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Equazioni funzionali. —  On the behaviour of the solutions of a 
system of differential equations with set functions as unknowns. N ota 
II di A d o l f  H a i m o v i c i ,  p re s e n ta ta ^  dal Socio B. S e g r e .

RIASSUNTO. — Ved. quello dato al principio della Nota I, apparsa nel precedente 
fascicolo di questi « Rendiconti », alla fine della quale trovasi la Bibliografia. Le numerazioni 
dei paragrafi e delle formule continuano quelle di detta Nota I.

4. T h e  LINEAR SYSTEM

(18)

Consider the linear system

d<p
dp, (*) =  A<p (P*) , <P =  (?1> 92 » • • • » <Pm) »

where A is, as in (9), a constant matrix. We look for a solution of (18), with 
singular part v =  (vx, v2, • • •, vw) with support on the null measure set H e R*. 

Let S be a linear transformation, with non-singular matrix ( and

(19) + =  S<p det S ^ o ,  + =  (<J»j, ^2,• • •. >

chosen so that S AS-1=  J is a Jordan canonical matrix. Equation (18) becomes:

(20) 

where

J =

00 O O

A2 0  •• • 11, Ai =  °  Aia 0
O A3- • • If l o  0  Aia • • •

A o*

O 0

I X; 0

O I

Denote also by

(21) h =  Sv , h =  (hl f h2 ,- • - ,hm)

the singular measures of with the same support H as ç$ . If  X* is a real 
eigenvalue of A, the subsystem of (20) corresponding to it will be

<ty<i

(22)

dp,

d^ia
dp.

- (x) =  X* ^  (P*)

- (x) =  (P«) +  ^2 (P«)

dp. (x) =  (P*) +  Xi (Pa)

(*) Nella seduta del io  gennaio 1976.
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(we have used a notation with two indices for the components of the first 
index labels the eigenvalue, the second one denotes the rank of the component 
in the set of components with the same ; an analogous notation will be 
used in the following).

If there exist also complex eigenvalues of A, then we shall perform a 
second linear transformation

® =  TS9 ,

letting unchanged the <]/s corresponding to the real Vs, and changing the 
others, corresponding to a pair of complex ones a , — X̂' in

(32)
<&;,«(?*) =  -  {^« (Ps) +  ' I w  (P*)} , 

®*-i. I (P*) =  {'hl (P*) -  'W I (P*)} •

Denote by I the set of indices i ) for which X* is real, and by J the set of 
indices j  for which Xj is complex. The system in ® will be:

dO*
dp

d®i2

^ ( * )  =  Xi (P*)

(24i) { dp.
0*0 =  ^ il  (P®) +  V (P«) ( t e l )

d<D*
J_L (x) =  (P*) +  ^ ( P * )  »dp

(242)

I ^ § r (x) =  (P*} “ b* ®j+ia (Px)
, Xj — CLj —j

do*Ì2
dpi

0*0 — ^j2 (Pas) bj 0^+1)2 (P*) T~ 0,-1 (Pa;)

dOi.Sj
dp 0*0 — (P«) ~ ' bj (P*) ~t~ Ì

d0,JH>1 (*) =  ®*i,i (P*) +  ®,.x (P*)

d<D,i tH -  (*) =  a, * m ,t (P*) +  i f  (P*) +  <^+1>1 (P.)
dp

dOi+i,j 
1 dp

( y e j )

- (at) — ^  +1}S1 (Pa;) 4" bj *14, S1 (Pa;) ~b î+1,51-1 (P®)’

3. — RENDICONTI 1976, Vol. LX, fase. 1.
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The singular measures of will now be:

(25) n =  TA — TS v , =  (tt! , tt2 , • • •, 71:m) ,

with the same support H . In the real case tû  =  hh in the complex one we 
shall write nj == p$ -f

Taking into account the properties of the functions w ( x , y  , X), w t (x , y  , X) , 
V t ( x  >y and W t ( x , y , X) ,  defined in the previous paragraph, the solution
of this system will be:

(26) <&* (p*) =  /  J j
H

W, (x■, j)/, X<) ( / e l ,  r  — I , 2 ,• • -,

® J r ( P * ) = f  g {V ^z+i (x , y  , X,) d^-, Uy --  Wf_m (x , y  ,

(261)
H

r r

^>i+ l,r(P *)=  I . ( V 1+1 (y > y  ) ij) dçji,y +  Wr_/+1 (x , y , Xj) dpjiiV
1

H

After this preparation , we can prove

T h e o r e m  A . Suppose that:

i) In  the complex plane there exists a domain 2 , such that, i f  X e 2  then

(27) \w t (x , y  , X) I <  M =  const. (/ =  i , 2 , • • •);

ii) all the eigenvalues of A  are in  2;

then the trivial solution of (18) is stable, in the sense of our definition.

