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Analisi matematica. — A4 result on convergence for almost periodic
solutions of some parabolic variational inequalities. Nota © di Marco
Biror1 9, presentata dal Corrisp. L. AMERTO.

RIASSUNTO. — Si dimostra un risultato di convergenza per e soluzioni quasi periodiche
di certe disequazioni variazionali paraboliche e si da una applicazione di tale risultato al
«problema di omegeneizzazione ».

§ 1. INTRODUCTION AND RESULTS

We give in this work a result on convergence of almost periodic solutions
of some variational inequalities and we apply this result to ‘“ homogeneisation
problem ", [2], for these solutions.

Let be V an uniformly convex Banach space with norm || ||, V" the
dual of V, which we suppose uniformly convex, {, ) the duality between V
and V¥ and || |, the dual norm on V*,

Let be H a separable Hilbert space with scalar product (,) and norm | |.

We suppose that V<> H is densely and compactly embedded in H.

Letbe A°*(#): V—>V* A(#):V—>V* te R ¢ > 0, a family of bounded,
hemicontinuous monotone operators such that

(L,1) t—>A*@v , t—>A()v  are measurable in V* Woev
(1,2) (A*(Dv,v) =alv| veeVi;a>o0 , p>1, ae onR
(A Dv,v)=allv|l YveV;a>0 , p>1, ae onR
(1,3) (A*@Qv—AQw,v—w)>allv—w|l Vo, weV; ae on R
A Ov—A w,v—w)>allv—w|’ Vo, weV; ae on R
(L) 1A oll, <BlolP+d() VeeV; ae on R
A Ovll <BllolP™'+d(@) VveV; ae on R
where d (2 +m) e Z® (R, %8 (0, 1)).
(1,5) P> AT u(m) , A+ o)
are almost periodic ivn L (0,1; V¥ Yo(m)e £ (0,1;V).

(*) Pervenuta all’Accademia il 31 ottobre 1976.
(**) Istituto di Matematica del Politecnico di Milano.
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Consider, for g (£ in #* ([¢, + oo [,V*), the problems

(16 L)+ A DU =20
Ug (fo) =17

(16) L rADD =2
v () = 7, .

It is well known that problem (1,6;), ((1,6)) has a unique solution

ve (1) (v (9), [8].
We suppose
(1,7 ligz v () = v (¥) in L ([ty, +oo[; V).

Let K < H be a closed convex set such that
(1,8) I+2A°@))'KeK, A> 0

ae. on R and f(H)e ¥ —AP (R; V¥ [AP (R;E) = space of E-almost
periodic functions, S?— AP (R; E) = space of E-—S? almost periodic
functions; E is a Banach space].

We consider the problems.

ty

wor o O+ NORO—r O, 0O —n =

o

31

= lo@—u@f—le@—u@®l 4=
Vo (e Hiw(R;H)N ZLR;V) , v()eK
u.()e AP R;H)NS" —APR;V) , % (H)eK

ao  [{EO+a00—fO. 00 —uByi =
2 o —u@ =2 lo@w—u®|;  t=4
Vo () e Hi(R; H)N ZL[R;V) , 2()eK

u,()e AP (R; H)NSP—AP(R;V) , u(HekK.
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We show the following result:

THEOREM 1. Problem (1,9) ((1,9.)) kas a unique solution u (f) (u.(2)) and
we have :
hm 2, (&) = u (¢ in Zee(R; V¥

e—>0

lim* 2, () = u () in LR ;V).

e—>0

The proof of Theorem 1 is divided into three steps:

1) a preliminary result on Cauchy’s problem for parabolic variational
inequalities related to (1,6), (1,6,) and to the convex K;

2) we show the result for smooth f (¥);
3) we finally show the result in the general case by regularisation
on f(¥).
In § 2 we give the preliminary result on Cauchy’s problem, in §3 we
show Theorem 1 and in § 4 we give an application of Theorem 1 to the ‘‘ homo-
geneisation problem ”’

§ 2. PRELYMINARY RESULT ON CAUCHY'S PROBLEM

We give here a result on Cauchy’'s problem for parabolic variational
inequalities, which is interesting indipendently of the proof of Theorem I.
Let be g.(H)e L2 (R, ; V¥, uy,u,6 K with

limg. () =g in LLR.; V¥
>0

lim 2%y = 2, in H.

E—0

We consider the problems

e [ A OG0 0w =
' =0 —n@P— 1 0@ %l , s=0,
Vo (1) € Hi Rei O ZLR,GY) , 0()eK
e LLRGVINCRGH) |, wO@®K |, #,00) =
1) f ot ADuO—g @), v O—u@)di=
>—_[ﬂ(s)——u(s)|2 —|'u(0)-———uo| , s>o0.

vv(t)eHloc(R+;H)n loc(R+!V) ’ U(I)EK‘
u(t)e_%oc(R;,;V)"ﬂC(R,L;H) , #w(OeK , u(0)=u,.
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We suppose that the hypotheses on A®(#), A (¥), given in the § 1, valid; we
have.

