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G. M a jo r in o  ed ALTRI, H f\f  derivatives and Few Points Local, ecc. 4S5

Chimica fisica. — H // /  derivatives and Few Points Local Proce
dures. Nota di G ia n fr a n c o  M a jo r in o , A lb e r to  N a v a  e A n g e lo  
S ir o n I, presentata (*) dal Socio M. S im o n e tta .

K RIASSUNTO.^— Dall’equazione di Schrödinger Hu =  Wu si ricava la condizione locale
S Hu ß x  =  WS u/Sx (i), in cui ^ indica una qualunque coordinata elettronica. Questa 
condizione viene discussa:

a) In relazione al Lemma dei Momenti locali. Si dimostra qui che se una funzione/ 
soddisfa alle (i) in un punto arbitrario p  per ogni K ed x, allora essa è autofunzione di H.

b) In relazione alle Procedure Locali a pochi punti. Tali procedure vengono qui 
generalizzate mediante la formula AH u (p) =  WA u (p), essendo A un generico operatore.

Si giustifica così da un punto di vista teorico l’uso dell’operatore A =  i per la costru
zione delle funzioni di prova e l’uso di A = $/8 x  come test di ottimizzazione di parametri.

Le nuove modalità di calcolo che derivano da questa analisi teorica sono state veri
ficate con successo sui sistemi H ed H.,.

a) Introduction

T he Few Points Local Procedures [i] consist in building up a wave 
function  F satisfying a given num ber of analytic conditions in a given num ber 
of configurational points. These conditions are directly deduced from the 
Schrödinger equation H u — W u and are certainly satisfied by its exact eigen
functions M.

In  this paper we intend to exam ine in particular the condition:

SK Hu (p)l8xk =  W8K u (p)/BxK

(in w hich  x is a n y  electronic coordinate) in  order to clarify tw o different points:
(i) Its conn ection  w ith  the w ell-k n ow n  local conditions [2. J. 4P  

H k u  (J>) =  W H k - ‘ u  (J>)]

(ii) Its theoretical p lacing  in  a generalized F ew  P oints L ocal Procedure.
T h ese  th eoretical considerations can be easily  checked both through  

atom ic arid through m olecular com pu tation s.
In  particu lar, a sim pler loca l m eth od than th at proposed in [2] and a 

s im p ler  con vergen ce test th an  that proposed in  [1] h ave been deduced and  
n u m er ica lly  ch ecked w ith  satisfactory  results.

(*) Nella seduta del io aprile 1976.
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b) D erivative conditions and Local Moment Lemma

T h e so called L ocal M om en t L em m a [2] states th at if  a fu n ctio n /  satisfies  
in a g iv en  point p  all the possib le relations o f  the ty p e  H Kf  (fi) =  E H K-1/ ( Ä  
or, w hich  is th e sam e:

(O  n K/ ( p )  =  e  K/(j> )

then f  is an e igen fu n ction  o f  H  and E  is the related eigen va lu e.
Instead o f ( i )  w e can consider in  p  other relations o f  th e type:

(2) H/<»> (j>) =  Ef m) (p)

w here m  ind icates a generic d erivative  along an y  direction.
A  new  L em m a can th en  be stated in w hich  the cond ition s ( i )  are su b 

s i s t e d  b y  th e conditions (2). M ore precisely , w e can dem onstrate th e fo llow ing  
theorem :

I f  a function f  satisfies rei. (2) fo r  all the derivatives up to a given order M  
then relation (1):

h 7 o >) =  e 7 o >)

is also satisfied fo r  all the integers k < M /2  +  I.
T o  dem onstrate th is it is conven ient to  rew rite (2) in th e m ore detailed  

form  (in d icatin g  w ith  qt ■ ■ ■ qw the electron coordinates):

(S -  H //8fc • • • 8& V  =  E  ( * » / /« £  • • • * t ) P

or, w ith  ob v iou s notations:

(3) I h £ '" '-  =  e f £"-'-

w
(for an y  o <  m  < M ;  for an y  integer j i >  o w ith  2  J% =  m )-

l
Further m ore, from  th e general expression  o f  the H am ilton ian  operator:

H =  - 2 S 2/2Syf + V ( y 1- - -^ )
1

it fo llow s b y  insp ection  th at its pow ers can be w ritten as:
2 jg

(4) H * =  S A f 1) ..,œS™/V11- - - S ém—0

w here for each m  the sum  is exten ded  to all possib le integers j \  +  • • • - f  j w =  m.
T h e A {k) coefficients are ob v io u sly  form ed b y  th e pow ers o f th e potential 

