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Algebra. — Right alternative alternator ideal a l g e b r a s Nota 
di G iu l ia  M aria  P ia c e n t in i C attaneo , presentata dal Socio 
B. S e g r e .

R iassunto. — Si studiano algebre R sopra un campo F alternative a destra, soddi­
sfacenti un’identità della forma [a , (a , a , b)] =  y (a , a , [a , b~\), per \fa  , b e R e qualche 
y in F, tali inoltre che il sottogruppo additivo generato dagli alternatori sia un ideale. Si 
dimostra che, se queste algebre sono prime e dotate di unità l e di un idempotente e ^ o , ^ i, 
allora (salvo poche eccezioni qui specificate) esse sono alternative. Si suppone sempre che la 
caratteristica del campo F sia diversa da 2 e da 3.

Introduction

Let R be a nonassociative algebra over a field F. An associator (a , b , c)
is defined as usual as (a , b , c) =  (ab) c —  a (be) and a commutator [a , b]
as [a , b] — ab — ba. An alternator is an associator of the form (a , a , b),
(a , b , a) or (b , a , a). We shall make the assumption on the characteristic
of F to be prime to 6, so that scalar factors 1/2 and 1/3 are admissible.

An alternator ideal algebra is an algebra in which the additive subgroup
generated by all alternators is an ideal, with the condition that there also 
be a formula for the absorption. For more details on alternator ideal alge­
bras we refer to [3].

In [5] it has been shown that, if R is a right alternative algebra, then 
R is an alternator ideal algebra if, and only if, [R , M (R , R , R)] c: 
ç  M (R , R , R), where M (a , b , c) — (a , b , c) +  (b , a , c). In this paper 
we study right alternative algebras R which for all a , b  , c e  R, satisfy an 
identity of type

( 1) [a , (b , b , e)] =  ocjM ([a , b] , b , c) +  a2M ([a , b] , c , b)

+  oc3M  ([a , c] , b , b) +  a4M ([b , c] , a , b)

+  a 5M  ([b , c] , b , a)

with a^G F.
In [3] i t’was shown that, if R is a right alternative alternator ideal algebra 

with an identity element 1, then R satisfies (1) if and only if, for some 
y G F , [a , (a , a , b)\ =  y (a ,a  , [a , <£]). We are thus studying right alternative 
alternator ideal algebras such that [a , (a , a , b)] =  y (a , a , [# , b]) for some

(*) Work performed within the «Gruppo Nazionale Strutture Algebriche, Geometriche 
e le loro Applièazioni del Comitato Nazionale per le Scienze Matematiche del Consiglio Na­
zionale delle Ricerche ». The work was initiated while the Author was at Iowa State Uni­
versity (Ames, Iowa, U.S.A.) with a fellowship from the C.N.R.

(**) Nella seduta del io aprile 1976.

25. — RENDICONTI 1976, vol. LX, fase. 4.
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y in F. In [3] it was shown that, with two possible exceptions, if R is a prime, 
right alternative algebra satisfying an identity of the form (1), then, if R has 
an identity element 1 and an idempotent e , e f i  o , f i  1 such that (e , e , R) =  o, 
R is alternative.

In this paper we drop the requirement (e , e , R) =  o and we prove the 
following:

THEOREM. I f  R is a right alternative algebra with an identity element 1 
and an idempotent e f i  o , f i  1 and if  R satisfies (1), then (e , e , R) is a trivial 
ideal of R, contained in the center of Rx +  R 0, apart from  some exceptions
specified later on.

COROLLARY. I f  R  is a prime right alternative algebra with an identity 
element I  and an idempotent e f i  o , f i  1 and if  R satisfies an identity of the 

form  (1), then y with some possible exceptions specified later on\ R  is alternative.

Notation

We shall use both juxtaposition and “ • ” to indicate multiplication. 
In expressions where both appear, the product indicated by juxtaposition 
is to be taken first: thus (a/, b , c) = ' ab-c— a*'bc.

We shall often write expressions like (R , R , R) (or [R , R]) meaning 
by this the vector space over F generated by all (a , b , c) for all a , b , ce  R 
(or by all [a , b] for all a , be  R).

If I is an ideal of an algebra R and I2 =  o, we call I a trivial ideal. R is 
. semiprime if it has no nonzero trivial ideals. R is prime if, whenever I and J 

are ideals such that IJ =■ o, then I =  o or ] =  o.
The right nucleus of R is the set {a e R/(R , R , a) — o}. The left and

middle nucleus are defined analogously. The nucleus of R is the set
{a e R/(R , R , a) =  (R , a , R) =  (a , R , R) =  o}. The center of R is the 
set {ae  R \[a , R] =  (R , R , a) =  (R , a , R) =  (a , R , R) =  o}.