THEOREM 2. Let be u (¢) (u, (2)) the solution of (2,1) ((2, 1.)); we have

im %, (¢) = u (¢ in Hoo (R, ; V¥
e—>0

Hm* 2, () == u (¢) in FHLR,; V).
e=0
From well—known continuous—dependence properties the result is showed
if we show this result in the case g, () = g (¢) , #q. = 24, £ (¥ e (R, ; H).
Consider now the penalised problems

(20 SE ()£ AT s O+ (G () — Prten 1) =£ ©

Ue,\ <O> =%

d%;\

dz

(2,2) O+AO+5 @O— P ) =g O

% (0) = u,
where P, is the projection on K in H.

By (2,2.), multipling for —;T(%e,x(l‘)-‘Pk%a,x(l‘)) and from [6] we have
T

1 .
(.3 J e T & — Puwa @) Par=Cr,
0
(Cr indicates a constant dependent on T).
From (2,2.), multipling by #z. (), we have
T

(20 [luer@ P dr <Cx.

v

0

From (2,2.) (2,3) (2,4) we have

(2,5) - i

<Cr.

2P (0, TV +L%0,T;H)

dus A '
dz

From (2,4) (2,5) we have, at least for a subsequence,
(2,6) im 2,5 (Y) =w (&) in Hee R4 ;VH
>0
im* 2, (£) = w (¥) in #L R V)
e->0 .

m %, () =w (@) in %o (Ry; H).

&0 -
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Being, from (2,6),
(2,7 i’_rf:, (#e (2) — Proten () = (w (t) — Prw (#))

in Zﬁc (R+ ; H) :

From (1,7) (2,7) and from some well known continuous dependence
results we have w (#) = u, (/) and (2,6) for the sequence #,; (?).

We observe now that in (2,3) C; is independent of X, then by the same
methods used in [6], p. §7, we have

(2,8) limu,, (B =u.() in LLER;V)OLHIRL;H)
A—>0
limos () = w(?)  in FLRe; V)N LD (Re; H)
A—>0

uniformly for e.
Fom (2,6) and (2,8) we have the result.

Remark 1. The idea used in the proof of Theorem 2 derives from an idea
used by J.L. Lions in [3] for the elliptic case.

§ 3. PROOF OF THEOREM 1

LEMMA 1. The problem (1,9) ((1,9.) has a unique solution.

The proof of this lemma is an easy-modification of the proof of Theorem 12
in [5].
LEMMA 2. Let be fe AP (R; V¥, there is a sequence f,e AP (R; H)
such that :
lim f, =f in R ;V¥.
n—>00
Let be {v,},—1 an orthonormal basis in H; {z,}2, is also a basis in V*.
Let V,, be the space spanned by {#,},—; and Py_the projection on V,
in V¥,
V* being an uniformly convex Banach space, Py, is a continuous operator.
Since fe AP (R;V¥), its trajectory has a compact closure in V*.
Let £, (&) = Py, f (.
From the continuity of Py, we have f,€ AP (R;V*) and then
fn€ AP (R ; H).

ILet > o0; we can choose » points w,,. i=1,---,7, such that the
r
trajectory of f is contained in the set U B (w,-, %) [B (wi; —7‘3—) = ball

=1
with radius :—']3— and center w‘-].
Let 7, be such that

"wr—Pv,,w.'H*S% i=1,-2 n>fy,
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we have easily

then
hm f, &) =/ in Z*(R;V¥%

COROLLARY 1. Let fe S — AP (R V®); there is a sequence f,e S —
— AP (R; H) such that
Hm f, ¢+n) =/ @+n)  in £ (0,1;V¥)
n—>o00
uniformly in t.

If p > 2 the result is an immediate ‘consequence of Lemma 1, if p < 2
choosing a basis in L o,1; H), which is also in #”" (0, 1; H) and repeating
the proof of the Lemma 1, we have the result.

LEMMA 3. Let uy(2) (uy (1)) be the solution of (1,9) relative to f(£)=f; ()
(f (&) =1, (8); and suppose

IACTD —fo G+ Dlgpguyn <8 (B <0)

then
. |2ty (&) — 245 (&) |+ N 20g (¢ ) — 202 (2 + ) “gg(o,l;v) <C(9
wnere lim C(8) =o.
80+

We have by the same methods of [4]

@) =@ = —n) —u—n) P <

< f (s ) —F2 ) 03 (5) — 113 () — x| 2 (5) — 103 (5) ") s

then
1

L= —n =Pz [ln Gt —nl—i+9Pds

0
7 : ) ) . ) \ 1/p
WZCS (fuul(t——~j +8)—uy (I —7 —-\—s)H”ds\) .
J=1 (') /
The first term beingi bounded, by an easy proof ab absurdo we have

1
(3.1) f||u1<f—n+s>—ug<f~r+s>n”dsscl<8,- <
oo

where lim C1 (8) =o.

