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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — Spectral synthesis of the algebra of zonal functions
on the sphere. Nota di OrusoLA AKINYELE, presentata ®@ dal Cor-
risp. G. ZAPPA.

RIASSUNTO. — Si dimostra che ogni ideale chiuso proprio nell’algebra di Banach delle
funzioni zonali sulla sfera a (£ — 1)-dimensioni (4 > 3) & incluso in un ideale regolare massi-
male.

1. INTRODUCTION

Let G be a locally compact group, G its dual group, and L’ (G) the group
algebra; then every proper closed ideal in L' (G) is contained in a regular
maximal ideal [cfr., 3]. The aim of this paper is to prove an analogue of this
theorem for the algebra of zonal functions on the (4# — 1)-dimensional sphere
S*¥-1 where £ > 3. Our main tool lies in the theory of ultraspherical polyno-

nomials of index (é~ I); the so-called Gegenbauer polynomials. For the

harmonic analysis on spheres we use freely the notations and results of [2].

The sphere S¥1 is the subset of R¥ (4-dimensional Euclidean space) defined
k

3 .
by {xER’“:]xlz(Zxﬁ):I}. Let p=(1,0,0,---,0) be the north

1=1

pole of S¥*' and x , ¥, # denote points on S¥1; there is a unique finite rotation-
invariant Borel measure © on S¥! such that o (S¥1) = 1. We define x-y
to be the ordinary inner product of vectors which correspond to the points
zand y(—1<z-y <1). S¥! admits a group of rotation which we denote
by SO (£) and the result of the action of the rotation « € SO (£) on the point
x will be denoted by xa. The rotation operator R, acting on functions f and

(*) Nella seduta del 13 dicembre 1975.

1. — RENDICONTTI 1976, Vol. LX, fasc. 1.
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measures @ on SF! is defined by R, f(x) =7 (xa) for all xe€Sk1;
Ry ¢ (E) = . (E) for all p-measurable subsets E of S¥1.  We shall refer to
Sk simply as S and define L’ (S) as the integrable functions with respect to

measure o, such that f |/ (#) | dew (x) < co. Denote by M (S) the measure
s

algebra of bounded regular Borel measure on S and the space of zonal me-
asures by M (S; 2) = {1+ €M (S): Ry . = p. for all «€SO (£)3 pu = p}. With
convolution as multiplication M (S ; p) is a Banach algebra with a unit element.
The space L' (S; 2)=L'(S)NM (S ; p) is a closed ideal of M (S ; ) and so it
is a Banach algebra. Define similarly C (S; p)={f€C (S): R, f =f for all
« € SO (£) 3 pau = p} where C (S) is the space of continuous functions on S.
The space L' (S; p) is the Banach algebra of zonal functions while C (S ; p)
is a dense subspace of zonal continuous functions in L' (S; p).

§ 2.

Let P, be the ultraspherical polynomial of degree 7 associated with
A>o. A generating function for these polynomials is given by

o _TErtn)
(1) (1 — 27t + %) *:rg{) TGN B B =1, | ROt

These polynomials form a complete orthogonal set on [— 1, 1] with respect
to the measure (1 —#¥ds, and

1

A A g,  VITQ+PHT (202!
2 fP" @) P (&) (1 —#9 dt_I‘O\)(n-l—)\;I‘(n{—z)\) '

-1

It is known [2] that there exists an isometric isomorphism from the space
of zonal functions on S onto L'([—1,1], Qg2 where Qg g is the

measure given by dQ(% —2)/2 = (1 — 2 ¥ dz. In view of this isomor-

k~2—2 in (1), (2) and throughout the rema-

phism we shall assume that A =
inder of this paper.

Suppose f€ L' ([-— 1,1], Qp_gy2); then there exists a map ¢, such that

G fEL (S;8) and " f(x) =f(p:2) =f(x). Given feL'(S;p) we
define the #»™ Gegenbauer coefficients Ju of f by:

fo= [0 97 (5-0) o o)
S

It is known [2] that the map f— f,7z=o0,1,2,--- are exactly the non-
trivial complex-homomorphisms of L' (S;p), and therefore the space of
maximal regular ideals of L' (S; p) is homeomorphic with the non-negative
integers Z, with the discrete topology. If we define SO (£—1) =
= {a € SO (&) : pa = p}, then SO (£—1) is a closed subgroup of SO (£) and
so we can express S¥1 as SO (£)/SO (£ — 1) which is a compact homogeneous
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space [cfr. 1, Chapt. 9]. The functions on SO (£) which are left-invariant
under SO (£ — 1) (f (af) = f(«) for all B €SO (£— 1)) correspond to func-
tions on S¥! while the bi-invariant functions on SO (%) correspond to zonal
functions. By essentially the same technique a generalization of the results
of this paper to a compact homogenous space can be carried out. In such a
generalization, the spherical harmonic functions for the compact homogeneous
space play the role of the ultraspherical polynomials.

