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Algebra. — Ranked partitions of rectangular matrices over finite 
fields. N ota di J ohn  H. H o d g es , presentata (,) dal Socio B. S e g r e .

R iassunto. — Per certe matrici Aj , A2 , B, viene determinato in modo esplicito il 
numero delle soluzioni (Uj , U2) dell’equazione matriciale (i* i) su di un campo finito, dove 
le U± , U2 abbiano ranghi assegnati.

i. Introduction

Let A 1 be an m X t  matrix of rank p i, A2 be an s X n  m atrix of rank p2 
and B be an s X t  m atrix of rank r  over a finite field F of q elements. 
In [3], the Author enumerated the pairs of s X m  matrices XJ1 and n X t  
matrices U 2 such that

(1.1) U 1A1 + A 2U 2 = B .

More recently, A. Duane Porter [7] and the Author [4] have determined for 
certain integers a ^  1 , b ^  1, and matrices Ax , A2, the number of solutions 
Wa , • • •, W i , Vj., • ♦ •, V b over F of the more general m atrix equation

(1.2) WB - • • Wx A, +  A* V, • • • V6 =  B .

In this paper we study the problem of determining the number of solutions 
U x ,U 2 of (1.1) of given ranks r1 }r2, respectively, over F. If this problem 
could be solved for arbitrary A 1 , A2, then it would be possible to determine 
the num ber of solutions of (1.2) for arbitrary a , b , A x , A2 by using Porter’s 
enumeration [6] of the solutions of the matrix equation Wa • • • W 1 — XJ1, 
which depends on the rank of XJ^ Unfortunately, however, the enumeration 
given in the present paper is only complete for matrices Ax , A2, and B satis­
fying certain special conditions that are implied by Porter’s conditions in [7] 
on A 1 and A2.

2. Notation and preliminaries

Let F denote the finite field of q =  pi  elements, p  a prime. Except as 
noted, Roman capitals A , B , • • • will denote matrices over F. A (m , n) 
will denote a matrix of m rows and n columns and A ( m , n ; r )  a matrix of 
the same size with rank r. l r will denote the identity matrix of order r  and 
l (m y n ;r) will denote an m X n  m atrix with l r in its upper left corner and 
zeros, elsewhere.

(*) Nella seduta del io  gennaio 1976.
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If A — (aij) is square, then cr (A) == Soc  ̂ is the trace of A and whenever 
A +  B or AB is square, then cr (A +  B) =  cr (A) +  g (B) and er (AB) =  
=  a (BA).

For a€  F, we define

(2.1) e (a) =  exp 2 7lit (a)jp , t  (a) =  a +  ctP -f- • • • -j~ olv~ \

so that for all a , ß€ F, e (a) e GF ( /) , e (a +  ß) =  e (a) e ((3) and

^  ( ÿ , a =  o,
(2.2) 2 e (ar)  =

YeF ( O, a ^ O ,

where the sum is over all y e  F. By use of (2.2) and properties of cr it is easily 
shown that for A =  A (m , n)

(2-3) £ * { a ( A B ) }
B

 ̂ qmn , A =  o, 

Ì  o , A 7^0 ,

where the sum is over all matrices B =  B (n , m).
The number g  (u , v ; y)  of u X v  matrices of rank y  over F is given by 

Landsberg [5] as

(2.4) g  (u , v ; y) =  n (qu — i f f  —  Çj)l(ây — •
3 =0

Following [2; (8.4)], if B === B (s , t  ; p), we define

(2.5) H (B ,* )  =  2 *{— "(B Q },
c

where the sum is over all matrices C — C ( t , s \ z). This sum is evaluated 
in [2, Theorem 7] to be

(2.6) =  <fx t  (— i y  ^ 0 - 2 P - D / 2  [ P, ] g  (s — P , t  — p ; * — j )  ,

where denotes the ^-binomial coefficient defined for nonnegative integers
f p ]  f p ]

p and j  by q J =  1, . J =  °  if j  >  p and

[ ) ]  =  (1 — f ) ‘ • -(i —  ̂ 'p- J,+1)/(i —  q).  • -(i —  qf) , o < / ^ p .

