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Analisi funzionale. — On some classes of operators. 1X. Well-
bounded operators of order p. Nota di VasiLe I. IsTRATEscu, pre-
sentata ® dal Socio B. SEGRE.

Ri1ASSUNTO. — Lo spazio A? (1 < p < o0) di funzioni definite su un intervallo [z, &]
tale che per ogni divisione A = {e¢ =z, <2, <.--<x, = &} sia
nl | fxg)) —f (2 P
X— =

R <
OREPRTE

con la norma ]|]f|||£ = Slklp Ra (f) +sup | f(x) |P, & uno spazio di Banach. In questo la-

voro si studiano gli operatori T in AP aventi la seguente proprietd: esiste un intervallo
[2, 6] tale che per ogni polinomio p (A) valga I'ineguaglianza || £ () | < Il 2 (3) lip, € sida
una decomposizione spettrale per questi operatori.

INTRODUCTION

D. R. Smart has considered an interesting class of operators on reflexive
Banach spaces which have some properties similar to those of hermitian
operators on Hilbert spaces. This class was extended to some operators with
complex spectra by J. Ringrose. The class of operators studied by Smart
and Ringrose is defined as follows: we say that a bounded operator on a Ba-
nach space is well-bounded if it is possible to choose a constant K and a finite
interval J = [4, &] of the real line in such a way that '

2@ =K (sup 17 @]+ var )
ze] J

for every real polynomial p (). We may write the above inequality in the
form

2 (HI<Klzly

where || pily = sup|p (7) | + var p (¥). Using an approximation theorem it
te] I

is easy to. see that we can extend the application
p—>p (v

to the functions which are absolutely continuous on the interval /.

(*) Nella seduta dell’8 maggio 1976.
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As is well-known for any absolutely continuous function f on the interval
J there exists a function fy€ L! [@, &] such that

@) fle) = f fi () de.

This remark suggests the consideration of a class of functions wich are
representable under the form (*) with feL». Such a class was considered by
Fr. Riesz and was completely characterized by him as follows: a function has

the form f(x) = f J1(®) d¢ where fie L?{a,b] iff, for any dissection
J :

a=xy <% <--- <x,=20,
we have

"21 |f (i) —f () |

< K«<oo
o | X —x|P T =

the constant £ depending upon the function £. For a proof see J. P. Natan-
sohn, Teoriia functssi [4], Chap. 9, § 4.

We can introduce a space of functions over [, 4] by defining a norm:
fe A? ,a Riesz space, if for any dissection

Aa=z,<xi<a<---<x,=2b

nz_": lf(x'i-l—l) —f (%) 'p <K
[ | i — 2 P2
and

up L Ea P _ g

| Xiy — 2, [P
The norm on the Riesz space A? is
= A Nfp = sup | f (%) P+ Rf.

We have the following structure theorem.

THEOREM o.1. AP, with the norm defined above, is a generalized Banach
“algebra®. ’

Proof. 1t is obvious that A? is a linear space and

ad vl

(1) We call an algebra A generalized normed algebra if
1) A is normed linear space,

2) for all x,yeA, jxy| < &|x||y|, # being independent of x, y.
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is a norm. We prove now that A? is complete and next that it is a generalized
Banach algebra (clearly A? has unit element; of course the operations are
defined in an usual manner). The completeness follows by an argument
similar to Helly’s theorem for functions with uniformly bounded variation.
To prove that A? is a generalized Banach algebra, we estimate the norm
of the product of two elements in A?.
Let f;g€ AP, then

Il fz 1l = (SUP | f(x) g (%) P+ supn;l | f (xins) £ (i) —F () & (x3) lp)llpg

| oy — 23 [P

< [—25; sup | f(2) g (%) P4+ 25 | f (i) —F ) [ !g(xm)‘l”] )
' Up
+ [% sup | £ (x) g (x) P+ 25 | & (xar) —g (%) 7 |/ (%) l”] <
1/p
S2(;I; WA g 5+ 1A e IIIZ) <

(4 55) WA Mg My

and this proves our dssertion.

Remark 0.2. The above arguments suggest the consideration of function
spaces which we call Riesz spaces: Let (Q,%) be a measurable space and p
be a positive measure on #. A function f:%—> R is called in A? (Q, %, )
if, for any dissection

s=@y),Ua=0,  Bl@irearr<t

The problem is to give a structure of these spaces, i.e., to obtain an integral
representation. For results about this problem see [6].

This paper was completed at the Centro Linceo Interdisciplinare di Scienze
Matematiche e loro Applicazioni in March-April 1976. The author is grateful
to the Centro Linceo and especially to Professor B. Segre for inviting him and
for warm hospitality.

1. WELL-BOUNDED OPERATORS OF ORDER p

Using the result in section zero we are in position to consider a class of
operators on Banach spaces which represent a generalization of well-bounded
operators of Smart.
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DEFINITION I.I. A bounded operator on a Banach space is called well-
bounded of order p if there exists a positive constant £ and a bounded inter-
val ] = [a, 4] of the real line such that

lz@I=<£ll2lll,

for every polynomial p.

Remark 1.2. If T is well-bounded of order p, then T* is also well-bounded
of order p.

As an useful result about elements in A? we need the following approxi--
mation theorem. k

THEOREM 1.3. If fE€AP then there exists a sequence of polynomials {p,}1<n<oo
such that ‘

tim 1/ — gl =o.

