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Equazioni differenziali ordinarie. — Asymptotic behaviour of 
perturbed nonlinear systems. Nota di M. B a s t i  e B. S. L a l l i  (*>, 
presentata (**> dal Socio G. Sansone.

R iassunto. — Gli Autori stabiliscono alcune relazioni asintotiche tra le soluzioni dei 
sistemi non perturbati

(*) * '= /(/,* ),('=  d*/<L?)
e quelle dei sistemi perturbati

(**) y ' = fX t , y ) + g ( t , y ,T y )
estendendo il concetto di equivalenza asintotica generalizzata di P. Talpalaru. Successi
vamente stabiliscono un teorema di equivalenza asintotica generalizzata tra i sistemi (*), (**).

i. Introduction

Recently, Brauer [5], Brauer and Wong [9], Fennel and Proctor [4], 
Hallam [6], Pachpatte [2], Talpalaru [3], and Marlin and Strubbe [1] among 
others have obtained general results on asymptotic behaviour of solutions of 
perturbed nonlinear systems. The purpose of this paper is to investigate these 
problems further. We are mainly interested in establishing asymptotic rela
tionship between the solutions of unperturbed systems

O-O *'=/(*,*), 0=d/d*)

and those of the perturbed systems

C1-2) ’ y ' = f ( t > y ) Jr g ( t , y > r£y)-

Here x  , y  are elements of R ”, /  and g  are functions with values in Rn. Let 
I be the interval o <  /< o o  and D be a region in R“. We always assume that 
/ e C [ I x D , R * ] ,  that f x ( t , x) exists and is continuous on I x D ,  that 
g €  C [I x D x D  , R “], and that T is a continuous operator such that T  maps 
C [I , D] into C [I , D], We use x  ( t , t0 , x 0) to denote the solution of (1.1) 
passing through x 0 at t =  t0 and y  ( t , t0 , y 0) to denote the solution of (1.2) 
passing through y 0 at t =  t0. The symbol |- j-will be used to denote any con
venient vector norm in RL It is known [8] that the m atrix

(ojdX0) [x (t , Ìq j ^0)] ^  ^  (ß t 0̂ ) x o)

(*) Research of this Author was partially supported by NRC grant A5293.
(**) Nella seduta dell’8 maggio 1976.
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exists, and satisfies the variational equation

(i .3) f x [t , x ( t  , t0 , X0)] 2 ,

such that O (tQ , t0 , x 0) — E (identity matrix), and

(3/3/0) \x ( t , t0 , #0)] ~  ® (f ) 0̂ > ^0) f  ißo > *<>)•

As remarked by Pachpatte [2] we can Impose on T various meanings. 
For example, if g  (f > y  , z) is of the form

g  ( t , y  , z) =  F ( t , y) +  z 

and if the operator T is defined by

t

Ty  (0 =  f  K (/ , s  , y  (s')) ds t o < t 0< s <  t< o o y
h

then (1.2) yields an integrodi Ferenti al system
te*

ÿ  (0 = f ( t . 7  (0) '+  F (*, y  (t)) +  J K (/ , J , y  (s)) dx .

If T is defined by *°
T y  (t) = y t ,

where the sym boly t is as defined in [8, vol II], then (1.2) is reduced to a func
tional-differential equation.

In Section 2, we shall generalize a result of Talpalaru [3] for the case 
when f  ( t , x) ~  A (/) a: and g  ( t , y  , Ty)  =  F (/ , _y). In Section 3, we establish 
“ generalized” asymptotic equivalence between systems (1.1) and (1.2), without 
explicitly introducing this concept.

2. Asymptotic relationship (Linear case)

In this section we consider the systems (1.1) and (1.2) respectively in 
the form

(2.1) x r— A  (t) x

and

(2-2) , / =  + f ( f , ÿ )  + g ( t , y  , Ty) ,

where A is an n Xn  m atrix continuous for o <  t <00, and extend Theorem 
2.1 of Talpalaru [3] to systems (2.1) and (2.2). To that end we need the fol
lowing lemma due to Hallam [6].
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L em m a i . L e t there ex ist constants i 0 a n d  k  >  o  such tha t

t
l/Q

ß (y ) T ( 0  P y  1 (s) r  (s) \q k  f o r  t > t 0 , q > \ ,

a n d  suppose th a t

L 1 i f)  ß "1 if) \~Q d t  =  00 ,

where y (f) , ß (V) , T (/) n X n  nonsingular and continuous matrices on I, 
and P  is a projection.

