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Fisica matematica. -— Oz wave solutions of unifeed freld equations
of Finzi. Nota ® di Krisuna Benar: LAL e MUSTAQEEM, presentata
dal Socio C. CarTaNEO.

RIASSUNTO. — Si ottengono onde soluzioni dell’equazione di campo unificato di Finzi
in uno spazio—tempo definito dalla metrica (1.6), e si calcola il tensore di campo elettroma-
gnetico secondo quanto proposto da Graiff.

1. INTRODUCTION

Einstein [1]® developed a unified field theory based on the geo-
metrical interpretation of gravitation and electromagnetism by using a four
dimensional generalized Riemannian space in which the non-symmetric
fundamental tensor gy; is equal to (%;; -+ fi;), where /4;; is the symmetric
part of g;; and coincides with the fundamental tensor of space representing
the gravitational potential, while f;; is the skew-symmetric part of g;; and
signifies the electromagnetic field.

Einstein [1], Schrodinger [2], Bonnor [3], Buchdahl [4] and many others
have taken a priori that the torsion vector I'; vanishes, i.e. I'; = P,-j: = o,
as a part of their field equations. i

Finzi [5], on the other hand, without pre-supposing the vanishing of

the torsion vector identically, has given the following field equations:

(r.1) Eijk = &gk — 81 T —ga iy =o0,
(1.2) RE =0,

(1.3) rot Rij = Rijx -+ Rt + Ry = o,
(1.4) divR™ = R*¥;, - R*¥ T}, = o,

where I'j; are obtained from equation (1.1) and the tensor R}; = R;; + Iy,
R;; being the generalized Ricci tensor given by

t ¢
(1.5) Rij = T4, — T4, — I Tig + T Ty
Here a comma preceding an index ¢ denotes partial differentiation with

respect to xf%, a semicolon (;) denotes covariant differentiation with respect

(*) Pervenuta all’Accademia il 28 luglio 1976.
(1) Numbers in brackets refer to the references at the end of the paper.
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to I't;. A 4 or — sign below an index fixes the position of covariant index %
in the connection as I'; and I}, respectively and a bar and a hook below
the indices denote the symmetry and skew-symmetry respectively between
the indices.

In this paper we have considered the wave solutions of the unified
field equations of Finzi in a space-time given by the metric [6]:

(1.6) ds? = —da? —dyt—de?2 +d2 +2Adzde 4+ 2 Bdx dy

where A =A(2,¢) and B = B (x,y) and have also calculated the electro-
magnetic field, based on the definition of Graiff [7] who also does not
presuppose the condition I'; = o.

In the space time (1.6) the components of the non-symmetric tensor g;;
as calculated by Lal and Mustaqeem [8] are given by

— 1 B P —p

B —1 ¢ —o

(1.7) &Lij = —p —6 —1 A
P c A I

where p and o are functions of (z —¢), and the contravariant components g%
are given by

[ — (1 + A2 1 2A0?) — (1 +A%)B +2Ap0
(1+A)(Bo+p) (1—A)(Bo+p)
— (1 +A)B+2Aps  — (1 -FA2f2AgY
- I (1 -+A) (Be +0) (1—A) (Bp +0)
1. gY = —
Pl — (@ +A) Bo+p) — (@ +A)(Be+o)
— (@ —B) 4P (1—BHA+P
— (@ —A)(Bo+p) — (@ —A)(Bp+o)
(1—BHA -+ P (1— B8 +P

where m = (1 + A% (1 — B? and P = 2 Bpo -+ ¢* + o2

Equation (1.1) of Finzi’s field equations is one of the equations of
Einstein’s unified field theory which has already been solved by Lal and
Mustageem [8]. To find the solutions of (1.2), (1.3) and (1.4), we first
calculate the tensor Rj;.
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2. THE TENSOR Rj

Using the values of '}y from [8], the components of I'; are given by

(2.1) I'=I,=o0 and —I3=Ty=B@+v),

where

— (ot Bc)(r +{f—;;)/{(l+%r%)‘

(i) - i) |
w=—DBy(1—B%) and v=—By(1—B?.
Putting I‘j;k = Ty, and using the values of I'; from (2.1) and I'};, from [8]

the components of Ty are given by

Ty =— @uh— @) —2AM pB (& +v)/(1 + A?),

To = — @Bwa— BV — 2 ALV (b +)/(1 + A?),

Tog=—@+V)B—B W+ —A)Y,
(22)  Ta=—@ +v)Bs, Tas= @ +v)Bs,

Ta = @y + @) +2AMpp @ + /(0 + A,

Ta = B + @) + 2 ALV (. +v)/(1 + AY),

Tu=@E+VB—B@+v0+Ae¢, other Ty=o0,

where the suffixes 1 and 2 denote partial differentiation with respect to x
and y respectively and '