V  and its derivatives.
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N ow , for a fixed k < M /2  w e can m u ltip ly  all the relations (3) w here  
m  2 k b y  the corresponding A s u m m i n g  w ith  respect to m  w e  
obtain:

2 k 2k
V  A (*} • — F V  A {k) • F ir

m—0 m,~ 0

From  (3) and (4) it fo llow s th at th is relation can be rew ritten as
H*+ i/  =  e h  y

w here from  rei. (1) can be deduced in a recursive w ay.
T ak in g  in to  account the L ocal M om ent L em m a, it follow s that i f  in  a 

g iv en  configurational point a fu nction  /  satisfies rei. (2) for an y  ' k, th en  /  is 
an exact e igenfu nction  o f  H , and E  is the corresponding e igenvalue.

c) D erivative conditions and Few Points Local Procedure

T h e F ew  P oin ts L ocal P rocedure [1] can be generalized  b y  ap p ly in g  
an arbitrary operator A  to both the m em bers o f the Schrôdinger equation  
Hu  =  W u. In a particular configurational point p  w e can th en  write:

K H u (p) =  W A u (p)

so ob ta in in g  an infinite num ber o f conditions certain ly  satisfied b y  the exact  
e igen fu n ction s u for an y  A  and p. W hen A  is a power o f H  w e can then  
obta in  th e so called  “ L ocal M om ent ” relations [4, 5, 6] o f the general type:

H k u  (P d lH * -1 u (p{) =  H l  u (p3) l H l - 1 u  (Pi)

w hereas for Â  =  (w here x  is an arbitrary direction) w e obtain  the rela
tions d iscussed  in the preced ing paragraphs, w hich  are not d irectly  connected  
w ith the classical m eth od  o f  M om ents [4, 7].

From  a general point o f  v iew  w e can state the fo llow ing  theorem :
I f  f i '  ' *./n a complete basis fo r  a given eigenfunction u, then the 

problem of building up a linear combination F =  S^K/ K isuch that'.

(5) A H F  (pi)\AF  Cft) -  • • • -  A H  F  ( / N)/A F  Q*N) =  E

adm it the solution F — u, E  =  W  independently of the particular p x- • -pN 
set.

T h e dem on stration  can be ea sily  obtained  w ith  the sam e procedure used  
in [1] for th e particu lar case A  == 1.

In th is approach th e problem  o f  so lv in g  the Schrôdinger equation is thus  
reduced to the problem  o f finding a different com plete basis / j -  • */N for each  
o f its eigenfu nctions. W hen t h e / K set depends upon one or m ore adjustable
30. — RENDICONTI 1976, voi. LX, fase. 4-
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param eters, w e can utilize tw o different operators A x , A 2 w ith  the fo llow in g  
procedure:

ß) T o fix  a g iv en  param eter set and a g iv en  configurational point set;
b) T o  build up an F  function  sa tisfy in g  the N  relations (5) for the first 

operator A x;
c) T o  evalu ate the variab ility  o f the ratios A 2 H F  (pì)IA2 F (p^  in the 

fixed P x • • • Pn set, e .g . th rough its variance around th e m ean value  
( A 2 ) =  N ^ S A a H F  (pì)IAz f  (pi) or around the E  value obtained in b).

T h is variab ility  can th en  be m inim ized  both w ith  resp ect to the confi
gurational point set in w hich  it is m ore conven ient to perform  the com p u ta
tions and w ith  respect to th e adjustable param eters.

T h is procedure can be th eoretica lly  justified b y  d evelop in g  th e function
00

F  in term s o f  exact eigenfu nctions [6]: F  =  ^  as us. In fact th is expression
1

can be substitu ted  in th e ratio A 2H F /A 2F, so obta in ing  w ith  further algebra:
00

a 2h f /a 2f  == W, + X «sA2 us (W,—a 2h f /a 2 F)K a 2 ux.
2

T h us it appears ev id en t th at the variab ility  o f the ratios A 2 H F /A 2 F in  
the N  configurational points depends upon the expan sion  coefficients as w ith  
.s* >  I. I f  th e F  function  obtained  w ith  procedure b) is a good  app roxim ation  
o f %, th en  the coefficients as w ith  >  1 are sm all, and w e have in  general a 
sm all variab ility .

