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Equazioni funzionali. — On the behaviour of the solutions of a 
system of differential equations with set functions as unknowns. Nota I 
di A d o lf  H aim ovici, p resen ta ta(,) dal Socio B. S e g re .

RIASSUNTO. ■ ■ In questa Nota I, ed in una Nota II che uscirà nel prossimo fascicolo, 
si studia il comportamento delle soluzioni del sistema (i), dove 9 è una funzione vettoriale 
additiva d’insieme, con parte singolare v. La soluzione banale di (1) si dice stabile se (6) 
implica (7) in un dominio £ . Con questa definizione, e introducendo due funzioni esponenziali 
generalizzate (iOj), (io2), (n ,), ( n 2), si trovano condizioni sufficienti affinchè un sistema 
lineare (18), od anche non lineare, ammetta soluzioni stabili.

i. