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Analisi m atem atica. — A  result on convergence fo r  almost periodic 
solutions of some parabolic variational inequalities. N ota (,) di M a r c o  

B i r o l i  presentata dal Corrisp. L. A m e r i o .

RIASSUNTO. -— Si dimostra un risultato di convergenza per le soluzioni quasi periodiche 
di certe disequazioni variazionali paraboliche e si da una applicazione di tale risultato al 
« problema di omegeneizzazione ».

§ i .  I n t r o d u c t io n  a n d  r e s u l t s

We give in this work a result on convergence of almost periodic solutions 
of some variational inequalities and we apply this result to “ homogénéisation 
problem”, [2], for these solutions.

Let be V an uniformly convex Banach space with norm || || , V* the
dual of V, which we suppose uniformly convex, ( , ) the duality between V 
and V* and || ||̂  the dual norm on V*.

Let be H a separable Hilbert space with scalar product ( ,)  and norm | |.
We suppose that V C^ H  is densely and compactly embedded in H.
Let be A s (/) : V —► V*, A (7) : V -* V* , t e R s >  o , a family of bounded, 

hemicontinuous monotone operators such that

(I >0 t —> A s ( V) v , /  -> A (t)v are measurable in V*, Vv e v

(I .2) (A8 (/) » , v) >  a II v |f  v ^ e  V ; a >  0 , p  >  i , a.e. on R

(A (t)y, v) >  a II v |f  Vve  V ; a >  0 , p >  i , a.e. on R

(I ,3) (A -  A£ (t) w , v •— w) > a II v •—-w i r  V » , w e V ; a.e. on R

(A ( t ) v - - A  (f)w , v — w) > a J] v ■—w f  V ^ . w e V ; a.e. on R

0 .4) II A 8 (. <  ß il  ̂i r l +  <1 (t) V ^eV  ; a.e. on R

Il A (t)-v II <  ß 1!  ̂| f - x-4- d ( 0 V ^ eV ; a.e. on R

where d (/ +  7)) e J£°° (R ,J2* # (o , 1)).

(BS) t -* A 8 (t +  f) V (f) , t  -> A  (t +  Y]) V (yj)

are almost periodic in SE*' ( 0 , 1 ;  V*) Vv (tj) 6 SE® (o , 1 ; V) .

(*) Pervenuta all’Accademia il 31 ottobre 1976.
(**) Istituto di Matematica del Politecnico di Milano.
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Consider, for g  (t) in ([Z0 , +  00 [,V*), the problems 

O A ) ^ ( 0 + A  z ( t )v i ( t ) = g { t )

vs (t0) =  v0

(1.6) -^r { t ) + A ( t ) v { t ) ^ g { t )

v (to) =  v0 .

It is well known that problem (i,6 s), ((1,6)) has a unique solution
v * ( t ) ( v ( t ) ) , m .

We suppose

(1.7) lim* vs (t) =  v (t) in ££® ([/0 , +  00 [ ; V) .
z—> 0

Let K c  H be a closed convex set such that

(1.8) (I +  XAe (Z))-1 K c K ,  X> o

a.e. on R and /  (t) e Sv' —  AP (R ; V*) [AP (R ; E) =  space of E-almost 
periodic functions, S 9 ■— AP (R ; E) — space of E — Sq almost periodic 
functions; E is a Banach space].

We consider the problems.

h
(1,9s) J  (t) +  As(t) u z (t) —/  (f) , V {t) —  uz ( f ÿ  dt >

>  — I v (/2) - uz (#2) I — I v ( t )  ■ uz (tj) I ; 2̂ — 1̂

\fv (t) e Hiloe(R ; H) D i?lop0(R ;V )  , z< (/) e K 

uz{t) € AP (R ; H ) n S f — AP (R ; V) , uz (t) e K 

h

0 ,9) [  V d }  «  +  A (0  « «  - /  «  , v ( t ) - u  (<£> d/ >
«1

^  2 I ® ( t )  U ( t )  I I V ( t )  U ( t )  I ! 2̂ — 4

V z / (0 e H Îoc( R ; H ) n ^ c( R ; V )  , v ( t ) e K  

us(t )e  A P ( R ; H ) n S p — A P ( R ; V )  , u ( t ) e  K .
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We show the following result:

THEOREM I. Problem (1,9) ((1,9e)) has a unique solution u ( t ) (u£ (/)) and 
we have

lim uz (t) =  u( f)  in (R ; V*)
e-> 0

lim* uz (,t) =  u (f) in (R ; V ) .
s—> 0

The proof of Theorem 1 is divided into three steps:
1) a preliminary result on Cauchy’s problem for parabolic variational 

inequalities related to (i,6), ( i,6 s) and to the convex K;
2) we show the result for smooth /  (t) ;
3) we finally show the result in the general case by régularisation 

o n / ( t ) .
In § 2 we give the preliminary result on Cauchy’s problem, in § 3 we 

show Theorem 1 and in § 4 we give an application of Theorem 1 to the “ homo­
généisation p roblem ” .