An alternative algebra R is an algebra such that (a , b , b) =  (b , a , B) =  
=  (b , b , d) for all a , be  R.

A right alternative algebra R is an algebra such that (a , b , b) =  o for 
all a ^ b e  R. The following identities hold in any right alternative algebra 
of characteristic different from 2 (see [4]):

(2) (a , b , be) =  (a y b , c) b , for all a , b r ce  R,

(3) A. (a , b , c , d) — (ab , c , d) +  (a , b ,[c , dj) —■ a (b , c , d) — (a , c , d) b — o,

for all a , b , c > d e  R.

If R is a right alternative algebra over a field of characteristic different 
from 2, with an idempotent er let R =  Rx +  R ^  +  R0 he the Albert decom­
position of R relative to where ex± — x± e =  ^  =  x 0 e =  o and
£1/2 +  #1/2 2 =  1̂/2 (see [1 ]). It is easy to see that Rx R 0 =  R 0 Rx =  o. If we
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consider the algebra R (+) which is the same vector space as R and has product 
x °y  defined in terms of the product xy of R by 2 x ° y  — x y f y x  , R (+) 
is a Jordan algebra (see Theorem 2 of [2]). The following inclusions 
then hold (see [2]): Ri/2°Ri £  R1/2 , Ri/2°R<> £  R1/2 and Ri/2°Ri/2 ^  Ri +  Ro- 
Also, we have (e , e , R) =  (e , e , Ri/2) ^  Ri +  Ro- If' we furthermore 
set R 10 =  {j/e R jy =  ex1/2 -f (e , e, [e, xlf2\) for some x1/2e R1/2} and 
R0i — { y e  R \y =  x 1/2 e +  (e , \e , xli2\ ,e) for some xlj2e R1/2} then R — Rx +  
+■ R i0 +  R 0i +  R0 and, once we observe that éR i^ e  =  o, it is a matter of 
simple computation to show that R i0 > R01 — R i/2 and that R10 e R4 , 
^Roi — Ro-

We shall use the subscript notation to specify a particular component 
of a product we intend to examine. Thus, for example, (^oiToi)o nieans the 
summand of the product x0 1y 01 which lies in R0.

When an algebra R satisfies (1) with coefficients ax , a2 , a3 , a4 , a5 we 
will say that R is of type (ocx ', a2 , a3 , oc4 , a5).

Preliminary results

From now on, R will always represent a right alternative algebra with 
an identity element 1 and an idempotent £ 7 ^ 0 , 7 ^ 1 ,  which satisfies an 
identity of the form (1). We furthermore suppose the characteristic of F to 
be prime to 6. Since we are interested in the case in which (e , e , R) is not 
identically o, the following lemma will hold.

LEMMA i . oc4 +  a2 +  a3 == o and a3 +  a4 +  a5.=  o.

Proof. From (1) we derive

o \p > (y f  ̂ > ^)] —~ (^1 2̂ ~t~ ^3) (y ì \y 1 y
o =f [e , (e , e , x)] =  (a3 +  a4 +  a5) (e , [e , x\ , *).

By our assumption on (e , e , R), the lemma is proved.

Lemma 2. R1R1 ç R 1.

Proof. By (x1 , y -±, e) =  —f x l y e ,  y f  =  0 it follows that xx y x =  
— ^  a 0 1 -— fa01. To prove that R4 R4 ç= R4 it is therefore sufficient to 
show that (x1 y 1) 01 — o.

From (1), [e , M (e , xx , y,)] =  [e , (e , x , , y01 =  l> > xi ̂ i] =  by Lcn>
ma I a3 (e ,e  , \xx , jKi]) which tells that [e , x1 y 1] is an element of R4 +  R 0
and hence (#1^1)01 =  0.

C o r o lla r y  i. R0 R0 ç R 0.

Proof. Since R has an identity element 1, the idempotent e' =  1 — e 
satisfies e’ fz  o i i f  \ and (e', e , R) 7^ o. The decomposition of R with 
respect to e is exactly the same as the one with respect to e, except that the
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subscripts are interchanged. Thus the corollary is proved by “ reversing 
subscripts ” .

Lemma 3* a) Rio Ri — Rioe > b) Ri Rio <= ^Rio » c) Rio Ro — ^Rio » 
d) R 0 R10ç= R10£.

