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Equazioni differenziali ordinarie. — Periodic solutions of {a [ f ) x f  p  
=  N o t a d i  R o l f  R e iss ig , presentata dal Socio

G. S a n so n e .

R iassu n to . — Questa Nota dà alcune estensioni di recenti risultati di S. H. Chang 
e J. Mawhin-K. Schmitt sulle soluzioni periodiche dell’equazione (a (t) x ' ) ' f ( t , x) =  q (t) 
i cui termini sono periodici in t. Sono dimostrati alcuni teoremi di esistenza per mezzo del 
teorema di Leray-Schauder collegato con applicazioni dispari sugli spazi di Banach.

Let
X* =  {^(0eC*( R) :^( /  +  T ) s ^ ( / ) } ,  k e N

and define the Banach space

X =  (X0 , H x II =  max I # (f) I).

Consider the differential equation

(1) i f l ( f )x ' ) ' - \ - f { t , x )=q{ t )

where
a {i) G Xx ; o <  a0 =  min a (f) , at — max a (t)

t

g ( l ) e X 0 ;Q(l )  =  j g ( i ) d t e X 1 , i.è. Q (T) =  o 
Ô

f ( t  +  T , x )  ^ f ( t , x ) e C ° ( R * ) .

Let x * (t) e X2 be the periodic solution of

(a (t) x 'y  =  q (t)

with a vanishing initial value:
t T t

X* (f) =  I  (a (O)-1 Q (0  dt -  0-1J  (a (0 )-1 Q (t) dt [  (a (0 )"1 dt
0 0 0

T

[ 0 = /  («(O )-1* ] -
0

Let us formulate some statements concerning the oscillation problem 
of (1).

(*) Pervenuta all’Accademia il 19 agosto 1976.
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Theorem i. Let there exist a constant [L >  o such that
T T

(2) j  f ( t  , — x ( t ) ) d t
0 0

fo r  all x  (f) G X2 such that min \x  if) | ^  \i. Let there exist a constant k  >  o 
such that

(3) | / ( G * ) |  ^ ( T Ö ) - 1

when I 3; j h — 2 || x* || +  +  k.
Then equation (1) has at least one T -periodic solution.

Theorem 2. Assume condition (2) holds as well as

(4) g k 0< **&&)■*

when \x  \ ^  (JL.
Then equation (1) has at least one T-periodic solution.

Theorem 3. Let there exist a constant (ji >  o such that

(5) x f { t yx) ^  0

when I x  | ^  \i.
Then equation (1) has at least one T -periodic solution.

Note I . Since 0 rgj a ^1 T condition (3) is satisfied when

\ f ( t ) x ) \ ^ k a 0T - 2 .

Condition (2) is equivalent to both

T

(6') j f ( t , x ( t ) ) d t ^ o
0

for all x  ([t) e X2 such that \ x  (t) \ ^  and

T T

(6") j f ( t ,  —  y . ) d t j f ( t , y . ) d t < o .
0 0

Indeed, when x (t) e X2 and x  (t) älA  consider the continuous function

T

I (X) =  j  / ( V  , ( i  — X) f* +  X* (t)) d t ,
0

j f ( t , x ( t )  , d t  <  o

0 X ^  I.
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If sgn I (o) =  s =  — sgn I (1) then there is a A0e (o , 1) such that I (A0) =  o, 
in contradiction to (6'). Consequently

t

sgn j f  ( t , x  (t)) dt  =  s.
0

A similar argument yields that

t

sgn j ' f  ( t , — * (t)) d t.=  — s.
0

Theorem 1 improves a result of J. Mawhin-K. Schmitt [5] where it is 
assumed that conditions (6')-(6") hold as well as

(7) \ f ( t , x) I 5̂  ka0 (2 T2)-1 when \ x  \ ^  h.

Note 2 . Condition (2) is satisfied when 

(8') x f ( t , x ) > o  ( | ^ | ^ | x ) .

Using a standard limit process we can show that the existence of a T-periodic 
solution is ensured even under condition (3) and the weaker version of (8')

(8") x f  (t yx) (I x  j è  [x).

Together with Theorem 3. this improves a result of S. H. Chang [1] 
where (8") or (5) is proposed as well as

(9) j /(*>%)  I ^  ~ -m in  (1 , a0 T“2) when \ x  \ ^ h .

Note 3. Conditions (3), (7) and (9) are satisfied when

(10) lim ! /( * .* ) !
\ x \ ■ o (uniformly in t).

Assume (10) and define for all r  o.

F (r) =  max {\ f ( t ,  x ) | : o ^  t g  T , | * J ^  r).