§2. P relyminary result on Cauchy’s problem

We give here a result on Cauchy’s problem for parabolic variational 
inequalities, which is interesting indipendently of the proof of Theorem 1. 

Let be g e (t) e (R + ; V*), uoz , « 0e K  with

lim g , ( t ) = g ( t )  in »S?ioc (R+1 V*)
£-> 0

lim u0s =  u 0 in H .
£—> 0

We consider the problems
s ;

(2>L) j' (t) +  Ae (t) uz (t) +  g ,  (t) , V {() — u% ( t p  dt >
Ò ^

\ v ( s) —  ««0) I2— ~  | » ( o ) — % s |2 , s >  o ,

Vv (t) e Ĥ oe (R+ ; H) O J2& (R+ ; V) , v.(t)e  K 

u l i )  e && (R+ ; V) O C (R+ ; H) , us ( t ) ( f ) e  K , ue (o) =  u0z
S

(2 .0  J <̂— + A ( t ) u ( t ) — g ( t ) , v ( t )  —  u ( t p d t >

—  , s >  o .

V » (0 6 H L (R + ;H )n  Jg^ÇR+îV) , v ( t ) e  K 

« (0  e îoe (R+ ; V) O C (R+ ; H) , u  0 e K  , « (o) =  .
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We suppose that the hypotheses on As ( / ) , A ( t )  , given in the § 1, valid; we 
have.

THEOREM 2. Let be u ( t ) ( u z (fj) the solution of  (2,1) ((2 , i e)); we have

=  in J2£(R+;V*)
s—>■ 0

lim* uz (t) =  u (t) in «Sfioc (R+ ; V) .
s-^0

From well—known continuous—dependence properties the result is showed 
if we show this result in the case g s (t) =  g  (f) , uQz ~  u0 ì g( t ) eJL [oC (R-* i H). 

Consider now the penalised problems

(2 ,2 e) ^  ( 0  +  A £ (t) U',x ( 0  +  L  (« .,x (/) _  p ,  (0 )  =  *  ( 0

«e,X (O) =  ^ 0

(2.2) (0  +  A (/) +  L  («X (*) -  P* UX ifj) =  *  (/)

2/ (o) =  220

where is the projection on K in H.

By (2,2S), multipling for — (t) ■— Pfc^e.xOO) an(3 from [6] we haveA
T

(2.3) f j2 ~  I «s.X (0  — «e,X (0  |2 d# <  CT,
0

(CT indicates a constant dependent on T).
From (2,2e), multipling by Z2e (/) , we have

T

(2.4) f i U s , x w r ^ < c T .
0

From (2,2.) (2,3) (2,4) we have

^ p'(0 ,T;V*)+.2 ’a(0 .T;H)

From (2,4) (2,5) we have, at least for a subsequence, 

lim ue,x (t) =  «/(*) in iC (R + ;V *)
s-»0

lim* uZt\ (/) =  w (t) in îoc (R+ i V)
s->0

lim u, :k if) =  w (/) in (R+ ; H) .
e - M )

(2,5)
du.s , X

dt (0

(2,6)
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Being, from (2,6),

(2.7) lim («e,X (t) —  P*. MS,X 00) =  O  00 — PfcW (0 ) '
s—>0

in -Sqoc (R+ ! H).
From (1,7) (2,7) and from some well known continuous dependence 

results we have w if) =  u\ i f  and (2,6) for the sequence ^ Ssx (/)•
We observe now that in (2,3) CT is independent of X, then by the same 

methods used in [6], p. 57, we have

(2.8) lim us>x (t) =  uz (t) in

lim ux f  =  u f  in
X-> 0

uniformly for s.
Fom (2,6) and (2,8) we have the result.

