ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

LUCIE DE MUNTER-KUYL

Isomorphisms of rank two torsion-free modules over
a Dedekind domain

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 60 (1976), n.4, p. 351-358.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1976_8_60_4_351_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1976_8_60_4_351_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1976.



LUCIE DE MUNTER-KUYL, [somorphism of rank two torsion—free, ecc. 351

Algebra. — Zsomorphisms of rank two torsion—free modules over
a Dedekind domain. Nota di Lucie pE MUNTER-KUvVL, presentata ®
dal Corrisp. G. ZaPra.

RIASSUNTO. — Scopo di questo lavoro & quello di stabilire condizioni necessarie e suf-
ficienti affinché due moduli liberi da torsione sopra un dominio di Dedekind siano isomorfi.
Queste condizioni sono applicate a varie classi di moduli e, in particolare, a moduli sopra
un dominio principale.

1. INTRODUCTION

In this paper, we determine necessary and sufficient conditions for two
torsion-free modules of rank two over a Dedekind domain to be isomorphic.
Our main theorem is proved in Section 3 and is then applied to various classes
of modules in the following sections. We extend several results of Beaumont-
Pierce [1], Parr [5] and Richman [6].

2. DEFINITIONS AND NOTATIONS

Let A be a Dedekind domain, K its field of fractions, £ the set of none
zero prime ideals of A, v, the valuation of K associated with pe £, K, th-
completion of K with respect to v, , A, the local ring of A at p, # a unifor-
mizing element of A, , A, the adherence of A, in K, and U, the group of
units of A,. Unless otherwise specified, we shall further adopt the termino-
logy of Bourbaki [2].

We call superdivisor of A any mapping p from 2 to N = Ny {oo}; it
is said to be finite if ng, (p) < co. Multiplication is defined by (up") (p)=

be

= (p) + ' ®), with co + 7 = oo for all #. If there exist two finite super-
divisors 7 and s’ such that # p. = ' u/, then w and ' are said to be of the
same zype. The type of w is denoted = (w). A type is idempotent if it is the
type of some (unique) idempotent superdivisor. We say that v <1’ if there
exist p. and p’ such that © = 17 (), v = v () and p. divides u'. The GCD
of p and y’ is denoted [u, '] and we set [t, 1] = v ([, #']). The type
consisting of all finite superdivisors is called #ke finite type and is denoted
7 (1). We define zero by o (p) = oo for all p and call ©(0) the infinite type.

If (u) =7@") and if we set co— co =o0, then Hyp“m_“m is a

pe

fractional ideal of A. A finer equivalence relation is defined if we require

(*) Nella seduta del 10 aprile 1976.
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that TT p*®~*'® be a principal fractional ideal. The class of p with respect
pe?

to this relation is denoted % ().

Let N be a A-submodule of K and let xeN,x £0. Let 4, (¥) =
=2, (x) —o,(N) and 2(N, x): P/ (x). If yeN and y 540, then 2 (N, )
~and 2 (N, ») belong to the same class C (N) and, a fortiori, to the same type
T(N). Moreover, there is a bijective correspondence between the isomor-
phism classes of rank one A-modules and the classes of superdivisors of A.
A module N is a fractional ideal if and only if +(N) =+ (1) and a principal
fractional ideal if ¥(N) = % (1), where 1 (p) = o for all p.

Let 7 = (7 (p)) be a restricted adéle of A. If ne 1_[ Ay, we set v, () =

=9, (v (p)) and v (7)) P>y (). Let n be a superd1v1sor We say that two
pairs (n , 1) and (n; , ny) of elements of H A, are p-equivalent if (1) v (n;) =

=v(@),i=1,2 (2) w@)om) divides v (1 12 — M2 01).

We denote by Q= Q (v, n9) =(Q (p))yer the p-class of (m;,n,). The
pair (v () , v (vy)) does not depend on the representative of Q; we call it the
height of Q and denote it by Z (Q).

3. ISOMORPHISM THEOREM

Let M be a rank two A-module. We identify M with the canonical image
of A®M in E, = K,®M and denote by E, M, and M, respectively the
images of K@M, A,®M and A,®M in E,.