Let e >  o be arbitrarily chosen; then \ f  ( t , x) | ^  e | * | when | x  
Let r  ^  r 0 =  h (s); then

F ( r ) ^ „

;A(e).

F (r) ^  F (^o) -f- zr , lim sup

r  F ( r )l im  — —  =  o .
r—>00 X

hence
r



R o lf Reissig, Periodic solutions of (a (t) x')' + / ( / ,  x) — q {t) 57

Let c and hQ be arbitrary positive constants. Since

^  ----- <ï if r  ^  r*=  hQ- f k  (k sufficiently large)

we obtain

\ f  (t y x) \ ^  —  r " ^  ck for o ^  t ^  T , | x  | ^  r*

provided that k  ^  hQ. Finally identify £ with the corresponding value of 
conditions (3), (7) or (9) and hQ with 2 || x * || +

The result of J. Mawhin-K. Schmitt is based on an abstract coincidence 
theorem whereas S. H. Chang uses Lazer’s fixed point technique developed 
for the oscillation problem of Liénard’s equation. However, our proof of 
Theorem 1-3 is a simple application of Leray-Schauder degree in connection 
with odd mappings in Banach spaces (see: [2], [3]). For this purpose let us 
introduce the independent variable

t

T =  f  (a (Or1 d* [0 =  T (T)];

denote 0

x  (t) =  x ° t  (t) =  \  ( t)  [x  (t  +  T) =  x °t ( t  +  G) =  \  ( t  +  0)] ,

/ ( * >  I )  = = /(*  0 0  >1) =  <P (P >1) ,
0

a  (I) =  a o t  ( t)  =  a (t)  =  a (t) dT =  t J  ,
0 T

« (0  q  (0  =  a (t)  got  (t )  =  p ( t )  =  P '(t) [ p  (t)  =  j  p (t )  dT =  Q o/ (t )  ].
0

Differential equation (1) is transformed into

( h ) r + « w < p ( T , 9  =  p (t) .

The 0-periodic solution with initial value zero of the differential equation

p OO
is

T 0

V  (T) =  J  P (t) dT -  -  [  P (T) dT =  x*ot (T).
0 0

Consider the comparison system

(12) 5 " + ® ( t , 5 , X ) - = p ( t )
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where Xe [o , i] is a param eter and

3> ( t  , X) =  [(I +  X) <p (x , Ç) -  ( I -  X) 9 (T , -  $)] ,

$  (T » — £ » o) =  — O (x , \  , o) , O (x , \  , 1) =  a (x) 9 (x , I) .

It is a well-known fact (see: [2], [3]) that there are periodic solutions of (12) 
for all Xe [o , 1] when there exists a ball Br =  {x (t)e X : || # | |<  r) such that 
# (t) =  £ o t (t) $ dBr for every periodic solution of (12). For an arbitrary 
Xe [0,1] at least one periodic solution £(t) of (12) is such that x ( t ) =^ o^ ( t ) e  Br . 
Such a ball exists, for instance, when all periodic solutions of (12) are a priori 
bounded, and that uniformly with respect to X. In this special case every 
ball Br the radius r  of which is sufficiently large is adequate.

Let \  (t) be a 0-periodic solution of (12); then

e

f  <E> ( t  , £(x) , X) dx =  o ,
i.e. {

e 8

(1 +  X) j a ( t )  9 (x , £ ( t ) )  dx =  (i — X) J a (x) <p (x , — £ (x)) dx 
0 0

or [£°x (t) — ^  {t)1
T T

(1 +  X) J /  ( t , * ( t ) )  d t  =  (1 — X) j f  ( t , — ^ ( f ) )  d/.
0 Ò

If I x  (t) I ^  [Ji for all t then we obtain a contradiction to (2). Consequently 
there is a x0e [o , 0] such that | £ ( t 0)] <  \i. Let

5 ( t )  =  a (t) +  Ç ( t)  , <r (t) =  R* (t) — .Ç* (t 0)] +  ? ( t 0)

[ M | < 2 | | * * | |  +  r f ;
then

(13) Ç " + ® (T , a (x) +  Ç , X) =  o.

Assume that || £ || =  h\ multiplying equation (13) by £ (x) and integrating 
from zero to 0 we obtain

e e -

(Kr (t))8 dx =  J K (x) <D (x , (7 (x) +  K (r) , X) dx 
0 o 6

^  k (T0)-1 J" a (x) | Ç (x) I dx 
0
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If t 0 ^  T ^  T0 +  0 we further conclude that
T 6

2?  (t ) =  ( J  V  (T) d Ty  â o f ( Z '  ( t ) ) 2 dT ^  k  IK  II , 

i.e. T° 0

HH and l iai  ^ I M I  +IKII < h

in contradiction to the assumption. There is no solution \  (t) of (12) such 
that x  (f) ~  (t) e dBr c= X , r  =  h.