Proof. Starting with (i 8), we perform a linear transformation U =  TS 
(as in the previous considerations) and arrive to system (24^, (242) the solu­
tion of which is (26), (2ÓÌ). Between the functions 9 and <D, the two sets of 
inequalities hold:

(28)
m m  m

a* X  S»! <  . £  <Pi< A* S
i= l  i —1 i—1

m m m

A ,2S 9 f ,

with suitable constants a , a 'y A  , A f depending on the elements of the matrix U. 
Remark now that from (27) it follows

(29) | V , ( x >:y,X) |  , | Wt (*,^, 'X) |  <  M .

From the expression (26), (26^) of the solution, it easily follows

10>ir (P*) I <  M f  2  I dm i>r- l+1\ (i e I ) ,
J 1=1
H

I ®jr (P*) I <  M f  ±  (\dP„\ +  |d ^ , |)
J 1=1

H

O e j ) .
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Choose now h , p  ,q  such that:

(3 0 ) l# i:
H

, J |d$>| <7)/2 .
H

It follows:

(31) E  E  (QirY +  E  E  <  M 2 C2 Y)2 ,
i e l  r = 1 i e j  j  =  1

with a constant C easily computable. Using (28), it follows 2  9? ~  A2M2 C2 vj2.
i = 1

If we take v) <  (ACM)“1 s, it follows Hep <  s2 .
It remains to be proved that we can choose the singular measures in 

such a way that (30) is fulfilled; now, from inequalities of the same type as 
(27), and taking into account that tc =  TSv =  Uv, we deduce

E  E  (J*)“ +  E  E  (Cp u f  +  too*) <  E  vî.
i e l  r = l  i e j  ï = i  <2

Take such that <  t]/(wÆ), where b is the greatest absolute value of the

coefficients of the matrix U “1 =  S ^  T -1; we get iz% 

It follows then that, if we take

=  E  vj andj=1
^ii <  ^

(32) I v . l f i ^ - f A C M ) - ^ ,

the relation (31) is a consequence; and so the theorem is proved.

5. N o n  l in e a r  s y st e m s

We now come back to system (9), and suppose:

a) the matrix A has its eigenvalues in the domain 2 , where for
x e Q i i y e ' H i w t { x i y i X) are bounded;

b) the functions ( x , P^) defined on Q x R w satisfy uniqueness 
conditions for system (9), and

G{ (x , o) =  o;

c) the same functions satisfy also

( m \ (l+«)/2
E  (9i(P ,))2j

where K (x) satisfies

(34) * ( K (y) ( p ( y , i +  L))a dfj* <  Ml <  +  oo
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(a is the greatest order of multiplicity of the eigenvalues of A, and L is the 
greatest absolute value of the eigenvalues of A).

T h e o r e m  B. I f  A , H , G satisfy the above conditions a) , b) , c) and the 
mapping P satisfies conditions i), it) of § 2 and y) of § 3, then the trivial 
solution of (9) is stable, in the sense of the definition of § 1.

Proof. Let be s >  o and the singular measures of <pif with support 
on the null-measure set H. Applying the transformation U — TS to the vector 
function <p, we obtain the system:

" d ir  =  Xi (P^  +  F* (* ’ 0  (p*)>

(35,) ! {X) =  (Pa:) +  Xi (Pæ) +  Fi2 (* ’ °  (Pæ))

(*) =  (P*) +  X« d>i,3j. (P.) +  F,,* (x , (P*))

d0>.
dfj,

d0>

(*) =  aj (P,) -  b, <ti+lll (P*) +  F* (x , 0> (P*))

d\x

d<I>j,

ia (X) =  a} Oj2 (P,) _  bi <Di+1>2 (P,) +  (P,) +

+  F i,2  (x  , <1* (P « ) )

— (x) =  a} (Pa)'— (P*) +  (P*) +d|i.
✓ N I "1“ ^ 3>SJ (x  > ® (^«))
(352) \

W  ^  ̂  (P-) +  ®*i.i (P*) +  r + ia  (* . ® (P,))
O’e / ) ,

(*) =  ^  (Pa) +  a, 0>,+1>a (Pa) +  <Dm>1 (Pa) +  

+  Fi+ia (x  > ® (P«))

(*) =  ^Dysy(Pa) +  * A « .V(P*) +  (Pa) +

+  Fj+liS. ( x , ^ ( P x))

where we have used the same notation as in § 2, and have denoted F =  UG.
The singular measure of <p will be, as in §2, tc =  Uv, and we denote 

hi =  Hi for i e I, and tzj — p$ +  iqj for j  e I.
The hypothesis b) for G, leads to F (x , o) =  o, and c) leads to:

/  m \  (l+ a )/2

l | F ( * , 0 ) || <  K ( * ) ( J ;  0 2j(36)
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where K (x) differs from K (x) by a multiplicative constant, and consequently 
satisfies a condition analogous to (33):

(37) am K. ( x )  ( y  , I - f  L ) )  dyLy M 2 <c -f- 0 0  .