Let (x) be the pure A-submodule of M generated by a non-zero element
x, let /iy (x) = sup {fe N; u*xeM,} = sup {4, N;u*xe A, (x)} and let
M, %) :p >y (%)

Let x; and x, be independent elements of M and let p;=/42(M, x;),
¢=1,2. In [3], we have defined a complete system of invariants (i, ) of
the triple (M, %, , ;) where p characterizes the structure of the rank one
torsion A-module M/((x,) 4 (x;)) and where Q is a p-class whose height
2 (Q) = (ua, ). We denoted this by inv(M,x,x) = (u, Q). It was
shown that @ (p) =o0 when (y,, py) (p) = oo.

The Ap-module M, is decomposable into the direct sum of two rank one
submodules. In [4], we have associated with the reference pair (x; , x,) some
decompositions of M,, expressed in terms of w and Q, as well as some classes
of matrices of GL (2, K,). Particular representatives of these classes were
also defined in [4] and will be used here.

Suppose M and M’ are two isomorphic rank two A-submodules of E.
Let (x,,x,) (resp. (x;, %)) be a reference pair in M (resp. M’); let inv
(M, #;, %) = (., Q) (resp. inv (M, xy, 25) = (u', Q). If f is an isomorphism
of M’ onto M and if y, = £ (x;) and ¥, = f (x3), then inv (M , 3, , ¥) = (@', Q).
We are thus led to investigate the way in which a change of reference pair
affects the invariants of a triple.
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For some 7y,7,,5,5%€K, we have M= X+ 7%, Yo =S1 %1+ 5, 4,

and B = (:1 :2)6 GL (2, K). We now show that
192

(@ 1 (P) = inf (2 Gy — 7200, () + 2y (i), 1 (0) + 2 (),
Q) P-; (P) = inf (p (5302 — 2 M) , - (P) + 2y (512) , 1 () + vy (5, M) »
© (@ 1 ia) (P) = (it ) () + v (det B),
@) @ ) (P) < Uy (n: (1 e — 7 M) + M (511 — 55 M) 5

for all pe 2, (n;, 1) Q and (n;,n)e Q.

These relations are trivially satisfied if g (p) = w, (p) = oo.

Let p be a fixed ideal and set v; (p) = 1;,7 =1, 2. Let g, (p)<oco and
be (P) = co. Thus uw' (p) = 0 and (uuy ) (p) = oo.

Suppose @ (p) = co and hence () (p) <oo. Let # (resp. #) be an
element of K such that v, (#) = — p; (p) (resp. v, () = — py (p) and g (),
Yq (fb >o, for all qe 2, q#p. If Xy=mx+ nx, (resp. X, = x;) and
Y, = # #, (resp. Y_{: # xy), then Ky, X;®Ap Y, (resp. K, Xi®A, Yy is a
decomposition of M, associated with (¥, , x,) (resp. (x; , #3)) (see [4]) to which
corresponds the matrix

o gt o fo 47t
Wz(_ ! _) (res.W=( 1))
’ “’]21 — (N2 1) ! e i I o

giving the components of x, and x, (resp. x; and x,) in the basis {X,,Y,}
(resp. {X1,Y1}) of E,. The matrix W,"* BW, is of the form (“ ;’) eGL (2,K,),
- Y ,

with 8¢ U,. Computation of its coefficients gives v, (r; M, — 73 M) = 1 (P)
and v (5 Mg — $2My) = 0.

Assuming that p, (p) = oo. and thus yp; (p) <co and p (p) = o, we would
obtain v, (3 1) = pq (0) and §; = o.

Relations (a) to (d) are then easily completed.

The case where (u; ps) (p) <co and p’ (p) = oo, and the case where
(W w1 o) () <oo are treated similarly.

717

Conversely, let B =( )(—:GL (2, K) satisfy relations (a) to (d),

and let y; =7 %, + 7%, and ¥y, = s; 24, + s, 7,€ E. Let N be the (unique)
A-submodule of rank two of E, containing y, and y,, and such that
inv (N, 31, %2) = (&', Q) (see [3]). The module N is thus isomorphic to M'.

Denote by (Z,,Z,) (resp. (Zy,Z,)) a decomposition of M, (resp. N)
associated: with (x;,x,) (resp. (31, ¥2)), and set Zy=oaZy + BZ,
:g) =CyeGL (2, K,). Then, for some
W, (resp. W;,) belonging to the class of matrices associated with (M, , %)
(resp. (N, 1, %5)), we have

- w3 - )2
) =w. =wW,"'B (™) =w, BW =C :
(22 p PA p % p p 22 P 22

and Z, =+Z, + 87, , where
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If (uypg ) () = oo, then it follows from (a), (b), (¢), (d) that C, satisfies
the conditions (stated in [4], ”) which ensure that (Z;,Z,) is a decompo-
sition of My, and thus Ny = M,. If (uy, pg) (p) <oo, then a simple compu-
tation which we shall omit shows that C, is again the matrix corresponding
to a change of decomposition of Mp. Therefore, N, = M, for all p € 2.
Thus N =M and we have proved

3.1. THEOREM. Let inv (M, x;, %) = (u, Q) (resp. inv (M, x; %) =
=, Q) and (ng,m)€ Q (resp. (ny,n)€ Q). Then M is isomorphic to
M’ if and only if there exists a matrix B = (21 :2) eGL(2, K) such that

192
@ wi=[Cm—7m), w0 F1m), w (Fam)],
(b) P-é = [v(s1me—Samy) s pv (1 M), w2 (2 Mm)]
(©) 1 W1 e = Wy o v (det B) ,
d w E"; E"; divides v (ﬂi (rime—remy) + ‘Gé (51 M2 — $2 M) “,

Let xe M, x5 0. The type of the superdivisor z (M , x) is also the type

of the rank one A-module (x). Applying Theorem 3.1, we can now determine

both the type and the class of any rank one A-submodule of M. Indeed, we
have. ‘

3.2. PROPOSITION. LZLet ke K* and let N (k) = K (%, + kxy) "\M. Let
op: P =>inf (u )+ [va, 2 (&) va] (0) , 2y (2 — Amy)),  Then € (N (8)) = € (op)-
'As a pure submodule, N (£) is generated by any x = ax; + bx,, with
a,be A and ba"' = k. The proposition then follows from Theorem 3.1 (a).

The type of N (£) can be expressed more simply as follows:

3.3.  COROLLARY. Let N :p—inf ((up) ), vp (e — £wy)), where
o = [t el Then = (N (£) = 7 (M)

The set of all types v (N), where N runs through all rank one pure sub-
modules of M is called the #ype set of M and will be denoted T (M).

4. TYPE, COTYPE AND EMBEDDING RATIO

From Theorem 3.1 (c), it follows immediately that the class % (uyp; o)
is invariant under a change of reference pair. And therefore, so is the type
T (it o)

Let Zy={peZ;u(p) = (p) = o0}, A ={peP— F; (ta ko) (p) =
= oo} and & = {pe Z; (U ko) (p) < co}. Then Theorem 3.1 shows that

(1) Theorem 3.1 was proved in the author’s doctoral dissertation supervised by Prof.
J. Tits and presented at the University of Brussels in January 1971.
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the non-empty sets among %, &, , % form a partition of # which is also

independent of the choice of x; and x,. If p €, then p(p) = o0 and Q (p)

is reduced to the pair (0,0). If S=A — % p, then M is a S~ A-module
e

having at every prime ideal S-'p, with pe?;:u%, the same invariants as

the A-module M, and for which the corresponding £, is empty. From now on,

we shall suppose that % =, i.e. p,(p) <oo, for all p.

From Corollary 3.3, we deduce easily that 7, = 7 (4,) is independent
of the choice of (#;, %) and that the types of rank one pure submodules of
M which are distinct from =, are pairwise incomparable, each of
them being represented by only one pure submodule. Obviously, the class
of po depends in general on the choice of x; and x,.

When T(M) is a finite set, then to€ T(M). In the case of a decomposable
module, we have M = (x;) @ (x,) for some pair {x; , #,) and thus p. = 1. Then
T (\p) = 7o, for all 2e K*, and hence card T (M) <3. In general, it results

from Corollary 3.3 that 7 (A;) % 7, if and only if at least one of the following
conditions is satisfied: .

4.1. There exists pe & su‘ch that v, (p) = &0 (P)-

4.2. For infinitely pe £, we have w (p)> o and v, (ny — Axny) > o (P).

Following Parr [5], we call 1, the zype of M, while we shall call © (up, @)
the cotype of M (Parr’s cotype actually corresponds to T (i, s tto ). Let

e =0 if (uuy) (P) =occ and p(P) =1 (p) (0 (PN if (1 po) () <oo.
Consider the A-module R = H R,, where Ry, =o0 if (u; py) ®) = oo and

= (pA, >u1(n) u2<v>/(pA >u1(n) uz(b)+u(b) if (uy pe) (P) <oo. Let g = (P PDpezs
where ¢ (p) denotes the canonical image of p(p) in R,. We proved in [3] that
r and Q can be replaced by u,, u,, = and 5, and it will be clear in Section 8
that, in the case of a torsion-free abelian group and for a suitable choice of
%, Part’s embedding ratio (x,: x,) of x; to x, is precisely — p.

5. MODULES WITH AT LEAST TWO INCOMPARABLE TYPES

Let M and M’ be rank two submodules of E with the same type set T.
Suppose card T > 3 and let T, o€ T be mcomparable types. - Let x;€ M
and x;€ M’ be such that () =7 (W) ==7;,7=1,2 If it exists, an iso-
morphism f of M’ onto M maps (r;) onto (#;) and hence € (u;) = € (u);
therefore, x; and x, can be chosen such that w; = ;. In addition, we must
have p’ = p, since p is independent of the choice of the non-zero elements
xy and #, of (x,) and (x,) respectively. Let f (xy) =7x, and f (x3) = sx,, where
r,s€l K", ﬂ_lymg Theorem 3.1, we obtain (sm , 7)€ Q' for any (v, ,mp) € Q
and o' = rs1p.

Now, let two incomparable types 7, and 1, be given and let p; and p,
be superdivisors of types 1, and 7, respectively. Let x; and x, be two fixed
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independent elements of E. Let .# be the class of all A-submodules M of E
containing x; and x, and such that Z(M ,x;) = y;,7=1,2. An element
of M is completely determined by its invariants w and 7 relative to the refe-
rence pair (¥, , #;) and any A-module of rank two containing elements of classes
% (ry) and % (w,) is isomorphic to some module of ./Z.

We then have immediately

5.1. THEOREM. ZTwo modules M and M' of M, with invariants respec-
tively (u,9) and (4, o), are isomorphic if and only if

(@ wp=yp and

(b) there exist r,se K* such that o' = rsp, with v,(r) =o0 if
w (p) <oo and vy (s) = o i () <eo.

5.2. Remark. The module 1 M is the only decomposable module
MeH

in . Its invariants are w =1 and p = o.

6. DECOMPOSABLE MODULES

Let M be decomposable. If card T (M) = 3, it follows from Section 4
that (x,) and (x,) are uniquely determined by the condition that p. = 1 with
respect to the pair (x, , x;), and M is then the direct sum of two rank one pure

submodules of incomparable types. When card T (M) < 2, we have the
following.

6.1. PROPOSITION. Swuppose card T (M) < 2. Then M is decomposable
if and only if there exists a reference pair (x, , xy) relative to whick © (u) = = (1).

" Necessity is obvious. We prove sufficiency. We can suppose 7,= 7 ({#;)) <
< 7 ((#,)). After possibly multiplying x, by an element of A, we shall even
suppose y,; (p) < wy (p), for all p. Let {p;,---, ps} be the set of prime ideals
for which @ (p) > o. As it was proved in [3], Lemma 2, M is generated by
the set {x,, %, 4 (0, m) %, t, (P, ») %y, 5; (a1 (2) 21 + a5 (2) %), for all pe# and
all 72, 7€ N such thato <m < p, (p),0 <7 < s (p), and where 7 =1, - -, £},
with o, (4 (p, ) = —m, v, (6 (9, 1) = — 1, vy (1 (P, 70) , ¥y (8 (P ,7) = Oif
qGFP 5 U () = — () (P, 7 (59) = 0 if P i, vy, (a0 (0)) = p2 ()
and oy, (@, (£)) = p; (i), and where 4 (?) and a, () belong to A.