COROLLARY i . Condition (2) can be replaced by condition (8"); this 
is obvious when the strict version (8') is valid (see: Note 2). Consider the 
differential equation

(i 5) (a (t) x ') '+  [&px +  (i — $ ) /  O'. x )i = q ( f )

where
o < » g i ,  p =  hrx k  (T0)"1 .

Note that

I +  (I _ » ) / ( *  , x ) \ ^ U  (T0)“1 +  ( i ~ $ ) \ f { t ) x ) \ ^ k  (T0)-1 

when \ x  \ ^  h\ furthermore note that

x  [&ç>x +  (l '— &) / ( / ’>%)] =  S’p^2 +  (1 — $ ) x f { t yx) ^  $px2 >  o

when \ x  \ ^  (x. Hence, the conditions of Theorem 1 are satisfied, the existence 
of a periodic solution with a norm smaller than h is ensured. Choose a mo­
notone-decreasing positive sequence ($»)Wen such that lim =  o; consider

n-> 00

a corresponding sequence of periodic solutions of (15) where &=&n : (xn (t))nen, 
Il x n II <  h. There are uniform bounds of thé first and second derivatives:

-, II4 ' IY ^ h " .

Taking account of the theorem of Arzelà-Ascoli we may assume that 

lim x n (/) =  x  (t) , lim Xn (f) =■ x r (f)
n—> 00 n—> 00

(uniformly on [o , T]). Since
t

a 00 Xn (f) — a (o) Xn (o) =  Q 00 —  p J Xn (0 d t
0

t

—  (I —  fr») j f  (t > Xn 00) di  
0
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we obtain the equation

a ( t)x ' (t) — a (o) x ' (o) — Q (/) — f f ( t . , x  (jj)
0

yielding differential equation (1).

àt

Proof of Theorem 2. Let us mention that, by virtue of (4),

\ f  i t , x) I ^ k o l x l + h  for all x e  R 

[K =  max {j /  (*, x) —  k0 x  I ; o t , \ x  \ <̂  [l}].

This time we derive from (14):

0 e

J  (S ' CO)2 dT ^  J  K  0 0 ) I a ( t )  ( k 0 I I  ( t )  I +  k j  dT
0 0

0 e

^  K  ai J Ç2 ( t )  d r  +  J a ( t )  | Ç ( t )  | (k0 | a ( t )  | +  kx) d r
0 0e 0

^  Â0at J  Ç» (T) dT +  ax [,k0 (2 || ** || +  [*) +  ^i] j" K  (~) | dr.
0 0

A consequence of C(jo) “  K (to +  0) =  o is the inequality (see: [6]):

(16).

by means of which

o O

f  ^2( T ) d T ^ ~ J  (C (t))M t

(  x -  - )  ( J  ?  (t) d T j 'k  y  [k0 (2 il ** il + V  ) +  kx] y e .
o

e

A priori bounds for j* (Ç7 (t))2 dT , || Cll and \ \^\\  are available now. Note 
o

once more that condition (2) can be replaced by condition (8").

Proof of Theorem 3. Note that, by virtue of condition (5), 

x f  ( t , x) g  k2 for all x e  R

[k2 =  fnax {x f ( t , x) : o 5̂  £ T  , | # | ^  [x}].
To begin with assume the strict estimate

x f ( f , x ) <  o (j a: I ^  (x)
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from which condition (2) arises. Using a periodic solution £ (t) of (12) we 
calculate:

e e

J  (Ç'(T))2d T =  | ç ( T ) [ ® ( T , Ç ( T ) , X ) - p ( T ) ] d T
0 0 e

<  K  T -  -  J  %  (?) P (?) d? .
0

Let K (?) =  \  (?) — I  (?o) where 11 (?0) | g  p. (|i 5 II ^  IK II +  {*); then
G 0

J  K' (?))2 d r  ^  ( 4  +  [x (I g \ \  ) T +  av \\g || f é  Ç2 (t) d-rj.
0 0

Applying inequality (16) we obtain a priori bounds for 

e e

I Ç2 (t) d r  , j K ' (?))2 d? and |K  II •
(f 0

The weaker condition (5) being proposed a similar extension of the result 
as in Corollary I is possible.
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