Then
lim  I ß if)  y if)  P  I — o.
t-> 00

THEOREM i. Let A (£) and T (f) be continuous n X n  matrices defined fo r  
t > o  with I A if) — T (/) I -> o as t -> 0 0 ,1 A if) I <  M, fo r  all t >  o, fo r  
some constant M >  o and 00

J  I r - 1 (/) A-1 (t) I ~q dt =? 00 (<7 >  1).

Let X( t )  be a fundam ental matrix of the system (2.1) and suppose that

(i) there are two supplementary projections Px and P2 and a positive constant k 
such that

t 00

[ J  IA (t) X if) Pi X -1 (s) T (j) |« d j+  j  I A (t) X (t) P2 X -1 (s) T (s) ck|« ds] <  k,
Lto t J

fo r  all t >  t0 >  o,

(ii) there is a nonnegative continuous function  X (t) in L p [o , 00), such that

I X 1 (t) I p -1 ( s ) f  (s , y ( s )) I <  X(s) \ y  (s) \ , t , s e  I , \ y  |< o o  ,

(iii) there is a function  w (Ï , « , ») e C [I X R+X R+ , R+] , R+ =  [o , oo), non-
decreasing m  u and v and with the property that w ( t , a , b) G L^ [o, 00)
fo r  each a and b} and furthermore

! A-1 (*)l | r -1(-f)^ ( s , y ( s )  , T y  (s)) | <  w (s , \y  (s) | , | Ty  (s) |), t , s e l  , \ y  |< oo ,

(iv) I T y  I <  k! I y  | fo r  y e  D.

Then fo r  each bounded solution x  (f) of (2.1) there is a bounded solution 
y  (j) o f (2.2) such that

(*) lim  I A (f) y  if)  —  T (f) x  if)
t-> 00

■= o .
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Proof. Let t0 be fixed arbitrarily, then for each bounded continuous 
function y  (f) defined on R?0 — [t0 ,00) with values in we define the norm
lbII =  sup b o o  I .

t>t0
Let x  (t) be a bounded solution of (2.1) with \\x\\ <  p/3 , p >  o, and let 

Bp =  { « e C [ R t0, R » ] : | | « | | < P}.

We define an operator t  on Bp as follows:

t

(2.3) xy (t) =  x  00 +  I x  00 Pi X -1 (j) { /  is , y  is)) +  g  (s , y  (s) , T y  (j))} ds
to00

X it) P2 X -1 is) { /  is , y  is)) +  g  is , y  is)) , Ty  (x))}dj , t > t 0 .

Using (ii), (iii) and (iv), and applying Holder’s inequality we obtain

t

0 0  I <  p/3 +  h (X (s))p d^
to

] % [ /
0̂

{w is , p , k! p)}p ds +
1/2?

+  h  [  0  0 ))p d j j  +  k J  {w is , p , k' p)}P ds j  .

In view of the properties of X and w  it is possible to choose t0 such that
00 00

(2.4) j (X (s))p ds <  (1/6 k)p and j {zu (s , p , k! p)} ds <  (p/6 k)p , 
h h

and consequently
I ry it) I <  p ,

which shows that tBp c= Bp .
Next we show that t  is a continuous operator.
Suppose y ne Bp and y n'->y uniformly on every compact subinterval of 

R*0. For each s choose tx >  t0 such that

( 2. 5)

We let

(X (s))p ds
1 iv
+ (w (s , P , k '  p)}p cb j

Vv
< z\2k ,

'Pi ( t , s )  =  A ( t ) x i t ) P i X - ' i s ) r i s ) , I , 2 .