For each 7, choose 4;€ A such that v, (1 — 4;5; 4, (2)) = & (p;) and there-
fore vy, (6,) = u (ps) + wa (P;) and Z’m (bisian (2) i (7)) = 1 (03) + a (py) for

all j=1,--,k,j#" Let 7*25 S;ay (2) and z__xl—|~rx2 Then
z=(1 ——26 Siay () %, + 26 s; (&g () %1+ ap (2) x5), where Z b;s; 0y (£)eA,
and thus ze M. Applying Theorem 3.1, one verifies easily that M (2) D (x,).
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If card T (M) =2, then (x,) is uniquely determined by the condition that
its type strictly dominate =,

Now, suppose M is finitely generated. Let (x1,%,) be a pair for which
w = 1. Letr, e Ksuch thato, ()= — u, (p) for all pe 2, vy (1) = —s (D)
for the prime ideals p (in finite number) such that v, (r})> — w1 (p), and
vy (75) = 0 elsewhere. Let x, = 7, 21 + 7, %;. Then w=~A2(M,x)=1. As
in the proof of Proposition 6.1, we can still choose x, = sx; + x; such that
¢ = 1 with respect to the pair (x;, %) and therefore % (u,) = €(ui, ts), and
we obtain the classical structure theorem

6.2. COROLLARY. [fM is finitely generated, then there exists a pair (xy , %s)
such that M = Ax, @ (x,), where (x,) is isomorphic to an ideal of A. The class
of (x;) is an invariant of M.

7. MODULES WITH INFINITE COTYPE

Let M be a module with infinite cotype 7 (uity o) = 7 (0). Then & = 2
and, from Theorem 3.1, we obtain py(P) =, P1Me— 7211, s (P) =
= vy (5 ne—52m) and 1y (P) (3 Ma (P)—72 M () + 7]‘; () (5112 (P)— 52 (P)=0
for all pe #. This implies, in particular, that if M is decomposable, the p(p)
belongs to K for all pe £ and takes at most two distinct values in K. The
converse is easily seen to hold provided we assume beforehand that card
T (M) < 3 (Otherwise, M could be an indecomposable module with 4 types).
We thus have

7.1. PROPOSITION. Let M be a module with infinite cotype and let card
T(M)<3. Then M is decomposable if and only if o(p) belongs to K forall
pe€ P and takes at most two distinct values in K.

7.2. Remark. Let Ky=K, U {w,}, where w, stands for «/o, for any ae K,
and « 4w, =w,, for all ae K,. It is then readily checked that a change
B of reference pair induces, for each pe £, a homographic transformation
kg of Kp, with B 2(—‘ Z‘ :2), and such that if we define g (p) = p (P)
17 92 ’

when p, (p)<co and § (p) =, when p, (p) = oo, then 43(p (1) = p’ (D).

8. MODULES OVER A PRINCIPAL DOMAIN

Suppose A is a principal domain. Then, for modules with at least
two incomparable types, Theorem 5.1 can be given a simpler form:

8.1. THEOREM. ZLetM and M be indecomposable elements of M such that
w=w'. Then M ~M'if and only if there exists ke K* such that v, () = o when
(1 ve) (p) <oo, and o' = kp. In case 7 () > t (1), if k exists, it is unique.
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Indeed, there exist »,se K* satisfying Theorem 5.1 (b) and such that
E=rst. If ko= Fp, then v, (£— %) > u (p) whenever p (p) > o, which
implies 2= £ if = () > 7 (1).

The case of modules with at most two types remains more difficult to
deal with. However, some simplification will result from the fact that Parr’s
Proposition 2.1 [5] generalizes without change to give ‘

8.2. PROPOSITION. Let N be a A-submodule of K such that v (N)= =,
where T, ts the type of some rank two A-module M. Then

(@) The A-modules M and N®as Homp (N, M) are isomorphic.

(b) The A-module Homy (N ,M) is of rank two and has idempotent
. type.

We may therefore confine ourselves to modules with idempotent type.
As %, is empty, this implies 1, = 1 (1). Then, there exists a pair (%, , x,) for
which py = 1. Furthermore, if T (M) = {75, 7} ,%o< 71, then (x,,2,) can
be chosen such that t(#(M,x,) =7 and g,= 1. When T (M) = {7},
(%1, 25) will be chosen such that g, = p, = 1. Following Parr, we define M to
be strongly reduced if it contains no element of type equal to the cotype of M.
If card T (M) > 3, then M is always strongly reduced. If card T (M) < 2,
then M is strongly reduced if and only if it is indecomposable. The only
strongly reduced modules which are decomposable are thus the direct sums
of two rank one modules of incomparable types. If we apply Theorem 3.1
to these particular conditions, we obtain immediately Parr’s Corollary 6.3,
while Parr’s Section 7 results, as a particular case, from our Section 7.
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