Proof. From (x10 , y i , e )  =  — (x1 0 , e , y t) and Lemma 2 we derive 
Rio Ri S  Ri- From {y1 , x10 , e) =  — (jyt , e , x10) and (e, y t , x10) =  — (e,x10, y L) , 
it follows Rx R10 c  <?RI0. Since R10oRx c  R1/2, then R10 Rx £  R10 e.

From (x10 , y 0 , e) =  —*(*10 , e , y  0) , ( y 0 , x10 i e) =  — ( y 0 , e i x10) and 
xio°yoe R1/2» we have y 0 x10 == a10 e +  b01 — eb01, *10j>/0 =  — a10 e +  a10 +  eb01. 
By addition of the following two equalities

V > (Xo , * , *10) +  (* > Xo > *10)] =  — [* > yo *10] =  (a8.+  a5) M ([e , *10] , y 0 ,4) -f 

+  (a3 +  '°0 M ([e , x10] , £ , y 0) +  (<*4 +  aö) M (b o  > ^10] > e t e)

and

o =  b o  > 0  , * » *10)] —  a 3 M ( b ,  , x10] , £ , e) +  a4 M ([e , *10] , , *) +

+  a5M ([e ,x 10] ,e  , y 0) ,

and by Lemma 1, R 0 R10 <= Rj +  R 0, which yields R 0 R 10 Ç= R10 e and
Rio Ro — ^Rio•

C o r o lla r y  2. a ) Roi R-o — ^Roi > b ) Ro Roi — R01  ̂ > c ) Roi Ri — Roi 

d') Ri Roi — *R0i- 

Proof. It follows from Lemma 3 interchanging subscripts.

Main section

^Ve are now able to study the set (e , e , R) =  R10 e +  ^Roi- We shall 
prove the results for R10 e\ hence, reversing the subscripts, analogous results 
will hold for é?R01. The results contained in the following lemmas will allow 
us to say that (e , e , R) is a trivial ideal of R, contained in the center of Rx +  R 0. 
There are some exceptions to this statement.

Lemma 4. R10 e is a trivial ideal of Rx, contained in the center of RlB

Proof. From Lemma 2 and 3 it easily follows that M {[e , x10] , e , jKi) =  
-~ x w y 1 , M ([e , xw] , y 1 , e) =  — y 1 ■ x10 e and M ( [ jx , x10] , e , e) =  (yL x 10) 1 =  
— *10X1- Adding the following two relations

o =  [e ,(e  , y l t  x10) +  O i , e , xw)] =  — a4 xloy x +  • *10 e .
[ yl t (e , e  , *10)] =  oc4 x10y-! - a . i y 1 - x10 e

one gets

(4) [R i . 0  , e , R10)] =  [Ri, Rio ̂ ] =  O ;
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since R10 e • Ri £  R10 Rx c  R10 e9 the previous relation tells us that R10 e is 
an ideal of Rx, which commutes with Rx.

We next show that R10 e is contained in the nucleus of R1# By 
Ä  (x10 y e , y x , 1̂) =  o and Lemma 2 it follows that (ex10 , y 1 , ẑ ) =  o. Again 
by Ä (e , at10 , jki , -sì), whe have (e , *10 , [yt , s j )  =  (x10 , , jg-j), which yields
x1Qe-z1 y 1 =  (atio  ̂•jj'i) . By (4) and by the fact that R10é? is an ideal of Rx 
it follows z1 y x- x10 e =  zx ( y 1 'X10 e) which tells us that x10e is in the right 
nucleus of Rx. The following equalities say that x10 e is in the left nucleus 
of Rx, and hence in the nucleus of Rx :

(#10 e y y x y %) =  (pci0 e -y ^ zx —  x1 0 e-y1 z1 =  z1 y 1 -x 1 0 e — y 1 z1 -x10e =

=  *10 *— jVi (*r *10 *) =  *iVi' *10 * — O v*io ' *) *i =  (*1, J i , *10 *) =  o.

To conclude the proof of the lemma we must now show that the Rr  
ideal R10£ is trivial. By (4) it is sufficient to show that (.x1 0 e) 2 =  o . By 
1̂0 — (^10  ̂ +  ^ io) ^10 — ^10 +  ^10 and by the fact that x\0e  Rx from

(e , a;10 , x10) =  o, Ri/2°Ri/2 ^  Ri +  R 0 and Lemma 3, it follows x1 0 e-x10 =  o. 
Then, on account of (2),

o  =  X10 e * x q̂ =■ (e , e , a?Xq) x -̂q == (e , x q̂ e , a^q) ^  > x q̂ , a?Xq £) ==

—  tfATio-ATio* +  x 10- x 10e =  (x10e)2.

