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G eom etria algebrica. —  Spaces of real Grassmannians. Nota di 
S a m u e l  A. I l o r i ,  presentata (#) dal Socio B. S e g r e .

RIASSUNTO. ■— Se n ,m  ,d  sono interi soddisfacenti le 1 < m  <  d  <  n, si dimostra 
che l’insieme G m (R ,̂ Rn) di tutte le Grassmanniane reali Gm(Rd) giacenti in una data Gm (Rn) 
è una varietà topologica compatta ed un CW-complesso, di dimensione m (d +  1 —m) {n—d ).

§ i . I n tr o d u c tio n

Let Gm (R^ , R n) be the set of all real Grassm annians Gm (R d) which are 
subspaces of a G rassm annian Gm (Rn), 1 <  d  <. n. In  § 2, we show
th at Gm (R^ , R n) is a com pact H ausdorff space. In  § 3, we prove tha t 
Gm (R ^ , R n) is a topological m anifold and a CW -complex o f dimension 
m ( d  +  I — m) ( n — d). Also one finds th a t for all m  >  1 , Gm (R m, R m+1) 
is hom eom orphic to Sw, the /^-dim ensional standard  sphere. Finally, one 
deduces th a t Gm (R m , R n) is not smooth if the pair (m , n) satisfies

either m  7^ 1 , 2 , 4  or 8 and / / > / / /  +  2 

or m  — 8 and n >  m  +  2.

Remark . In  a sim ilar way, one can consider the case of complex Grass
m annians and one obtains th a t Gm (Cd , Cn) is a compact topological manifold 
and a CW -complex of complex dimension m (d  -f- 1 —  rn) (n — d) for 
I <  m <  d  <. n.

§ 2. G e n e r a l i z e d  R e a l  G ra s s m a n n  S p a c e s  Gm (Rd , R n)

D e f i n i t i o n  2.1. A  generalized real G rassm ann space, Gm (R d , R n), 
1 <  ^  < d  <  //, is the set of all real G rassm annians Gm (R^) which are sub
spaces of a G rassm annian Gm (R w).

From  p. 323 o f [3], the point

*  =  (a1 **)G Vw (Rn) H ( R r m+1X • • • x R l~ m+1)
(where

(o , • • •, o , X i , • • •, xn_mjr  ̂ , o , • • •, o)

~  (o , *} o , Xi , • • •, xn _̂(i, y i  , • * •, x i+ i—m j o , * * *, o)
m -j j —1

m + 1 — {(° > * * * > 0 , £l , • * •, %n-m+1 I O , • • •, o)} , j  =  I , • • • , rn

(*) Nella seduta del io aprile 1976.
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and V m (R n) is the Stiefel m anifold of m-frames in R n) determ ines a point in 
Gm (Rn) and every point of Gm (R n) is determ ined by such a point. In  the 
same way, the space Gm (R d , R w) is determ ined by the equations

n —d

=  (J =  I. - • - , m ; i  =  I , • • - , d  +  I —  m).
Tc=1

T hus a point of Gm (Kd , R^) is determ ined by an array

(*) or
/

v d + l - m /

6)1

V°Wi-w

where
V,- e V d+1_m (R») n ( R ^  X • • • X R nd + i - mj) , j  =  I , • • • , m

<*{e Vm(Rn) n (R ^ x • • • XR*„) , i  =  I ,•  • - , d  +  I —  m

and
m —j + i  — 1 d—m + j —i

Rn —m +1 
3

(

R i j  { (P  > * * * » O i ^1 > * * * j ŝn—d+1 > O , * • *, o )}

I <  ï <. d  1 — m  ; I < j  <  ni).

Also every point of Gm (Rd , R n) is determ ined by such an array. Note th a t

1 im mVi • ‘ * Al Vi

lU  „X aW n,m
\ Ad + l—m v d + l—m * * * Ad + l —m v d + 1-

where all the X are nonzero real num bers, determ ines the same point Gm (R d, R w) 
as (*) above. A n array  which determ ines a point of Gm (R d , R n) can then 
be considered as a m em ber of the intersection V m (Rd , R n) c: A m (where A 
represents thè (d  +  I —  m)-fold Cartesian product R n X • • • X R w) of the C ar
tesian products

m
TT [V,+1_m (Rn) n (R^ x • • • x Rd+i-mj)]
j=i

and
d+l—m

I I  [Vm (Rn) n (R”lX  • • • x  Rim)].
i = l

W e then  have a canonical function

f  : Vm (Rd > RB) -*■ Gm (Rd , RM)

which m aps leach array  to the m em ber of Gm (Rd , R w) which it determines. 
W e give Gm (R d , R n) the quotient topology.

A lternatively, let Y°d+1_m (R n) be the subset of V^+1_m (R n) consisting 
of all (d  +  I -— ^)-tu p les  o f  linearly independent unit vectors of R n. Then
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Gm (R^, R n) can also be considered as an identification space of (Rd, R n) 
which is the intersection of

m

IT [ V ^  (R-) n (R», x • • • x  R5«-»,)]
and

d + l —m

I I  [V?rt(R»)n (R«i X - - - x RL)].i = 1

One sees from the following diagram  th a t both constructions yield the same 
topology for Gm (R d , R n).

V°m (Rd , R » )c  v m (Rd , R » )-----?-----> V°m (Rd , R»)

Gm (R <*, R ”)

H ere g  normalizes all the vectors in an array  and q0 denotes the restriction of 
?  to  V : ( R d, R ”).

Lem m a 2.2. The space of Grassmannians Gm (R d , R n) is a compact 
Hausdorff space. Furthermore y the correspondence X —> X 1 which assigns to 
each X m  Gm (R d , R n) its complement X1 in Gm (R%) defines a homeomorphism 
between Gm (Rd , R w) and Gm (R^+^-tf-1 , R w).

Proof. T he set (R d , R n) is a closed bounded subset of Am, and there
fore is compact. It follows th a t Gm (Rd , R n) =  q0 ÇV°m (Rd , R*)) is also 
compact. Consider the following diagram :

d + l —m

Gm (Rd , R»)C: Gm (Rn) x  “  x G m (R»)

R
H e r e / w is defined as

f  (ù (X j y * ’ * y ni) P«o (XO • • • pw

where co G R w and pw : Gm (R^) —> R is a continuous function (see the proof 
of Lem m a 5.1. in [4] for the definition of pw). Thus f ^  is continuous and so
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/ «  which is the restriction of/  to Gm (Rd , R n) is also continuous. Now if X , Y 
are distinct m em bers of Gm (R d , R n) such that

X =  ( X j , • • •, X d+1_m) and Y == (Y j., • ■ : , Yd+1_m) ,

and if co G X* for some k  and co ^Y*. for all k y then / °  (X) / °  (Y). This proves
th a t Gm (R d , R n) is H ausdorff space.

F inally  define a function

/ : V w ( R ^ R » ) ^ V m (R “« - i , R n )

as follows. For each (V ^, • • •, V m) e V m (R* , R n) which determ ines 
X e Gm (Rd , R n) (where V , =  (v{ , • • •, z^+1_m), j  =  i , • • •, ni) complete the 
basis {v\ , • • •, vJd+1_m} so tha t

Oi , • • *, ^d+l-m uL d)  e Vn-m+1 (R)~m+1) , j  =  I , m .

P ut
i* * * > M'n—d) > ? —~ I , * * *, Wl.

Then ÇÜ1 , • • •, U w) G V m ( R ^ - ^ 1 , R n) determ ines X1. Now set

f ( V i r - - , V n d  =  ( U i r - ; V J

and it follows th a t the following diagram  is com m utative.

Vm (R* , R») - Y _ - >  V m (Rn+m-d-l 9 R n )

Q Q
I

Gw (Rd , R n) — Y ^  Gm (R*+*»M-i, Rn)

/  is continuous implies q f  is continuous. Thus the correspondence X h-> X1 
is also continuous. Also J_ is one-to-one. Using the same argum ent one 
constructs an inverse function

r  : Gm ( ß n + m - d -1  9 Rn) (R<* , Rn)

which is also continuous and one-to-one. Thus f i  s a  homeomorphism.

§ 3. A  C e l l  S t r u c t u r e  f o r  Gm (R* , R n)

Let Gm (R n) be represented by points

x  — (x1 , • • •, x m) G Vm (R») n (R T m+1 X • • • X R £-w+1),

where

(o » * ' ’ > C , j * * ' ) Xn—jTj-j-i j o  , • • •, o) , I ^  J <Ç 7/2.
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T he space Gm (R n) contains subspaces

Gm (Rm) c  (Gm ( R ^ c  • • • c  Grn (R») 

where Gm (R ™ -^) is represented by  points x  — (x1 , ■ • •, x m) where
m - j  n + j —m —k

x i =  (o , • • •, o , x i , • • •, xi  , o , • • •, o).