L—_- pa+of , M =oa+ pB , ¢=As/(I+A2> ’ <P=A4/(I+A2)
and
. ' 2Apc 2 Ac?
e=—G 80 (— 34 2B (o )

i) - i)

Substituting the values of R;; from [8] and that of I‘,-;k from equation (2.2)
-+
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we find that the symmetric components of R}; are given by

(2-3)

4 A% M2 p2 2Ap (BMp. + Lv)

R = -+ By + —— ( —f—A2) (Mp), — (1 + A%z (1 + A?)

4A?L*¥  2Av(Mp + BLy)
(1 4 A%? (1 + A?) ’

Ry = v+ Buv + —— (I—{—A2) v —

Rg=0s+Agy +T+H+2T—@+v){Bs+BG—A){]},
Riy=—¢;s—Ae)+T—H + 2T+ @+ —B0 +A) 9},

. A . A,FA2 LMupv
Rig = — (B —pv + A% {(Mp), + Lv)} TGTAY
Rjy = — + (@ + () — MNe— AMpp £

() (TR

Riy =+ {8 + @} + MSu +Q + AM uB (v + W)I(x + A,

’

a £ o s (SERR) 4 (S )
LNy — ALY (@ +v) ’
(1+ A%

Ry = —;- {(B@z + @) +W+ (%?_)3_}_ (%Ii%zl)‘v_)el’ "

ATV (p+v)
(a+AyH 7

Ri = — (APt — (o + ) Bs— B + ob — 1 — AH,

4+ LSv ++

while the skew-symmetric components of Rj; are given by

(2.9

*

A
Ry = CEDN) {(Mp), — AV}

R =L (3 G+ 0+ (o (r — By ANEELED
AMyp.
+((1+A2))3’
* 1 V) — (o S ocv__.AMu'B(Pv"f‘v)
Ryg=——{3@n+E¢ n; (»u)z+(1 B) ap Aty

’
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R*=L{ __((1——A>Lv __((1——A>Lv
3 > 3(EV). + Bwe +W » (1+AY» /J; (1 A% )4 T

ALY (p + v)
Gtay

R¥§=7 {“2(“\')1—‘3(3")2—(3@24—Z(I — B) apv — W -+

R ) (e ) -

Rig=—— @+v) @t B,

(2.4) + (), — (1 — B) apv +

where

N=A(I——A)<p+(1+A)v.]; ___A(1+A)¢—(1—~A)cp

(1+ A%) ' S (1 + A?) :
_(G+A) My ((1+4+ A)Mp _(G+A)Lv ((1—A) Ly
Q ( G+ AP )ﬁ( G+ A% )4’ W= (W)ﬁ (TJr—N)_)J
[=@ W@+ + 22, g 4w+ 2BML w + L2 v)

G—Bya+Aa)

__ B{Mp?4 (L 4- M) Buv + Lv?} Mp.-+ BLv BMu+ Lv
e (i—B9 () Crses);

3. SOLUTIONS OF FIELD EQUATIONS (1.2), (1.3) AND (1.4)

Substituting the values of Rii from equation (2.3) in (1.2), we get

(3.1) L=M=o, (1 + ) By = (2 + v2) B1

(3-2) Ag —AA AT +A) =0, (—AA+(0+AA =0.
Using (3.1) in equation (2.4); the components of R}; are reduced to
R;} =0,
I :
Rip=—Ris=— {3 Guwr + @} + wep+1,
-1
R =— Ra=— {3 @)+ Bua} +oav+1,

Riy=—— (e +v) (Bs + )
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where I = av; — (1 — B) apv, which when substituted in equation (1.3) gives

B (Vi) + Bra (b — V) + 2 (B1—Bo) + a2 +
(3.3) F g pp—og vy —oapyv—1I + I, =0,
(Bs + Ba) (2 —ve) + 12 (Brs + Bra + 02 + %20) —
— v (Bas + Bas + 13+ g) = 0.