Remark 1. The idea used in the proof of Theorem 2 derives from an idea 
used by J. L. Lions in [3] for the elliptic case.

§3. P r o o f  o f  T h e o r e m  I

L em m a  i . The problem (1,9) ((i,9e)) has a unique solution.

The proof of this lemma is an easy modification of the proof of Theorem 12
in [5].

L em m a  2. Let be f  e AP (R ; V*); there i s  a  sequence f n e AP (R ; H) 
such that

lim f n = f  in J T ° ( R ; V * ) .
»->00

Let be an orthonormal basis in H; is also a basis in V*.
Let V n be the space spanned by and P Vw the projection on Vn

in V*.
V* being an uniformly convex Banach space, PVw is a continuous operator. 

Since f e  AP (R ; V*), its trajectory has a compact closure in V*.
Let f n f  =  Pv* /  (0  •
From the continuity of PVw we have f n e AP (R ; V*) and then 

f n e A P ( R ; H ) .
Let 73 >  o; we can choose r  points w i}. i =  1 ,•• - , r, such that the 

trajectory of /  is contained in the set ( j  B I B ( w i ; — I =  ball
7] Iwith radius — and center w,  .; 3 J

Let n7, be such that

I K  —

* = 1  \  3 /  L \  3 /

i  =  I • ♦, 2 n  > ,

^ c (R+ ; V ) n ^  (R+ ; H) 

^ c . ( R + ; V ) n j C ( R + ; H )
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we have easily 

then
lim / „ ( < ) = / ( * )  in ^ ° ° (R ;V * )

n~>co

C orollary  i . Let /  e Sp' — AP (R ; V*); there is a sequence f n e S2 — 
— AP (R ; H) such that

lim f n (t +  ?]) =  /  (t ~f~ 7]) in (o , I ; V*)
n~> 00

uniformly in t.

If p  >  2 the result is an immediate consequence of Lemma 1, if p  <  2 
choosing a basis in ^ f2 (o , 1 ; H), which is also i n J ^  ( 0 , 1 ;  H) and repeating 
the proof of the Lemma 1, we have the result.

LEMMA 3. Let ux be the solution of (1 ,9 ) relative t o f ( t ) =  f x (f)
( /  (t) =  / 2 (£)); and suppose

l l / l  ( t  +  ■>j )  — A  0  +  rÙ l l ^ ' ( o , l ; V * )  —  S  ( < *  <  ° )
then

I UX (t) — U2 (t) I +  II UX (t +  7]) — U2 (t +  7]) II^P^.V) <  C (S)
where

lim C (8) =  o .
S—>- 0-f-

We have by the same methods of [4]

— I ux (t) — u2 (t) |2----- — I ux (t ~  n) — u2 (t — n) j2 <
t

<  J ((/1 0 ) - A  O) » «1 0 ) —  U2(s)) — a. II % 0 )  — w2 (»  119 ds
t —n

then
1

1 n r
— L i  (* — n) —  —  |a > 2  (<x H-̂ 1 (if -—■ j -+s):— u2(t ~ j  +  s) \\vds2 j^i  J

01
n /  r  Ip

— 2  CS y j II ux (t — j  +  s) — u2 (t — j  +  s) \\p ds ) .
3 0

The first term being bounded, by an easy proof ab absurdo we have 

1(3.O J||%(*—n + s ) —-u2(t — r -r s) ü'1 d.v < Cj < 8 , n < h,
0

where lim Q  (8) =  o .
S->oo-f-
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Analogously we can show 

1

(3.2) J II «1 (t +  n +  s) — w2 (t +  n +  s) ||p dj <  C2 (8) , n <  w2.
0

From (3,1) (3,2) we have

(3.3) I «r(0 -  2̂ V) I2 <  max (Q («) , C2 (8)) +

+ c(J ll/x C)-A C) Ilf ds^+zp'
t—n\

<  max (C ^ S )), C2 (8) +  [C (n, +  n%) +  i] § f  '
and

l

(3.4) f  II «1 (* +  >]) — «2 (t +  ■/)) r  d K - | UX(£) — ul f)  |2+  CSP'— C3(S)
0

where
lim C3 (§) .= o .

S—> 0-J-

We now show Theorem i.
From Corollary I and Lemma 3 we can suppose f e  S2 *— AP (R ; H). 
From Lemma 1 problem (1,9) ((i,9e)) has a solution u (f) (uz (t)). 
From the proof of Theorem 2 we have

(3,5)
dus 
d t « SeV (—T,T;V*) + J2?2(—T,T;H)

Cq

(where CT is{ a constant dependent on T)

(3>6) - I I - (Ô

From Lemma 2 and Theorem 12 [5] we have also

(3.7) K ( O I < c .