P h ysica lly , w ith  an obvious generalization  o f th e considerations reported  
in [6], the energy error W x — E  can be w ritten as:

(6)

where:

■ 00
Wj — E =  2  (Ws — E)«SDS/%D

N + l

D  =  det
Ai % (Pi) * * * AxuN (A)

A i u1 (pN) • • - A  1uN ( /n )

and D s is obtained sub stitu ting  in D  the function ux o f  the first colum n w ith  
th e fu nction  u8. It appears ev id en t from  (6) that the error in  the en ergy  depends  
upon the coefficients aK w ith  K  >  N . Furtherm ore, tak in g  Aj =  1 th e e le
m ents o f  the D 8 determ inants are s im p ly  the values o f th e norm alized us 
eigenfu nctions in the configurational points p h, w h ich  are in general very  sm all 
num bers [6]. On the contrary, for Ax 7^ 1 the D s determ inants form ed through  
the A us (pk) elem ents can assum e in general arbitrarily big  values. T h is is 
the case for instance o f =  8/8x,  w here the d eriva tives 8us (p^)ßx  can tend
to infinite values. T h is seem s to be a good argum ent to ju stify  th e particu lar  
choice A x =  I o f R ef. [1], and it can exp la in  the num erical difficulties connected  
w ith  the choice o f  A ± =  I I K used in preceding approaches [2, 3, 4].
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d) Numerical examples

It is o b v iou sly  easier to evalu ate the local values o f the d erivatives  
Hf im) and f im) (in an analytica l as w ell as in a num erical w ay) than the H a m il
tonian  pow ers H * /.

From  th is point o f v iew  the connection  stated in section 6) betw een L M L  
and d erivative conditions leads in an obvious m anner to elaborating a 
num erical procedure w hich  is in principle m ore conven ient than th at proposed  
in [3]-

T h is connection  has been checked on the hydrogen atom , starting from  
three is  S later typ e  orbitals f i w ith  expon ents o.8, i . i ,  and 1.2.

E
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From  this basis we built a function/  =  S**/*, evaluating the cx coefficients 
by the conditions:

(dm W ldrm)p. =  E (ßmfld r m)v (m =  0 , 1 ,  2)

taking care th a t the ground state is described by the only variable r.
R epeating the calculations for several points we obtained the plot of 

E vs r  reported in fig. 1.
In  each point the relation H f / l ì f  — H f \ f  =  E  has been com pletely 

verified.
In  fig. I we show also the graph  obtained with the LC m ethod [3] applied 

to the best couple of our trial functions.
A  second set of com putations has been m ade in connection with the 

considerations in section c). The m ain com putational result of the general 
theory here presented is th a t any measure of the variability of the ratios 
A2 H F  (A)/A2 F  (p) could in principle be used in order to optimize the 
param eters of a given trial function set - • */N. In  a preceding paper [1] such 
variability  has been evaluated on the H 2 system  with the formula:

T 2 =  S  D k/FkK=l

where D 2K =  (8 (HF/F)/8p1)^  +  (8 ( H F /F ) / ^ 2) |  and p 1 and / 2 are the two 
electron positions of each point P K. The d isadvantage of this form ula is tha t 
the F function m ust be norm alized in order to com pare different sets of trial 
functions.

T aking into account the considerations of section c) a new goodness test 
T  has been checked under the form:

T  =  (2 D k/Fk)/(2 i / F |)  .

Table I.

H 2 energy evaluation (in a.u .) in 2 and 3 point computations fo r  correlated

functions of the type F C1 +  I sb)ij2 (aß —  ßa)- The confi

gurational point coordinates are P-l =  Px (—  X , o , o , X , o , o)\ d  is the charge 
parameter of the 1  ̂ orbitals.

N X ci C2 h h d E Error

2 1.835s —0,0376 ' ' —r I.3O 1.20 —1.23 6%

3 2.0 0.0093 O.OO7O 3.2O 3-32 1.20 —1.154 2%
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T h is test can be interpreted in the sense that th e d evia tion s (w hich are 
zero for the exact eigenfu nction) m ust be w eighted  w ith  th e pounds 1 /F k, 
or in the sense th at the variations D k o f  th e ratios H F /F  m ust be evaluated  
in F k un ities.

W e used trial fu nctions o f th e ty p e  [8]:

F  =  (1 +  I ^b), ( i +  I j b)2 (aß —  ßa)

w ith N  =  I and N  == 2. T h e results are reported in  T ab le  I; both the p ara
m eter X characterizing th e electron position  P x =  Pj (—  X  , o  , o  , X  , o  , o) 
and the t K correlation expon ents h a v e  been optim ized  b y  the T  test.

In spite o f  the very  sm all num ber o f  configurational points, the en erg y  
results are in  good  agreem ent w ith  th e theoretical value E  =  —- 1.174 a.u. 
for an internuclear d istance o f 1.4 a.u. [9].

F in a lly , several optim izations on th e param eters o f the bases o f  R ef. [1] 
h ave  been perform ed w ith  th e T  test.

In all th e cases w e obtained the sam e results as in [1], so confirm ing the  
theoretical considerations in section  c).
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