The for t0 <  t <  t, we have:

I ryn — ry (t) I <  Gj +  G2 +  Gs ,
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«1

1 = /  I (* . s) ! I A-1 (0 11 r-> (s) { /  (s , y n (s)) - f  is , y  (j))} | d j  +
*0

t

+  J i & (t, s) Il A-1 (t) Il T"1 (j) {g ( s , y n (s) , Tyn (s)) — g ( s , y ( s ) , T y  (s))} | d j  , 
*0

h  t

< [ j  | ^ 0 l « * ] - { [ / ( |  A-1«  II r - 1 is) ( /  i s , y n is)) - f i s ,  y  (,))) \*ds] +  
io t0 -*

h

[ f  (I A-1 00 II r ' ‘ 0) (g 0> yn GO , Ty„ is)) —  g  is, y  is), T y n is))) \p d d  <+

<

and

k  | j  (2 pX 0))P d-s-J +  ̂ j (2 w is , p , k! py> ds j ,
to to

00

Gs =  j \ ^  ,S) I! A-1 it) II r-1 is) i f  is , y n is)) —f  is, y  is))) | dj 
h

00

+ J I it, s) II A-1 it) II r-1 is) ig  i s , y n is) ,Tyn is)) — g i s , y  (j) ,T> is))) \ ds < 
h

00 ^  oo

<  ^ [ f  (2 pX ( s f f  d j ]  iP~\-k [ J  Ì2W  is ,  9 , k '  P ))p d s  j 1
1 Up 

<  £

The expression G2 is obtained from Gx by replacing Oi in Gx by <J/2. It follows 
that the integral G* (i =  1 , 2, 3) exists for all values of tx : Consequently
I TdG (f) 00 I <  Gx +  Ga +  g 3

< k [ J (IA-1 (0 II n  is) {/ (s , y„ is)) —f  is , y  is))} |)* d*]1̂
Lt0

+  k /  (I A"1 (0 II r-1 is) {g  is , y n is) , T y n is)) —

g ( s , y ( s ) , T y i s ) ) }  l / d ^  +  s.
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Since y n (l) ->y(t )  uniformly on every compact interval [t0 , /3], it follows 
from the continuity of / ,  g  , T and the fact that s is arbitrary that

uniformly on every compact subinterval of Ri(). Hence t  is continuous. Using 
the fact that x  (t) is a solution of (2.1) one can easily verify that xy (t) is a 
solution of the equation

and hence the set {{xy)' : y e  Bp} is uniformly bounded on every finite subin
terval of R,0 . Consequently tB  is equicontinuous. One can apply Schauder’s 
fixed point theorem to conclude that the operator equation xr == y  has a 
solution y  =  y  (t) which satisfies (2.6) and hence (2.2).

Now we demonstrate that (*) holds. We have

If we take the norm of n Xn  m atrix A to be the sum of the absolute values of 
all the elements, then

n =  I A-1 (7) A (t) I <  I A-1 (O I I A (t) | , for t e  |>0 ,00) ,

and by hypothesis | A (t) | < M , so | A“1 (t) | >  n/\ A | >  n/M,  consequently 
I / 1 A-1 (0 I < M f n .

But we have

Tr« (t) -> Tty 00 as n -> 00

(2.6) v ' =  A (0 v + f ( * , y  (/)) + g ( t , y ( f ) , T y  (t)),

\ k ( t ) y ( t )  —  T ( t ) x ( t )  I <  I A 00 — T (t) I \x{ t )  + H J  + H 2)
where 00

/ A (/) X (0 Pa X-i ( s ) f  (s , y  0)) I dr +

OO

+ I A (*) X (/) P2 X-i (s)g (s , y  (s) , Ty  (s)) | dr <

OO

OO

A“1 (0 11 T-1 ( s ) f  (s , y  (r)) | <  pX (r) ,
SO

(2.7) I r - 1 (s ) f (s  , y  (s)) I <  pX (r)/| A~* (t) \ <  (Mp/») X (r).
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Similarly

(2.8) r  1 (s) g  (s . y  CO , Ty  (0) I <  (M In) co (s , p , k'p) ,

for r e  [/0 ,00). Consequently, using (2.7), (2.8) and Holder’s inequality we 
obtain