From (3,5) (3,6) (3,7) we have, at least for a subsequence ,

(3,8) lim **!i ( 0 - ^ ( 0
e_>0 dt K dt K J in J2& (R ; V*) +  ^ î2c (R ; H)

(3,9) lim* uz (f) =  w  (t) in -2£0 ( R ; V )
£—> 0

(3,io) lim uz (f) =  w  (/)
s-*0

in CCtoc (R+ ; H) .
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From (3,8) (3,9) (3,10) and Theorem 2 we have

(3.10  ®  +  A W w  0 9 ~ / ( 0  »v (0 — w  0 ) /

Vo(0e HÎ00(R;H)njSC(R;V)z/(Oe K 

w(/)6 ^  (R ; V ) n c  (R ; H ) n ^ ”°(R ; H) ,»(<)£ K

and as in [4] we can show that w (f) is the unique solution of (3,11) then 
w (i) =  u (t) .

§ 4 . A n  a p p l ic a t io n  o f  T h e o r e m  i

Let £1 a  Rn be a bounded open set with smooth boundary T , Y c R N 
a right parallelepiped with edges parallel to the axes.

Let aij (y  , t)  be functions on Y X [0 , t 0] with

aU (jV > T) 6 &°° (Y X [o , t 0]) , 2  aij (y> T) s i  <* K  I2 Rn (a >  o).
i j~  1

We indicate again by (jp, t)  the prolongation of ay ( y ,t)  to RN+1 by perio­
dicity.

Let

V -  Hj (Q)  , H =  J^2 (Q) , K =  { v ( x ) e & * ( 0 ) yv (x )  > 0  a.e. on fi},

(4.1) (Ae ( t )u  , v ) =  (■y  , ~ )  —  ~  d* , » e H j (Q)
Q

We indicate W (Y) =  {cp e H 1 (Y) , cp periodic} and

(4.2) ay ( t  ; 9 , 9 )  =  f 2  «« O  . T) —  —  dy •
J if~l t y j

We observe that the bilinear form (4,2) is coercive on W (Y)/R.
We consider now the function y.j ( y , t), which is defined, with thé indé­

termination of a constant, by the problem

(4.3) ( M ( t) , A  + a Y ( T , X j v ) A )  =  *Y( r - , uJ , W V<LeW(Y)/R.
\  /JS?2(Y)

7 »  =  7; ( a )  z, ( t) €  W (Y ) /R .
Consider now

To

y 11 To J  [«Y 0  ; X, (T) — y , , Xi (t) — yi) +  (t) , X iC oj^Y jJ dx
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and
r N 

(AU , V) =  I
J ij=1

du dv
dXj 3Xi dx .

From [9] the hypotheses of Theorems 1, 2 are valid and we can apply 
Theorems 1 ,2 .

We observe that problems (i,9e) (1,9) (if f e  (R ; H)) are formally 
equivalent in this case to problems

(4.2£)
du
~dt O  , t) ■

d I  I  X  t \  d u  , . ^ x) a.e. on R x  ti

u (x , t) >  °  a.e. on R X O

[■IT ^ i S  ( a i i  ( e ’ e2 ) dXj  ( x ’ Q

u (x , t) |n =  °

u e AP (R ; ^ 2 (Q)) O SP ‘— AP (R ; H j (Û))

^(^r, /)=o 

a.e. on R x £2

N
(4.2) —  (x , *) — g^t 3 (* . 0  > / ( *  » 0  a -e- on R X Ü

^ {$ , t) >  o a.e. on R x û

[" 3#/ . v &U . v j- / N1
Li t  <* •

/) ■—/(# ,£ )  u {x>t) — o a.e. o n R x O

u ( x  yt) |r =  o

u e  AP (R ;ü?2 (Q)) n  — AP (R ; H j (Û)) .

Remark 1. a) Other applications of the Theorem can be given in 
relation to G-convergence for parabolic equations, [7], and to some con­
vergence theorems for maximal monotone operators, [1].

b) By the same methods used here, one can also show the result of 
this paragraph in some nonlinear cases and in the case of replacement of 
tjz2 by tje in the preceding application, [3].
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