Since H (B , s) as given by (2.6) depends only on s , t , p and we write 
H (B , #)'=='H (s , 1 9 p , #).

3. Ranked so lu tio n s  o f  (i.i); g e n e r a l case

Let N denote the number of solutions U x =  U ± (s , w ; ^1), U 2 =  U 2 in , t ; r2) 
over F of equation ( i .i )  for given Ax =  A t (m ,  ̂; px) , A2 =  A2 (s , ^  ; p2) 
and B =  B (s , t \ r). Let Px , Qx , P2 , Q2 be arbitrary, but fixed, nonsingular
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matrices of appropriate sizes over F such that Pi Ax Qx =  ] 1 =  I (m , t ; px) 
and P2 A2 Q2 =  J2 =  I (s , ; p2). Then, letting B0 =  B0 (s , t ; r) =  P2 BQX,
it is easy to show that (1.1) is equivalent to

(3.1) U , L  +  j 2u 2 ^ b 0 .

Therefore, in view of (2.3) and other properties of g and e from section 2, 
N is given by

(3.2) N =  X  X  * { o ((Ui Ji +  J, u 2 -  B0) C)}
U 2,Ux C(f, s)

=  q-st X  * (BoC)' X  « { -  * (Ui Jx C)} X  « { -  o ( J . u ,  C )} ,
C (M ) U2

where the summations are over all U 1 =  U* (s , m  ; Tq) , U 2 =  U 2 (w , t ; r2) 
and C ( t , j) over F.

In order to sum over all C ( t , s) in (3.2), we may group together all terms 
corresponding to C’s of the same rank z with o 5̂  z ^  min ( t , s). For each 
such z  >  o, we may let C — PI ( t ,  ̂ ; z) Q, where P and Q are nonsingular 
of orders t and i*, respectively. Then, to sum over all C of rank z  in (3.2), 
we may sum independently over all such nonsingular P and Q and divide 
this sum by the number of different pairs P , Q which yield each different 
C =  C ( t , s \ z). This number is easily shown to be equal to gtgslg ( t , s ; z)y 
where g  ( t , s \ z) is the number of such C over F as given by (2.4) and 
gh =  g  (k , k ; k) is the number of nonsingular matrices of order k over.... F. 

If all of the above is done in (3.2), we get

(3-3) N =  q~st
(t,8)

+  X  s  ( t , S ; z)ìgt gs X  e { a (B0 PI ( t , s ; z) Q)} • Sx • S21 ,
z = l  P,Q J

where ( / ,  s) denotes the minimum of t and s, P and Q run independently 
through all nonsingular matrices of orders t and respectively, over F and 
for arbitrary but fixed z , P, and Q, the sums Sx and S2 are defined by

S i =  X  * { ff(U i.J iP I (*,•*■;*))},

s 2 =  X  «{<j ( I ( ^ ^ ^ ) Q J 2u 2)} .

(Note that Sx and S2 have been simplified by replacing — QUX and — U 2 P 
by U x and U 2, respectively).

If P and Q in (3.4) are partitioned into submatrices as P — (Pi7-), 
Q =  (Qa) for i J  =  I , 2, where Pu =  Pu (px , z ;/,)  with o min (P l, z),
Pl2 — Pl2 (pi ! t •S’) > P2I =  P2I (? ' Pl 1 Z) > f*22 =  P22 (P ' Pi » t &) an<f
Qu — Qn (* , p2 ;A) with o g / 2 ^  min (z , p2) , Q12 =  Qia (z , s —  p2) , Q21 =  
=  Q21 (s — z , p2) , Q22 =  Q22 (J — z  , s — pa), then it is easily shown that

rank Jx PI (t , s ;z) =  / ,  and rank I ( t , s ; z) Q J2 =  / 2 .