00 1/ 00
H 2 <  (kMpIn) j'(X (s))P dr j +  (kM /») j (co (s , p , k'p))? drT^> o

t L t

as t -> 00. Now, for any t2 >  t0 9 ■

t

H i =  f  I A (0 X (i) Px X -' ( r ) /  (r , y  (r)) ( dr 
to

t

+  J I A (9 X (f) Px X”1 (s)g (r , y  (r), Ty  (r)) | dr
to

h
=  /  I A (0 X (0 Pi X-1 ( r ) / ( r  , y  (r)) I dr 

h
t

=  J  J A (/) X (0 Px X-> ( r ) /  (r , y  (r)> | dr 
t-2

t+  j  I A (0 x  (0 P1 X-1 (s) g  (r , y ( s ) ,  Ty  (r)) | dr
Co

t

+  /  I A (t) X (f) Px X-i (r) g  (r , y  (r) , Ty  (r)) | dr.

Using (2.7), (2.8) and Holder’s inequality for the second and fourth term 
of the above equality, we obtain •

Hx <  (kMp/n)

+

(X (s))p dr
i/p

+  {kM jn) ] i/j>
+

[ J I A (0 x  (9 P1 I I X-> ( r ) /  (r , y  (r)) | dr
to 

f2

+  [ f  I A (/) X (0 Px I I X-i (s)g (s , y  (r) , T y  (r)) | dr .
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For each s >  o, take t2 > t0 such that
00 00

f  0- (s))p di' <  (ntl 4 k Mp  y  , J (co (s , p ,  k'p))v di' <  (ns/ 4 k M)L

Since

and

X 1 ( s ) / ( s ,  y  (s)) I d i <  c,

H

J I X_1 (s)e  0  > y (s) > Ty (s)) I di- <  c

where c is some positive real number, using Lemma 1, we can take t so large 
that

, h
A (0 X 00 Pi I I I (I X 1 0) /  0 , y  (Y)) I + 1 X 1 (s)g (s , y ( s ) 9 Ty  (s)) |) ds J <  e/2 . 

«0

Consequently for sufficiently large t we will have H x +  H 2 <  2. Since 
I A (/) — D (/) I -> o as t -> 00, and \ x  (t) \ <  p for all t e ' R tQ, we obtain

I A (t).y (/) — D (jf) x  (t) I -> o as t —> 00.

Thus the proof of Theorem 1 is complete.
We now deal with a converse problem to that considered in Theorem 1.

THEOREM 2. Let the hypothesis of Theorem 1 hold. Then fo r  each bounded 
solution y  (t) of (2.2) there is a bounded solution x  (/) of (2.1) such that (#) holds.

Proof. Let y  (f) be a bounded solution of (2.2).
Dehne t

(2.9) x ( t )  =  y  ( t )— j x  (t) P, X -1 (s) { /  (s , y (s) )  +  g (s , y  (s) , T y  (*))} dr +  
0̂

00

+  J  X (f) p 2 X - 1 (s) { f ( s  y  y  (s)) +  g  (s , y  (s) , T y  (s))} dr ,
t

It is easy to verify that the integrals in (2.9) exist for t . > t 0 , and that x  (t) 
satisfies (2.1).

The rest of the proof follows that of Theorem 1.

RemarksI If p — 1, then q =  00 then condition (i) becomes
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Since Lemma 1 is not true in this case, it is necessary to assume that 
lim I A 0) X -1 (f) Px I =  o.
£—»00

2) Theorem 1 includes Theorem 2.1 of Talpalaru [3].

3) In case A (t) and T (t) are constant matrices it should be possible 
to interpret the results geometrically. However, we do not intend to get 
involved in such a project.

3. Asymptotic relationship (nonlinear case)

In this section we establish an asymptotic relationship between the solu
tions of the nonlinear system

(3-0 x' =  f ( t , x ) ,

and its perturbed system

(3-2) ÿ = f  > y ) + g ( t  , y  ,T y )  .

We assume that for arbitrary t0 >  a >  o and x 0e D the solution 
x  (t > t0 , x 0) of (3.1) exists for a <  t <  t0 and has values in D. This of course 
implies that the corresponding matrix ® (/ , t0 , x 0) exists in the same circum
stances.