§—>00+4
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Analogously we can show
1
62 [lu@+nt9—nl+r+9Pb<CGE), n<h.
0

From (3,1) (3,2) we have

(3,3) | 20y () — uy (2) [2 < max (C; (3),C, (3)) +
Z+n2
v ([ 1A©—A©I o)+

< max (C;(8)),C, (3) + [C (@ + i) + 1] 3|
and

1

Ga) B D (I A S () — 1) [ O C(8)
J
where

lim C,(8) = o.

8—>0+4

We now show Theorem 1.
From Corollary 1 and Lemma 3 we can suppose fe€ S*— AP (R ; H).

From Lemma 1 problem (1,9) ((1,9.)) has a solution 2 (£) (2, ).
From the proof of Theorem 2 we have

1 |
: d < |
(3:5) ; d’; <t> “ < CT

2P v+ 2XoT Ty

(where Cr is; a constant dependent on T)

(3.6) 2 Ol gy =< Cr-

From Lemma 2 and Theorem 12 [5] we have also
(3,7) | 2¢ (2) l <C.

From (3,5) (3,6) (3,7) we have, at least for a subsequence ,

(3,8) im* e = i RV 2R )
s 7 dz

(3,9 lim* w2, () = w () in Z.(R;V)
e-»0

(3,10) Hm 2, () = w()  in L% (R,;H).

e->0
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From (3,8) (3,9) (3,10) and Theorem 2 we have

(3,11) o)+ ADwO—f 0,0 O—w®)> =0
Vo (f)e Hi, (R H) O 22 (R; V) o (e K
w@®)e L R;VINCR;H)N LR ; H),w (@) e K

and as in [4] we can show that w (¢) is the unique solution of (3,11) then

w () =u{).
§ 4. AN APPLICATION OF THEOREM 1
Let Q< RN be a bounded open set with smooth boundary I',Y< R~

a right parallelepiped with edges parallel to the axes.
Let a;; (v, 7) be functions on Y X]Jo, 7,] with

a5 (¥, D)€L (Yx[o, %)) , E am,(y, DE&E =8 VEeRY (w> o).
'lj~
We indicate again by a;; (¥, 7) the prolongation of a;; (¥,7) to R¥*! by perio-
dicity.
Let

V=Hi(Q) ,H=2(Q),K={w@)eL2(Q),v() >0 ae on Q},

1) (A*(H) , v) {Eau( )3” 2 dx v, veHL(Q)

Joij=1 ox; axj
We indicate W (Y) = {9 e H' (Y), ¢ periodic} and

(4)2> ay (T y P (P) f Z aij (J’ ’ ) 94”

’U= .

We observe that the bilinear form (4,2) is coercive on W (Y)/R.
We consider now the function y; (¥, ), which is defined, with the inde-
termination of a constant, by the problem

(4;3) ( 93),(; (T> ;“p\’gz(Y)_{_ ay (T y X T) ’ 4’) =ay (T y Ui, 4»‘) V‘zb G W (Y>/R .

L@ =x(v)  w(He WE)R.
Consider now
70
I

=TT f | i1 =1 - +(% e, 1) x|
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and

N

{Aw,v) = {Zq % e

LY A
fl) =1 ax] ax-,‘,

From [9] the hypotheses of Theorems 1, 2 are valid and we can apply
Theorems 1, 2.

We observe that problems (1,9.) (1,9) (if fe Foe (R; H)) are formally
equivalent in this case to problems

N
du 2 x t due
) — . g h—, =) — = .€.
(452¢) =~ (x,%) ”2=1 ori (a” ( — 52) o (x,6)=f(,x) ae.onRXQ

w(x,t) =0 ae. on RxQ

[0 —3 2 (e (2.5) 2 ) = @) | w0

ij=1 9%; )

w(x, ) =0 a.e. on RxQ

ne AP (R; £ (Q) NS’ — AP (R ; Hy (Q)
u < Pu
@2) (.0 —ijglqij Sem; (x,5)>f(x,f) ae on RxQ

w(x,2) =0 a.e. on RXQ

du l Pu
[¥ (x,8) —i?‘:,l{h;’ Sxox; (x,2) ——f(x,z‘)] #(x,f)=0 a.e.on RXQ
] (x » t) ]I‘ =0
ne AP (R; % (Q) NS*—AP (R ; Hg (Q)) .

Remark 1. ) Other applications of the Theorem can be given in
relation to G-convergence for parabolic equations, [7], and to some con-
vergence theorems for maximal monotone operators, [1]. ‘

4) By the same methods used here, one can also show the result of
this paragraph in some nonlinear cases and in the case of replacement of
¢/<® by t[e in the preceding application, [3].
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