Using (1.8) and (2.4) under the condition (3.1), the skew-symmetric
contravariant components R*Y of the tensor Rj; are given by

R*™ = —2A (Bp -+ o) [(1+ A+ 2A0®) Rfg +
+ {(1+ A% B— 2Ap0} Ry)/m*+
+ 2A (Bo + ) [{(14 A?) B—2Ap0} Riy +
+ (1 A2 2 Aph) Ry,

(3-4)
R*” = (14+AE+ ¢, RM=10—A)E+ ¢,
RZ=0+A)n+ ¢, R*¥=0—A)n+{,
R* = — o' (1—B»/(Bs+ p),

where

£ = [(1+ A%4 2Ac?) (1—B?) Ri}, + {(1+ A» B — 2Apc} (1—B?) R;js +
+2A (Bo+ o) (R + Rip]/?,
n=[{(1+ A% B—2Apc} (1 — BY) Ry -+ (1+ A+ 2A¢) 1 —BY RY +
+ 24 (Be + o (Rl + RBI,
o'=(Bo+p) (mn+2AP)Ryfnm , '=(Bp+ o) (m+ 2AP) Ry
Substituting the Valﬁes of R* from (3.4) in equation (1.4), and solving
them we see that it is satisfied if the relation

(3'5> g =N=0,
holds.

Thus the solutions of the field equations of Finzi in the space-time (1.6)
are given by (1.7) under the conditions (3.1), (3.2), (3.3) and (3.5).
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4. THE ELECTROMAGNETIC FIELD

Ikeda [9] in 1954 found a skew-symmetric tensor H;; in terms of a
non-symmetric fundamental tensor g;; satisfying the properties (i) that the
total rotation of Hj; is zero and (ii) that H;; has a non-zero divergence, and
called such a tensor as electromagnetic field tensor. In order that the
skew-symmetric tensor H;; may satisfy property (i) he assumed I'}; = o and
defined the electromagnetic field tensor H;; by the relation v

I —————
(4.1) H; = - S V—Tgy18",

where €;;, takes the values 4 1 or — 1 according as Z7&/ is even or odd
permutation of 1234. Thus (4.1) is valid only in the case of the field
equations of Einstein, Bonnor, Schrédinger and Buchdahl. But in case of
the field equations of Finzi in which the equation I'}; = o is not necessarily

satisfied, H;; given by (4.1) does not necessarily s;tisfy property (i) and
therefore it cannot represent the electromagnetic field tensor in the sense
of Tkeda.

In 1955 Graiff [7] gave two possible relations between the non-sym-
metric tensor g;; and a skew-symmetric tensor F;; each satisfying both
properties (i) and (i) without imposing the condition I'; = o. She gave two
forms of the electromagnetic field tensor F;; by the relations

(4.2) F'LJ = R:Z] —_ Fi;f N
;. I
(4.3) Fi = Y € ikl R;qukpglq — Fz'Lj .

Calculating the values of I';; from equation (2.1), we get
I
Ijp=0 , F334='_—2—<P'+V) Bs+ By,

-

(4-4) Ty =—ye = — B @+ h,

ins = — F2V,4 = *;- { =+ V)}z .

Assuming the form (4.2) of the electromagnetic field tensor F;; and
substituting in it the values of Rj; and I';; from equations (2.4) and (4.4),
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we get
Fip=o0 Fgg =0,

45)  Fu=—Fua=_ 3@+ @0 +auet+I——B0+vh,
Fag = — Fyy :%{3 (Bv)z + B} + ey v+ I_%{ﬂ e+ v}

Assuming the form (4.3) for the electromagnetic field tensor, and inserting
the relevant quantities in (4.3), we get

Fu = — (1~ B ¢/(Bo + o),
Fio= (1 —A4) 3 — ¢/ — L 8+ 9k,
Fu=—(+A)8+ + {80+ vh,

46  Fa=(—A) +o'— B+ Ik,
Fag = — (14 A) §'— o'+ — {8 (& + Vs

Fy=—2A [(1+ A%+ 2A6% (Bp + o) +
+ {— (14 A% B + 2A¢c} (Bo + o)] Righns® -+
+2A [(14 At 2A¢) (Bo+ ¢) +
+ {— (14 AY B + 2Ap0} (Bp + o)] Rifos® +
— () (Bs+ B0,
where
5 = — [{(1+ A% B—2A¢0} (1—B?) + 2A (Bp +0) (Bo -+ p)] Risfm? —
— [2A (Bp + 0)* + (1+ A 2A¢?) (1— B%) Ry/me?,
¥'= [(1 + A®+ 2Ac%) (1 — B?) + 2A (Bo + o)?] Rl +
+ [{(1 4 A% B — 2A¢0} (1— B + 2A (Be + o) (Bo + ¢)] R/,

Hence the unified field theory of Finzi in the space-time (1.6) gives two
different electromagnetic fields which are given by (4.5) and (4.6).
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