\ g ( s  , m ;  r j ) g ( n  , t ; r 2) +
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Therefore, for any such P and Q, in view of the definition (2.5) and comment 
following (2.6), Sx =  H (m ,  ̂ , /i , rf) and S2 =  H ( t , n , / 2 , r 2), where 
H (s , t , p , z) is given by (2.6). Substituting these results into (3.3) and 
grouping terms for which P and Q have Pu and Qu of ranks f x a n d /2, respecti­
vely, we get

(3.5) N =  q-H (s , m ;  r j g  (n , t ; r 2)

(t , s ) (Pi,#) (-sr,P2)

+  E g( t >s ;  z)lgtgs E E H  (m >s >A > ri) H  (ß >n >â  . r*) •z — 1 /l-O /a = 0

. ^ « { o ( B 0 P I ( / > f ;a r)Q )}],

where for each choice of z  , f ly and / 2, P and Q run independently through 
all nonsingular matrices of order t with rank Pn — f x and order with rank 
Qu —/ 2, respectively. In order to proceed further, we must obtain a more 
explicit value for the inner sum in (3.5). This is done in section 4 for certain 
special B0. The Author has been unable as yet to evaluate this sum for gene­
ral B0.

4. The value of N for special B0

If certain assumptions are made concerning the form of B0, then it is 
possible to obtain explicit values for N from the formula (3.5). For this purpose, 
let B0 be partitioned as B0 =  (B^) for i — 1 , 2, where Bu is p2Xpx, B12 
is p2 X ( t — pi) , B21 is ( s — p2)X px, and B22 is ( s —. pa)X(/-— pi).

First of all, it was shown by the author [3, Theorem 7] that with A x , A2 
and B0 as defined earlier, a necessary condition that (1.1) has solutions Ux , U 2 
of any ranks is that B22 — o. In this case, it is easy to show that for P and Q 
defined and ! partitioned as in section 3, the summand in the inner sum in
(3.5) becomes

(4.1) '«{.<* (B0 PI (*, J ;*) Q)} =

— e { a  (Bu Pu Qu)} e { <r (Bj2 P21 Qu)} e { a  (B2j Pu Q12)} •

The difficulty in obtaining a more explicit value for the inner sum in
(3.5) occurs because in (4.1) the matrices Pn and Qu are each involved in two 
different factors. If we assume that not only B22 =  o, but also Bi2 =  o 
and B2x =  o, so that Bu has rank r  min (px , p2), then we can prove

Theorem. Let =  A x (m , t ; px) , A2 — A2 (s , n ; p2) and  B =  B (s, t ; r), 
with r  ^  min (px, p2). Let Px , Qx, P2 , Q2 be arbitrary nonsingular matrices 
over F such that Pi A 1 Qx =  I (m , t ; px) and P2 A2 Q2 — I (s , n ; p2) and let 
Fo — F2 BQx be partitioned as above, with Bu =  Bu (p2 , px ; r), Bi2 =  o, 
B2x =  o and  B22 =  o. Then the number N of solutions Ux =  \J1(s , m  ; rf)>
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U 2 — U 2 (n , t ; r2) of equation (1.1) over F is given by

(4.2) N =  q~st (s , m- , r 1) g ( n  , t ;  r2)

(t,S) (Pl,z) (z,P 2)
+  X  s ( t . * ; *)lgtg» X  X  H O  > s > /i . fl) H ( t , n , / 2 , r2) •

/ , = 0  / j = 0

■ H  g (r ’ z '>y ) v ( y  * *z ’f à H , z , y
y = 0

where g  (u >v ; y) is the number of u X v  matrices of rank y  over F as given by
(2.4) and gh =  g  (k , k  ; >é) zV Afe number of nonsingular matrices of order k 
over F, (a , b) denotes the m inim um  of integers a and b, the value of the function  
H (s , t y p , -S') is given by (2.6) and  9 (r , n , t , r  - f  v), as given by (4.5) below 
is the number of (n -f- w) X t matrices of rank r  -f- v over F whose last m rows 
are those of a given m X t  m atrix of rank r.