§ 3.

DEFINITION 3.1. Let A be a Banach algebra with the maximal regular
ideals space .# (A). A is said to be regular if given any closed set F C.# (A)
and a point Mo ¢ F, there exists an element « € A such that ¢y («) = o for
MeF, and @%‘o (2)== 0, where @y is the complex-continuous homomorphism
corresponding to M.

LEMMA 3.2. L' (S;p) 7s a semisimple, symmetric communicative Banach
algebra.

Proof. For any feL'(S; p), define f*(x) :j_“(x.) for all x €S and it is
a routine metter to show that L’ (S; p) is symmetric. f, =o for all € Z,,
implies f = o [2] so L' (S; p) is semisimple.

THEOREM 3.3. L' (S;p) is a regular Banach algebra.

Proof. Let FCZ, be a closed set and assume 2 € F, then we can find
Yt PEDLeC (S;p)CL (S; p) and for neF,

s P = f o P () BTN (o) doo () =
S .

= [ 28971 (g2 B () do () =0,
s :

by the orthogonality relation of P¥?~* on [—1, 1].

For x €S, define 6 ,0<0 < Il by p-xr=cos 6. Using a method contai-

ned in the proof of Corollary 2.16 of [4], we can evaluate integrals over S by

first integrating over the parallel Ly = {x € S: p-x = cos 0} orthogonal to p,

thereby obtaining a function of 6, 0< 6 < II, which we then integrate over
the interval [0, I1]. The measure of Ly is

2 H(k—l)/2 (sin e>k—2
T (/é —1 )
2

2

W (sin 0)F 2 =

where W,_, is the surface area of a sphere in R*™? of radius sin 6.
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Using this fact and (2), we have

(45 PEAY, J P (p.2) PED (5.2) deo (x) =

S

Rl (k/2)—1 kj2)—1 -
~ (/é_ I ) P (cos 0) Py, (cos 0) (sin 6)" " db =
2

o

R U -
= T (k-——l) f PEA=L () PED=L (4) (1— ) E-D=E gy —
2

-1

2 TIH2 Vﬁr(k-z—z _{_%)r(,é—z)ml B

B V_I‘(’é—’) r(ka) (m /ejz)r'(m+k—z) B

_ 22 T (2 — 2) m! )
(k+2+1)r(m+é—z)r(f)

Since £>3, ({4, P¥P 40, and so L' (S ; p) is regular.
Define

oy — 2T*2 T (5 — 2) )
" ((/H -}-I)I‘(m—{—,é—z)I‘(—f—))

where 2> 3 and m =o0,1,2---. The following is our main theorem.

THEOREM 3.4. Every proper closed ideal in L' (S ; p) is contained in a
regular maximal ideal.

P;*oof Since L' (S; p) is a regular, semisimple commutative Banach
algebra, it suffices to show in view of Corollary p. 85 of [3] that the set

P={feLl' (S;p): fm vanishes outside a compact set in Z,} is dense in
L’ (S; p). Suppose g € P, the 3 a finite positive number N such that

EN+1 = EN+2 =8&Nyg ="' "=0.

meZ, and chose {,* P¥P~1eC (S;p), then using Fubini’s theorem,

f ( ~§.‘. %o &by PR ) () 4 PAO™ () do (x) =

S EC LR
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__i Won f f 2 () P PEDTL () PO (5.0) PEDTL (5. 1) do () =
n=0 N,

S S

=’£,,,—§ %n f g() { f PER=(p-2) P (p-2) dos (x) | PP (p-x) da ()=

S S

~ & S _
b3 mn [ £2) B B () ds () =
n=0 S
=0.

Since {%—1 PEDL. y—0,1,2, - -} is dense in C(S; p), it follows that

[(6—Z oent P (1) / () do () = o
Sv n=0

‘ N
for all f€C(S; p) which implies that g:E Wl Vo P#®=1 " Since finite
0

linear combinations of {{," pER-1 4 € Z,} are dense in C(S; p), then the
set P is dense in L' (S; p) and the proof is complete.
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