By a generalized Schubert symbol am =  (am , • • - , ad) is m eant a sequence 
of d  +  I — m  integers satisfying

/yyi L i &yifi ß/yn-W <^' * * * ^ d

For each symbol crw, let e (Gm)a  Gm (Rd, R w) denote the set of all G rassm an- 
nians X such th a t

dim  (X H Gm (Ra™+*)) =  nti
and

dim  (X fl Gm (R^W*-1)) = m ( i  —  1) , * = ! , • • • , * /  —  m.

Let m+1cz R^ m + 1 (1 < y  <  m) denote the set of all unit vectors in 
Kn of the form

m —j

( o  ) ' * * * O > ^1 ) ’ * ’ > \ k —m+1 > O , • • • ,  O).

Also let H^-ci R*h , (1 <Lz <i d  f  1 •— m ; 1 <  y <  ni) denote the set of all 
unit vectors in R n of the form

m —j + i —1 d —m + j  — i

(o o , , o , • • •, o) with ^  >  o.

Lem m a 3.1. 
an array

Each Grassmannian X G e (am) is determined uniquely by

(v\

v^d+ l—m  * * * ^d-j-1—m)

zvhere v\ G H^- fl m+1 fo r  all i , j .

Proof \ (v\ , • • •, v f)  determ ines the ^ -p la n e

X H G m (Ra-).

Now v{ is required to lie in a 1-dimensional vector subspace of H^- fi H ®771 m+1  

and to be a unit vector. T he condition tha t its ([m— j  +  i)-th  coordinate be 
positive defines v{ uniquely, j  — 1 ,• • - , m. Note th a t

(p\ v±)e  (R n).

N ext (v\ , • • - , vf)  is required to determ ine an ^ -p la n e  in the ^ -d im ensional 
space

x  n Gw (R ^ 1)
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such th a t v{ and v{ are linearly independent and the are also un it vectors. 
This implies th a t v% is a unit vector in a 1-dimensional subspace of 
H 2j H Hjm+1 +1. Again since its (m  — j  +  2)-th coordinate is supposed to 
be positive, this defines v{ uniquely, j  =  1 ,■ ■ ■ ,m .  Also

and v{ and v\ are linearly independent, j  =  1 ,■ ■ ■ ,m .  Continuing by induc
tion, one obtains a unique array  for X.

Lemma 3.2. L et
d + l —m

e' <Am) =  I I  Hy n n  (H K ,+1x . . . x H i « 0 .
i , j  k = l

Then e (am)c: (R_d , R w) is topologically an open cell o f dimension

d + l  — m

™ X  («m+i-i — £ — »  +  0- *='1

Furthermore q maps e' (pm) homeomorphically onto e (cm).

Proof. T he proof will be by  induction on d. W hen d  =■-m  we have th a t 
Gm =  (am) and

m m

V  K )  =  IT  (H v  n h K " +1) -  n  In t
3 —1 3 = 1

where In t (D m ) denotes the interior of an (am —  ^ -d im en s io n a l disk. Thus 
in this case e (am) is topologically an open cell of dimension

m (am —  m)

and the lem m a1 is true in this case.
Now assume, as an inductive hypothesis, tha t the lem m a is true for all 

cases of d ' <  d. W e shall now prove it for d ' — d.

e’ (am) =  è1 (am , • • •, ad) =  

d + l —m r  m

=  n  n  n (h > - i+ » -w+i x  • • • X h ; ^ + * - w+i)
i= l L 3 —1

=  e’ K , ■■ • •, ^ - 1) X [ n  n ( H . y m+1 X • • • x  t ì T m+1)]

=  C( am , . .  . , a d+  X [ f t  fl H/*~“+1)]

m a - d
=  e (P'm > * * * » ^d—l) N j  J[ int (D d ).
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Thus by the inductive hypothesis e (am) is topologically isomorphic to the 
Cartesian product of two open cells of dimensions

d —m

m  2  1 — k —  m  +  0  and m (ad — d)

and this proves the first part of the lemma.
By Lem m a 3.1 q m aps e (am) in a one-to-one correspondence onto e (aw) 

and since the spaces involved are Hausdorff, then y is a homeomorphism.