Progf. By Riesz’s structure theorem quoted above we have that f is of
the form

Foy =+ [ ar

o

a

where f, € L?. By Weierstrass’ approximation for I.? spaces we have a sequence
of polynomials {p,} such that '

pn s f
If we define z
PO =+ [yt
we prove that g,-> 7 in |||, ||l,- Indeed we have, for each dissection

A=ty < < < ty=b
tit1
| f o) —F @) — (B (tisd) — 2 () | = ) f[fl (&) — a (D] d&‘i <
i i
< (tgea — 1) (J | fi— pu | d2,

;
which gives that

. - - b1
nil |f(fi+1) "—f (tz) ’_ (I’n (fiﬂ) —Pn (ti» ]p < ﬁ f Ifl — Pn (¢> |17 dr <

| fpq — 2 P71

b
sﬁﬁ—mvw,

whence the assertion.
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Using the above approximation theorem we can prove the following

THEOREM 1.4. If v is well-bounded of ovder p and | = [a, b], £ as above,
then there exists a unique homomorphism

VA Q)
from the generalized Banach algebra AP into % (%) such that:
1) f (%) has its elementary meaning when f is a polynomial,
/@I <kl /]Il Vrear,

3) (f())=F (%) Ve AP where f—>f(3*) is the correspon-
dence homomor phism from AP into L(Z¥).

Progf. For any S we define £(r) as the operator obtained in the following
manner: since there exist' polynomials {p,} such that

W on—s o =0,
then {p,} is a Cauchy sequence in the norm |||, ||,; since
IIP”(T)'_ﬁmeT)“%O n,Mm —> 00,

the operator lim p, (7) is independent of the sequence and we set
S (%) = Lm p, (7).

It is easy to see that the correspondence defined in this way satisfies all our
requirements.

For the following result we need a generalization of the notion of decom-
position of the' identity of order p.

Let # be a Banach space and Z* its dual; we write (¢, x) for the value
of the functional ¢e x* at the point =x.

DEFINITION 1.5. By decomposition of the identity of order p, for x,
we shall mean a family of projections {E,} _o<icoo such that:

1) there exists real numbers 2,4 such that

so A< a
Ej =
1 a=s,
2) ; E)\EU_ZEUE;\ZE;\ AS‘L,

3)if xeZ and g€ x* then (Ey¢,x) is a Lebesgue measurable
function of i,



42 Lincei — Rend. Sc. fis. mat. e nat. - Vol. LXI — Ferie 1976

4) there exists a positive constant such that
4
1o ) par <mio iz,

a

5) if xe & and g€ Z* and the indefinite integral of (E; ¢, x) is diffe-
rentiable on the right at A = y, then the value of its right-hand derivative at
that point is (E, ¢, x),

6) for each fixed x € & the linear mapping which sends ¢e & * into the
function (E, ¢, x) is continuous when &* has the weak*-topology and L*[a, 4]
has its lower weak topology (i.e. the weak*-topology of [L (z, )] = L*[a, 6].

Remarks. Our definition differs only slightly from the one used by Rin-
grose; our alteration is required by the definition of well-bounded operators
of order p.

The following theorem represents an extension of Theorem 1 [3] for
the case considered by us.

THEOREM 1.6. [n a Banach space let {E,} be a decomposition of the identity
of order p. Then there exists one and only one operator T in L (X) for which

b
(¢, Tx) =6 (¢, x) fEﬂP x)

Progf. We first prove the existence. Let
b
L{p,x)=1¢ (‘Psx>~f(El(P’x)d7\

a

be a bilinear form on X , X and so we have

Lo < 18llolixl+ [1(Ere, =)=

<{léllelllxzl+£lellx]@—a}

for a fixed element x€ X. Thus L (¢, %) is a linear functional on X* and
b
f (Ex¢,x)d\ is continuous in the corresponding topologies; hence there

a

exists ¥ = v (#) such that

Lp,x) = (p,y®)
and

x =y (%)
is linear and continuous since

ly @)l <« 4.
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The following result gives a connection between well-bounded operators
of order p and the decomposition of identity of order p.

THEOREM 1.7. Let {E,} be a decomposition of identity of order p and let
T be the assoctated operator as in Theorem I.6. and let AP be the correspond-

ing algebra for J = [a,b]. Then,
1) T #s well-bounded of order p,
2) tf f—f () ts the homomorphism of Theorem I.6. then

b
0./ () =F (@) lo,2)— j (Exo,2)f () dr
for all fe A? and 9 X¥*, xe ¥. :

Proof. We follow the proof by J.R. Ringrose (» = 1). We prove .by
induction that b
(o, Trx)=46" (o ,x)— {(E;\cp , ) A1 d

Y

a

for all positive integers #. When » = 1 this is clear. We assume that it is
true for # and we prove it for » 4+ 1. We have then

b
(p, Tx)= (¢, T (T*%)) =6 (o, Trx) — j (Excp,T”x) dr =

a

b
=b{b” (¢, x)— ((Excp,x)nkn‘ld)\}—
b R

— [ (o 0,21 — [ (BB, 2 et ) =

= (@, x) — ( (Exo,x) (n + 1) Wt dA.

o
a

Thus the required relation holds for all polynomials, and if p (x) is any poly-
nomial we have s

o2 @2} = 2O le,5)— [ (Bap, )7 0 x| <

a

SP(&)H‘P»’—’)I—F(II(EACP,J:) Fdx)”q(flp'(x) P dn;

hence we obtain

”p (T) “ = (l ? (b) |p 4+ [Vargp ()\) ]1/17
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and this proves our theorem as in the case p = 1 since the functionals

L (/)= {o, f()
L=/ ®) lo.7)— [ (Ero,x) 70)

o

23
coincide for polynomials.
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