COROLLARY 3. (e , e , R) is  a  t r i v ia l  id e a l o f  Rx+  R 0, con ta in ed  in  the 
center <?/ Rx -f R 0.

P roof. By reversing subscripts in Lemma 4, ^R01 is a trivial ideal of 
R 0, contained in the center of R 0. Since (e , e , R) =  R10£ +  ^Roi and since 
Rx R0 =  R 0 Rx =  o, the lemma si proved.

Lemma 5. R 01 • R10 e =  o, u nless the algebra is  o f  ty p e  (2 a , a — 1 ,
— 3 a +  I , a , 2 a — 1).

P roof. Right alternativity, Lemma 3 and Corollary 2 yield R10 R01 ~  
£  Rx +  R 0 and R 01 R10 £  Rr +  R 0- If we set x 10 y 01 =  a1 +  ^0 »^oi^io =  
=  b1 +  b0 , it is easy to check that the following relations hold:

^ i o ^ o i  =*= ^0 > Wo i-^ io =  h  ,M  ([> , at10] , e y y 01) =  —  3 ^ ìo’^ o i»

M ([e  , at10] , y 01 , e )  =  a 0 +  x 10-ey01 +■ bt — y 01'X10 e , M ([e  , j /0i] , * , x 10) =

=  — 3 — ^ o i ^ i o ^  M ([^ yy 0i] , at10 , =  ^ i+ y o i* ^ io ^  +  ao — Xio'éym.

with x 10-ey01e  ^R10 and y 0̂ x ^ e e  K 01e.
From (1) we derive the relations

[e , M (e , x 10 , y 01)] =  {—  3 a , +  oc2 —  a4} «„ +  { 3 at +  4 (o^ —  a4)} bx +

+  {— ai +  02 +  oc4 } x 10-ey01 +  {fy — 2 x4 } y M.-x1 0 e,

[ ^ o x  > ( « » * »  ^ 1 0 )]  =  { —  3 «1  —  4 (« 2  —  « 4 ) }  ^ 0  +  (3  a i  —  «2  +  * 4 }  K  +

+  {—■ ®i +  2 a 4}^ io -O 'o i +  { * i  —  *2 ■ X 4 } y g i ' X J0e.
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Since [e , M (e , x l0  , j„i)] =  — x1 0-ey0l +  bx, and [yox, (e , e , xxo)] =
— yoi'xioe — ao> the previous system becomes

o =  {— 3 «1 +  «2 — «4 } «0 +  { 3 «1 +  4 («2 — <*4) — I } K +

+  {— <*1 +  «2 +  « 4  +  I } x io'eyoi +  {«1 — 2 o4} y 01-x10e ,

o =  {— 3 a4 — 4 (a2 — a4) +  I } ß0 +  { 3 «1 — <*2 +  «4} K +

+  {— «1 +  2 a4 } x 10 ■ ey01 +  { a4 — <% — a4 — 1 } y 01 -xx0 e .

Suppose y 01-x10 e Then oq— 2 a4 =  o and a4 ■— oc2 — oc4 — 1 =  o, and the
algebra is of type (2 a , a ■— 1 , — 3 a +  1 , a , 2 a — 1), and it immediately 
follows that a0 === ;r10 £ *j/01 must equal zero.

C o r o lla r y  4. Rio^Roi — °> unless the algebra is of type (2 a , a — 1 ,
—  3 a +  I , a , 2 a —  r).

Proof. It follows from the previous lemma interchanging subscripts.

Lemma 6. R10*R10  ̂ =  o. R10^-R10 — o, unless the algebra is of type
( a , ß ,  — a — ß , 2 a +.  ß — I ,  — a +  1).

Proof. By Lemma 4, R10 e is a trivial ideal of R4; then o =zXioe ’y ioe — 
=  ^io’Tio^ and the first statement is proved. By right alternativity, Lemma 3 
and Rio 0 Rio ^ Ri +  R 0 we can write x 10 y 10 =  at +  a10 +  a01 — ea0 1 , y 10 x 10 == 
=  bx — a10 — a01 +  eaoi • Also we have

x io e ‘T io  —  ‘ T10 e * x io — aio aio e y

M {[e , x10] , g , y 10) =  — a1 —  al0  — axoe — eaox ,

M ([e , x 10] , y 1 0 , e ) =  M ([e , y 10], x 10 , e) =  ax +  bx ,

M ([*10 , J'io] , e , e) =  — 2 a10 e — 2 eaox,

M ([e , y 10] , e , x 10) — bx -f- a10 +  <*10 e +  eaoi ■

We now use (i) and the above equalities to get the following relations:

[e , M (e , x 10 , y10)] =  {— a4 +  02 — a4} «1 +  { «1 +  2 (a2 — a4)} bx +

+  {-— 4®i — 3 *2  +  *4 } (a i o e  d- e a s>\) d~ {■—■ 2»i — o2 +  a4} a x0 ,

o =  [e , M (xxo , y 10 ,«)] =  { 3 (a4 — 0 3 )} ax + { 3 (a4 — a2)} bx ,

[xxo , M (yxo , e , <?)] =  {— a4 +  a2 — a4} ax +  { a4 +  2 (a2 — a4)} bx +  

d~ {— 4% 3 a2 +  rj-iS (Æio e 4 “ eaox)  +  {—2 oj — a2 +  a4} axo.

Since [e , M (e , x xo , ^10)] =  — a10 +  2 a10e , [xxo , M (yxo , e , e ) ]  =  — axo +  axo e, 
it follows, subtracting the third equation from the first, a10e =  o, which yields



G iulia  M aria P iacen tin i C attaneo, Right alternative alternator, ecc. 3 8 3

aio =  xXo e • y iç . The system becomes

o — {— a x +  «a — a 4 } +  { a, + 2  (oc2 — a 4)} +

T~ {'—■ 4 ai — 3 a2 H~a4) 4“ 2 a, — oc2 +  oc4 +  1} a10,

o =  { 3 («1 — <>} ai +  { 3 (a4 — a2)} ^ .

From the last equation one sees that two cases may arise: either oc2 =  oc4 or 
ci,I -f~ by — o.

If a2 == a4 and a10 f i  o, then a4 =  1/2 and the algebra is of type 
(1/2 , a , — a — 1/2 , a , 1/2). In these conditions, æ4 =  and £<z01 =
— (̂ 10 ̂ 10)0 =  o unless a — — 1.

If a± +  by =  o and a10 f i  o, it follows ay =  — <54 — o and the algebra
is of type (a  , ß , — a — ß , 2 a T  ß — I ,  — a +  1). If ß 7^ — a — 1/2, then
ea01 =  (#10.y10)o — O-

Algebras of type (1/2 , oc , — a — 1/2 , a  , 1/2) are clearly of type 
(a  , ß , —  a  —  ß , 2 oc +  ß —  I , —: oc +  i) .

C o r o l la r y  5. R 01-^R01-— o. ^R01. R 01 == o, unless the algebra is of
type (a  , ß , — oc — ß , 2 oc - f  ß — I , — oc +  1).

We are now able to obtain the following

Theorem . Let R be a right alternative algebra with identity element 1 and 
an idempotent e f i  o , 7^ 1. I f  R satisfies (1), then (e , e , R) is a trivial ideal 
of R, contained in the center of Rx +  R 0, with only possible exceptions for  
algebras of type (2 a ,  a  —- 1 , — 3 a  +  1 , a  , 2 a  — 1) or (a  , ß , — oc—  ß ,
2 oc -f- ß —1 I > — & -f" 1).

Proof. The proof follows from Corollary 3, Lemma 5, Lemma 6 and 
the corollaries to these lemmas, keeping also in mind that, by Lemma 3 and 
Corollary 2, R10 e- R 0i C eK01 C (e , e , R) and é?R01*R10 Ç R10£ (e , e , R).

COROLLARY 6. Let R be a prime, right alternative algebra with an identity 
element 1 and an idempotent e f i  o , f i  I . I f  R satisfies (1), then R is alter­
native. The only possible exceptions are the ones listed in the previous theorem 
and (— 1 / 2 , 0 ,  1 / 2 , 0 ,  I /2).

Proof. By the Theorem above and primeness, (A , £ , R) must be o. The 
result then follows from Theorem 10 of [3]. Algebras of type (1/2 , — 3/4,  
1/4,  1/4 , — 1/2), which appear as exceptional cases in that theorem, are 
included in the algebras of type (2 oc , a  — 1 , — 3 a  +  1 , a  , 2 a  — 1).

As a concluding remark we have that a quick glance at the exceptional 
cases of the Theorem allows us to say that, in algebras of types (2 oc, a — 1 ,
— 3 a  f  I , a  ,2  a — 1), if a f i  1 \2 , (e , e , R) is a right ideal of R and a 
trivial ideal of R4 -f~ R 0, contained in the center of R 4 +  Robin algebras of 
type (a  , ß , — oc— ß , 2 oc +  ß — I , — a  +  1), if a  f i  1 and ß f i — 1/2 , 
{e , e , R) is a left ideal of R (and a trivial ideal of R4 +  R 0 contained in the 
center of R4 -f R 0).
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