Now we state and prove the following theorem.

Theorem i. In  addition to condition (iv) assume that

(v) , s  , y  (s))g (s , y  (s) , Ty  (s)) — O ( t , s , z  (s))g (s , z (s) Tz  (s)) \

<  W (s ,J  T ( y  0) — z  0)) I) Iy  (s) — z  (s) \ , t , s e  I .

where W ( t , u) 6 C [I x  R+ , R+] and is monotone non decreasing in u fo r  
each t e l  y

(vi) I 3) ( t , S  , 6 ) g  (s , o , o) I <  (X (s) , t  , s e l  ,

where (jl is a non-negative continuous function on I such that

oo

j  \i (s) ds <  oo a >  o ,

(vii)

oc
oo

J w ( s , a ) d s  <  J ( 0 , fo r  each a >  o.

where V

J (t,s) o as t1 -> oo.
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Then fo r  each bounded solution x  (t) o f (3.1) there exists a bounded solution 
jy (f) of (3.2) such that

lim I y  (f) ■— x  (f) | =  o .
£—>  00

Remark 1. The proof of this theorem is unusually lengthy. The main 
idea is borrowed from the proof of a similar result by Marlin and Strubbe [1]. 
We will give below the outlines only.

Proof of the Theorem. Let x  (f) be a bounded solution of (3.1) with 
Il #  II <  p i 2. For y e  Bp define t  as follows:

00

(3-3) ^ ( t )  =  x ( t ) — j ® ( t , s , y ( s ) ) g ( s , y ( s ) , T y (s))ds ,  t > t 0.
t

It is easy to show that t  is a well-defined and continuous mapping on Bp into 
Bp, and that t B p (closure) is compact. Since Bp is a closed convex subset of 
a locally convex Banach space S of all bounded continuous R evalued functions 
defined on R*0, we can apply Tychonoff’s fixed point theorem in order to prove 
that Ty =  y  has a solution in Bp. The rest of the proof follows that of 
Theorem 4 of Marlin and Strubbe [1 ].

Theorem 2 below, deals with a converse problem to that considered in 
Theorem 1 above.

T h e o r e m  2. Let the hypotheses of Theorem 1 hold. Then fo r  any bounded 
solution y  if) of (3.2) there is a bounded solution x  (f) of (3.1) such that

lim I y  (t) — a; (/) I =  o .
t->  00

Proof. Let y  (t) be a bounded solution of (3.2). The function x  (t) 
defined by

00

(3.4) x ( t )  = y ( t )  +  j ® ( t , s , y ( s ) ) g ( s , y  (s) , T y ( s ) ) d s  ,
t

is well-defined, and | y  (t) — x  (f) | -> o as / ->■ oo. We need only prove that 
x  (t) is a bounded solution of (3.1). We note that

(3.5) (djds) [x ( t , s , y  0))] =  O ( t , s , y  (s))g(s , y  (s) , T y  (s)).

Using the chain rule, the definition of €> and (3.5) we have

(3.6) (d/ds) [ f  (t , s  .^ ( j ) ) ]  = f x t , x ( t ,  s ,y(s)))  <£>(/, J , y  (sj) g  (s , y  (s') ,Ty (s)).

40. — RENDICONTI 1976, vol. LX, fase. S
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The relations (3.4) and (3.5) yield

N

(3-7) x ( t ) = y  (f) +  lim I (d/ds) [x( t  , s  , y  (j)] ds
N->oo Jt

=  y  (f) +  lim x  ( t , N , y  (N)) — y  (?)
N->oo

=  lim x  ( t , N , y  (N )\
N->oo

Differentiating (3.4), and using (3.5) and (3.6) we get

x' (t) = f ( t , y  (t)) +  J (d/di) { f ( t , x ( t , s , y  (Y))] dj =
t

N

=  f ( t ,  y  (t)) +  lim f  (d/ds) { f ( t , x ( t , s , y  (j))] d j =
N ->ooJ

=  lim f ( t , x  { t , N , y  (N))) = f ( t , x  (t)).
N->oo

Since y  (f) is bounded so is x. (t) and thus the proof of the theorem is complete
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