for some positive d, o

) lim sup [ () | >2d.
100

From condition (3), there exists a constant Z > o with »; (#) = £ for every
t >4,. Thus, by conditions (5) and (6), we have for some T = #,,

(o] oo o0

I 1 I I
10 S [ a(s) |dsds,p - dsy <,
(10) J-7’2<sl) . 75(S2) f 71 (Sn-2) le ©] ! M,
s s, Sp—

[>e] o o

(11) frzésl) Vsé-“z) ...fmfmmdsdsn_z cdsy < d,

and
r dz# 1
(2) f 0] <§'
T

Let T<#<app< <oy <oy <oy <<Ty be certain points where

(13) x(f)=o

g. [ (o) 2 (" ()]’ =0 , [ra(e) (71 (o) 2 (x' ())]']= 0,
(14) T I TR T T T T T
and Ty is such that

(13) M= sup |z#()]|>d.

4y <t<T,
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Let #, > T, be another zero of x (¢) and let

M, = sup |x (¥ |

1 <t<ta

then My > d. Now, repeated integration from equation (1) gives

(] ” ¥ I .. " I
(16) =1 [ @A TN+ 73 (51> ( & (52> f, 1 (Sn-2)
fa Ox @ flr(s—g () dsds,y--- ds,
. . 7—3 Oy —2
= Tf O f G (’3 () ds dsucg - ds.

Since oy > oy > ag > - > o, 5, we obtain from (16),

o bt

(17) | I @ 2 (&' @)Y Ibr—(s—)f —,,3;59 f?n:{sT_;

{ la@) |2 || fas—g@)|dsds,y - ds
+ﬁﬁf ﬁ f ,H(xn ) f |6(s) | dsdsyg-- - ds,.
Let "
8 M= (x(t)|, toclt,b],
then .
M =2x() = (x’(t)dt
which implies .
(19) M Sflx’ 0 | de.
Similarly A

(20) M Sf | 2" (2) | de.

From (19) and (20) we have "

2M<‘ |2 (2) | de.

2%
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By Schwarz’s inequality we get
Iy

(21) 4WSJ£%%7%a [ () G ()] &' @) k.

since %;’% is continuous and positive.
Therefore
_aj,ﬂ) o o1
since 0 < h(,(l;)zf)) <8

Integrating the second integral of the right hand side by parts we obtain
ta

(22) 4M_ﬁ[ [ O 2 & D) | a2

1()

since x () =x (%) = 0. from (18) and (22), we get

a

oo el [

o

[ _l(s_z) f]a(s)][x(s) 1 (L) ds dsy_y - - - dsy

Sn—3
{2 ay @1
! r ... b ddn_---d},
+J6@Jm@ %bmm@f'wi“z'?

where L = sup {x (¢) |te(ty—m ,8,) , t , s > m}.
Dividing by M and noting that #, > «; we have from (23),

(24) 4§357@{ﬂ>j%@fmm>
} | — (;H> f la(s) | ds dsug -

Mfamjm@>phmm@f”®””%zdl

n—3
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Then, from (7) and (24), we have

i3 ts ay
ds I f I
< — _ {M S
(25) 4= B,‘ 210 { IJ 7a(s1) J 75(se)
1 1 s1
a] a1
f ! Jla(&)ldsds g ds
— n— 1
:n._;’n—l (5 n—2) 2
123 ay ay : ay
I I I I
1 5(s) | ds dspg - -~ ds; |
+ Motf 72(S1) f 73(S2) f "n (%—2) f ] ) ' § Conz sl}
1 s1 n—3 Sn—2

From (10), (11), (12), the fact that My > d and (25), we have
d
(26) 41 +—d— =2,

This contradiction proves the theorem.

THEOREM 2. Suppose that (3), (4) and (5) are satisfied and that f(y) is
bounded, Then every nontrivial solution of (2) is non-oscillatory.

Proof. Following the proof of Theorem 1, we arrive at conclusion (23).
From (25) we obtain

lg la ag
f ds I I
2 <t [ 5% o [ s | 7
@7 4 B, 7 () 1{ 73(s1) J 75(ss)
1 1 S1
@ ) ay
I
R [ — a(s dsds_---ds}gl,
J s [ 1e@ s e s
n—g Sn—2

from (10) and (12). This contradiction proves the theorem.
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