COROLLARY 3.3. The generalized Grassmann space Gm (R^ , R n) is a topo
logical manifold of dimension

m (d  +  I — m )(n  —  d).

Proof. T he proof follows easily from Lem m a 2.2 and Lem m a 3.2 since 

Gm (R^ , R n) == e (n — d  +  m  , • • - , n).

(n —— m  —f~ I \
_ , I sets e (am) form the cells of a CW-com-

d  —  m +  I /
plex with underlying space Gm (R.d , R n). Similarly taking the direct lim it as 
n 00, one obtains an infinite CW -complex with underlying space Gm (R^, R°°).

Proof. W e first show th a t each m em ber in the boundary of a cell e (cjw)
belongs to a cell of lower dimension. Let è’ (am) be the closure of e' (am) and
let ë (<jm) also be the closure of e (crw). Since e (crm) is compact, the im age of
e (cm) is equal to ë (am). Hence every X in the boundary ë (crm) —  e (pm) is
determ ined by  an array  , t m \

Vi * • * \

\ O,1 <7,m
\ v d + l-m  ’ * * v d + \ —m!

which belongs to e (am) —  e (nm). Now

T hus1
(R ^ - i+ i) , ! <  i <  d  +  I —  m.

dim  (X H Gm >  i

for each i  and we have th a t the generalized Schubert symbol t w =  (bm , • • •, bf) 
associated w ith X m ust satisfy

bm <  bm+1 <C • • • <C bd .

Hence dim  (e (Tm)) <  dim  (e (crm)). Together with Lem m a 3.2, this completes 
the proof th a t Gm (R d , R n) is a finite CW -complex.

Sim ilarly Gm (Rd , R°°) with the direct limit topology is a CW -complex 
for the same values of m  and d. T he closure finiteness condition is satisfied 
since each X £ G m (R ^,R °°) belongs to a finite subcom plex Gm (R ^ ,R w).

COROLLARY 3.5. For any m, the infinite generalized Grassmannian 
Gm (Rm , R°°) is a CW -complex having one mr-cell e (r +  m) fo r  each integer 
r >  o. The closure ë (r +  m )a  Gm (Rm , R°°) is equal to Gm (Rm , Rw+r).

Proof. T he proof follows im m ediately from the theorem .
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C o r o l l a r y  3.6. The number of mr-cells in Gm (Rd , R n) is equal to the 
number of partitions of r into at most d  -f- 1 — m integers each of which is 
<  n ■— d.

Proof . To every generalized Schubert symbol am =  (am , • • •, ad) with 
dim (e (om)) =  m r , there corresponds a partition ix , • • •, is of r  where q  , • • •, is 
denotes the sequence obtained from am —  m  , • • •, ad —  d  by cancelling any 
zeros which m ay appear at the beginning of this sequence. Clearly

1 <  z’i <A ’2 < A  • • <  i8 < n — d

and s — d  +  1 —  m.

COROLLARY 3.7. For any m > i ,  the generalized Grassmann space 
Gm (Rm , Rm+1) is homeomorphic to Sm, the m-dimensional standard sphere.

Proof. T he cells of Gm (Rw , Rm+1) are e (m), the o-cell and e (m +  1) 
the m  —  cell. Also

Gm (Rm , R m+1) =  ë (m +  1) .

C learly ë (m +  1) =  e (m +  1) u point ^  Sm.

C o r o l l a r y  3.8. The generalized Grassmann space Gm (Rm , R n) is not 
smooth i f  the pair (ni , n) satisfies

e i t h e r  m f=- 1 , 2 , 4  or 8 and n > m - \ -  2 

o r  m ~  8 and n >  m  +  2.

Proof. Suppose Gm (Rw , R n) is smooth for the above values o f m  and n. 
T hen using the cell structure of Corollary 3.5, the D uality  Theorem  (see e.g. 
Theorem  11.10 of [4]) and induction on n, one shows th a t the mod 2 cohomo
logy ring H* (Gm (Rm , R n) ; Z2) of Gm (R m, R n) is isom orphic to Z2 [a] 
subject to the, relation

a n -m + l =  0

where a G H m (Gm (Rm , R n) ; Z2). This fact, however, contradicts the theo 
rems of A dam s [1] and A dem  [2] (see for instance the rem ark on top of 
p. 134 of [4]).
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