Proof. Suppose that the hypotheses of the theorem are true. Then in 
view of (4.1), we see that the inner sum in (3.5) becomes

(4*3) S — ^  e { cr (Bu Pu Qu)} ,

where for fixed z  , / x, and / 2, P and Q run independently through all non- 
singular matrices of order t with P11 — P11 (pjj-S 'j/i) and order  ̂ with 
Qu =  Qu (z , p2 ; / 2), respectively. For each fixed such pair of matrices 
Pii > Q11, the number of distinct corresponding pairs of nonsingular matrices 
P , Q is easily seen to be

(44) <P (A  . t —  Pi » z , z) 9 0 , t — z  , t , t) 9 ( / 2 , J — p2 , z  , 2) cp ( z , 5- — 2 , s , s),

where (p (r y n > t , r - f  v) is the number of (n +  m ) x t  matrices of rank r  +  v 
over F whose last m rows are those of a given m X t  matrix of rank r. This 
number has been determined by Brawley and Carlitz [1; Lemma, p. 167] 
as

(4.5) ? (r , n , t , r  +  v) =  [ 1 qHn~v) XT {q* — qr+i) ,
L v J ■/=o

\ n r
where ^ denotes the ^-binomial coefficient defined for non-negative integers

n and v in section 2. Thus, sum S defined by (4.3) is equal to the expression 
(4.4) times the sum

(4.6) S' =  2  * { «7 (Bu Pu Q„)} =  X  « { « (I (P2 , Pi ; r) Pu Qu)} •
* PxLQii Pu,Qii

If now any arbitrary, but fixed, Pu in (4.6) is partitioned as 
Pn =  col (Pm , P112), where Pm is r X z  of rank y  , o ^  y  ^  min (r, / x), then
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I (P2 y Pi J r) Pii =  C°1 (Pm > o) is p2-X# of rank y so that in view of definition
(2.5). ,

(4.7) X  e { «K1 (Pü> Pi ’ r ) p i iQ u }  =  H  ,
Q u(z»P s:/i)

where H (.s , t , p , z) is given by (2.6). For each y, the number of such m a­
trices Pm over F is g  (r , z  ; y)  and for each such fixed m atrix Pm , the number 
of matrices Pü (p i , z  ;/j) is just 9 (y  , px — r  , ^ ,/j)  as given by (4.5). There­
fore, it follows from (4.6) and (4.7) that sum S defined by (4.3) is equal to the 
expression (4.4) times the sum

ir, ft)
(4-8) X  s  (r >s ; y)  <p O '. Pi— r . * >A) H (Pa » *.  y ..A) •y=* 0

If the value of S so obtained is substituted for the inner sum in (3.5), we get 
formula (4.2) so that the theorem is proved.

5. A n illustration of the theorem

We close with an example of matrices A j , A2 and B in (1.1) for which 
the hypotheses of the theorem, concerning B0, apply. Consider (1.1) for 
matrices Ax and A2 such that p1 — rank Ax =  t and p2 =  rank A2 =  s and 
B =■ B (s , t ; f). If P and Q are arbitrary but fixed nonsingular matrices 
such that PBQ =  I (s , t ; r), then (1.1) is easily shown to be equivalent to

(5-0 V iC ^ Q ) + ( P A 2)V 2 =  I

where Q is m X t  of rank t  and PA2 is s X n  of rank s. If we take A 1 Q 
and PA2 in place of A 1 and A2, respectively, in the theorem, it follows by 
virtue of the special ranks of these matrices that we may take both Q1 and 
P2 to be identity matrices and so B0 =  I (s , t ; f)  satisfies the hypotheses 
of the theorem concerning its submatrices. Thus, the number N of solutions 
Vi =  Vj (0 , m  ; rf)y V2 =  V2 (n , t  ; r2) of (5.1), which is equal to the number 
of solutions Uj =  U i ( s  ,m  ; rf)> U 2 =  U 2 (n , t  ; rf) of (1.1), is given by (4.2).

We note that these conditions on A 1 and A2 are exactly those assumed 
by Porter [7] in connection with equation (1.2) for arbitrary a and b.
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