Px

The solution of (35^, (3S2) is given by the intermediate of the Volterra inte­
gral equations system:

Oir (P,) =  <D?r (P*) +  f  (y  . ® (p ,)) dP, (*e I).J 1= 1 
P*

®i,r (P*) =  K  (P*) +  f  É  {V; (X , y  , X,-) Fj'i_r+1 (y  , <D (P,)) —
J 1=1

(38)
■ W ; (x , y  , X,) FyKM_r+1 (y  , O (P„))} d(x!y (7'e J)

« W  (P*) =  <D?+1,f CP*) +  E  W  (x , y  , X,.) Fj+1:l_r+1 (y , <D (P,)) +
J 1=1 
Px

+  W i (x , y  , Xj) Fj,i-r+1 (y  , <t> (Py))} d ^  ,

where 0° (P^) is the solution of the linear system (24), with singular part n.

The equivalence between the stated problem and system (38) can be 
proved by differentiation of the two members of the last equations, taking 
into account the differentiation formula given in § 3 and relations (14). 

We shall now prove that the singular parts of can be chosen so that

(39) 2  o&i (p yo2 <  ’

Yjj being a given real number. To this end, consider the opera to r,/ defined by 
® (P^) =  ( J  <D) (P^), where J  <P is given by

3>ir (P*) =  ^ ir +  2  Wi (X , y  , Xi) F i>r_m  (y  , $  (Pj,)) dfj.,, (i e I)
1=1

(40)

(P*) =  K  +  2  {y * (* - y  > h ) F>.r~i+i (y  . ® (p„)) —1=1

«F

— W  i ( x , y  , aj) FjA_r+1 (y , <F (Py))} ,

i+i,r (P*) =  ®j+l,r (P*) ~t~ j ’ ^2  (.x  > y  > Xj) Fy-+1;_r+1 (y  , O (Pÿ))
P* _

+  w i (x , y  , X,). Fjtl_r+1 (y , <5 (Pÿ))} d [Ly .

+
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Let Y] be a positive, for the moment arbitrary number, and J t  the set of vector 
functions 0  satisfying:

( 4 . )  s (  * < i a _ ) ■ < * .
\  co (x , I +  L) / 

and write (40) under the form:

M P * ) _  < (P * )

+

____________________________      -j_
co (x , I +  L) co ( x , I +  L)

f  V  Wl ’ y  9 ^  00 (x > 1 -P) FjJ-r+i
J h .  « (*,  I +  io  ^ r n r + i y -  ^  ( ;
p*

% r (p.) =  <t>% (p j  +
co (x  , I -f" L) co (# , I -f-1-̂ )

Vi (x , jy , X̂-) co (y  , 1 +  L) F ?-j_r+i Çy > (Py))
+  2J 1=1

Vx
co , I -j-  L) co (jk , 1 +  L)

W; (at , 3/, X,.) CO (v , I +  L) Fj+lJ-r+l ( y > ® M  I dfl
( y , i  + L )  ) df%CO ( *  , I +  L)

(Pa?)

CO (

®?+l.r(p*)_ +

+

co (x , I +  L) co (x) , I +  L) 

f  ^  /_ Y i  > .̂?) co (y  , I +  L) F i+1>y_ /+i  ( y  , O  ( P y) )

J é 1 co (.r  , I -(- L) co (v , I +  L) +

, Wj (# , y  , ^-) co (4/, I +  L ) F j,r-i+1 (y  , O (Py)) \ 1 
+  ’ <o(*, 1 + L )  co ( y , I + L )  J

From the properties of Wi—see §2—we get:

\w i 0 ,  y  A d  I <  I w i (x  >y > L)l <  wi ( x , v , I +  L ) ,
and

w x (x  , y  , X,) co Çy , I +  L) 
co (yc , I —f~ L)

We choose now the measures h i , pj and such that:

® ï( P.)

<  I .

(42) co (yc , I +  L) <

(y e  j ) ,

T being another, for the moment arbitrary, positive number; this choice is 
possible since, according to (26^, we have

(P*) <  f  y
Wi (* , J  , Xj) to (> , I 4 -  L) d^J-r+l

co (x , I -f- L) “ J  à co (yc , I +  L) co (^ , I +  L)
<

< 21=1
dhi , l - r + 1

to O  , I +  L)
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and, according to (202), in the same way we obtain

<  (P*) < f y / | I d qj.i
co (x , I +  L) J iéi \  «  O , I +  L)

H
<0 (y  , I +  L)

If now Q is a lower bound for co {pc , i +  L), condition (42) is obviously 
satisfied if:

(43) J | d ^ +1| < Q -  . j W « l < Q —  , J | d ^ | < Q — ,
H H H

where or is the greatest multiplicity order of the eigenvalues X.
Suppose now <J>̂ , <D̂ chosen in the class of continuous functions 

satisfying

%  (P.)
co (x , I +  L) <  7] >1 < c ■ _  r .

