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Algebra. — An Isomorphism of Infinite Galois Theory. Nota
di PHiLLiP RATNER, presentata ® dal Corrisp. G. ZAPPA.

RIASSUNTO. — Viene costruito un esplicito isomorfismo tra due diverse descrizioni del
gruppo di Galois relativo ad un ampliamento infinito di Galois di un campo finito.

Let Z be a finite field with ¢ elements, Q an infinite Galois extension of
k,G =G (QF), and p:x — 2?7 the automorphism which generates a dense
subgroup of G. For a given integer #, there is at most one extension of £ of
degree 7 in Q, which we denote by K,; G (K,/£) is then C,, the cyclic group
of order » generated by p. G may be thought of as the totality of (non-equi-
valent) Cauchy sequences of powers of p, where a sequence {p™} is Cauchy
with respect to the Krull topology on G iff for any » for which 2 < K, < Q,
there is an integer N (%) such that v,u > N= o™ ™ is in G (Q/K,); equi-
valently # | a, — a,.

If T is the set of integers # for which £2c< K, = Q, then G may also
be described as the inverse limit of the system (I,{C,}, omn), where
®mn : Cp = C,, is the natural map for 7 dividing . In this paper we construct
an explicit isomorphism which relates the seemingly two disparate descrip-
tions of the group G. The idea is to use instead of a lattice of subgroups
G (Q/K,) and an inverse lattice of fixed fields K,, a totally ordered set of
subgroups of G to describe the topologies.

Let the degrees of the extension fields of £ in Q be (in natural order)
i)y %y ,%5, ++. Define the integers 7,,7 =1,2,-.-, inductively as follows:
Jv =141 7n=LCM (ju_y, 7). Let F,=K; ,C,=G (Q/F,), and G, =G (F,/4),
so G, is cyclic of order 7,. Then

(1) F, < Q for each 7.
(i) F, < Foys.
(iii) Fpr each », K;, c F,.
The fundamental system {C,} of neighborhoods of the identity yields
the Krull topology on G; with respect to this neighborhood system, a sequence
{p™} is Cauchy iff given any #,, |a,—a, for v, p > N (), Also, we ob-

serve that in obtaining G as an inverse limit, we can take the family of groups
G, = G/C,. Thus G =~ 9_, the inverse limit, which is that subgroup of IIG,,

(*) Nella seduta del 10 aprile 1976.
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consisting of all elements {p,} (with p,€ G,) such that for any pair of integers
s > ¢, the #-coordinate g, is the image of the s-coordinate p, under the homo-
morphism ¢, : Gy > G,

Given any such element {p,}, it will consist of a sequence, each of whose -
terms is a power " of o, where 0 < a, <j,. We claim this sequence is
Cauchy. For, given any integer s, let ¥y > x > s, and let p%, ¢?, p° be the
powers of p appearing as the s,x and y coordinates respectively. Then
Qust 00— 0% and @, p° — 0% so that j, | (6 — @) and j; | (¢ — a). Therefore,
7y | (6—¢), and this is the Cauchy criterion.

We therefore have a mapping from G into the set ofall equivalence classes

of Cauchy sequences {p™}. To see the mapping is 1 — 1 we ask: can two
distinct elements of G give risc to equivalent sequences? Two sequences
<~

{e™}, {¢"} will be equivalent iff the combined sequence g, ", ", o' ...,
is Cauchy. Suppose the elements of G differ in the #-#4 coordinate, which is

0%, o, respectively. If the combined sequence were Cauchy, then 7, | @, — 6,
for v, u > N (»). In particular, j, |a,— &, for v > N. For any such v, con-
sider the v-#4 coordinates p”, p”. We have ¢, (¢*) = ¢*=/,| (x — @), ¢, (p") =
=¢t=7,|(y—¥8). Butj,|(x—y), so j,|(@—b), a contradiction since
a==64, and a,b < j,. Therefore the mapping is 1 — 1.

Is it onto? Given the Cauchy sequence {p™}, the class to which it
belongs is uniquely determined by its limit, some o€ G (G is Hausdorff). Con-
sider the homomorphisms G — G/C, =~ G, given for each z» by o — 6G,.
Now G/C, is cyclic of order 7,, generated by the coset ¢C,. Hence 6C, is the
same coset as some " C,, where o < #, < j,. Consider the sequence {p""}.
It is an element of((‘:_, for if w2 > #n, then C,, = C,, and by the way the #; were

chosen, ¢"" ¢ ' eC,, ¢"c '€C,, so ¢ "€ C, But then j,|(u,— u,).
Therefore, @y, (¢*”) = ¢". Thus {¢*} € G, and its image under the mapping

is cleéa.rly the equivalence class of the given sequence {¢™}. Thus the map-
ping is onto.

To see it is continuous, let C, be any neighborhood of the identity in G.
Now the topology in G is that induced in it as a subspace of IIG,. The neigh-
borhood of the identity U =GN °, 0%, - 0°,x TI Go will be mapped

1 st entries E>n
into C,, since the images will all leave F, fixed. Thus the mapping, being
continuous at the identity, is continuous. It is easily verified that the map-
ping preserves products. Since it is 1 — 1, continuous and onto from one
compact . Hausdorff space to another, it is a homeomorphism as well as a
group, isomorphism.

We note that the device of using a totally ordered collection of groups to establish the
isomorphism was necessary since otherwise not every element of <_(;x would give rise to a
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Cauchy sequence. For example, if Q is the algebraic closure of %, then(g is the inverse limit
of the cyclic groups C,, for every ». Consider, e.g., the element {p**}, ‘with a, defined as

-
follows: (i) if 2% 7, @, = o; (ii) if 72 = 2° 11 pfi (s >o0,p; #2), a, is the unique solution
=1

(mod #7) of the congruences

X =0 (ﬁ ps_i)
=1 "

If a, is so defined, and d| 7, it is easy to verify- that o,; (") = %, so {p"} e§:

But one sees easily that {p"#} is not a Cauchy sequence.