\  2 Vw Mo /

Then, taking into account the hypothesis, (40) leads to:

co (x , I +  L)

Fu-,+i (y , $  (Py))
? 1 +  L)

< - +  2j  1=1 
p*

W; (x , y  , X{) w (y , I +  L)
w (x , I -j- L)

<  T +  ®
K Q O P Q M P ,) ) '] '

«  O , i +  L)

2-i(l+a)/2
d(Ay <

<  T +  ^ (1+“V2 <n)1+a f  è  OO (*> Cy, i +  L))a <

P*

<  T +  V)1 + a M <  T +
I

2 M 2 *)•

For the other'functions, we obtain in an analogous way the same limita­
tion. Choose now

It follows

®<(P«)
co (x , I +  L)

T <

<
\m

1/=" *1 '

and S /  y
\  (0 ■(# , I +  L) 7

<

i.e., the functions <S>k belong to the same class M  as and, as a conse­
quence, it follows that the solution of system (38) belongs to J t\  it is 
obvious that (39) can also be satisfied.

To cornei back to the stability of (9), let s be a real positive number and 
choose

7) <
£

A M ' *
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[A is defined in (28) and M in (27)], and

V  2 ^  a*Q2 s2 
- « r ^ M 2 4

[a is defined in (28) and <7 and Q in (43)]- Then, taking into account (28), 
we have

dTTj,;
w (y > 1 +  L)

- °* V  2 <  _ _ L _
-  «2Q2 -  A2 M2

.
4 “  4

It follows then

2 ' ® î <  M* rf
i = l

taking again into account (28), we have

2
?i  <  e ,

and this completes our proof.

6. A n o t h e r  s t a b il it y  t h e o r e m

The following stability theorem can be proved in conditions different 
from the previous ones.

THEOREM C. Suppose that, fo r  each iy the functions wi (pc , y  , X4) 
(/ =  I ,, 2 , • • •, Si) (sì the multiplicity of X*) m absolute value, smaller then 
co (* , X'), this function satisfying the conditions

oc) co (*  , X') >  o;

ß) given T >  o, it exists t' stich that

||#|| >  t' => co (* , X') <  T ,

conditions of Theorem B  being realised: then, the trivial solution 
of (9y  is stable.

The proof is analogous to that of Theorem B, with the only difference 
that co (y  , 1 +  L) and co (* , 1 +  L) are substituted by co (y  , X') and co (* , X') 
respectively.

An immediate application of this theorem is given by the case of a system 
of ordinary differential equations, where

« (* y y , h) =  A c*' y) / «.N À -Xco (* , x*j =  e * .
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The stability theorem obtained is that of Liapounov, when the real parts of 
the eigenvalues \  of A are negative.

Exam ples: i) Take O == {(x) ; xi >  o , i =  1 , k } , Vx =  {^  , o <  xi <  ^  , i =  1 , £}
ft

and let p be the Lebesgue measure, with weight 1 / n  (1 + ^ ) .  The system of equations 

can be written as:

(44) • s p s f Ä s r - A* + G(' . . < p.»-

The functions w , y  , X) and co (x  , X) are in this case 

h
00 I T ( arctg *  — a rc tg / ) re 

w , y, , X) =  2  ——
oo XI (arctgx)"

>(jt,X) =  2  x"—W=0(»!)* n=o ( n \ f

and they are bounded. If the other conditions of Theorem B are satisfied, the trivial solution 
of the system (44) is stable.

2) Take as before £1 — { (x^  , xi >  o , i — 1 , 2} and Vx =  \(^) ; ^  >  o , 2  .
( % = 1 i = 1 ;

Our system is now, in polar coordinates

I 92 <p

r  9r  90 = A9 +  G (* , Ç (P*)) = r  cos 0 , y  — r  sin 0 .

Then

w (x , y  , X)

co (x  , X)

~ X» / [7t (4
\ %  «1 \

+ 4 ) — + *̂)]
-)•

xn ^ TT (4  +  4 )

w (x , y  , X) =  exp
Xtt ^  (>1 +  ^2)

4
Xtt (x \  +  x*)

co (x , X) =  e x p -------- -p------

It is obvióus that these functions satisfy the hypotheses of Theorem C. However, the 
conclusion of this theorem cannot be applied to the system (9), since the hypotheses of the 
theorem on the differentiation of an integral in § 2 are not realised. Of course, the above 
conclusions are valid for the solution of the Volterra integral system (38), if the other hypo- 
teses hold.

In [3] we have also given other theorems concerning the behaviour of the solution of (9).


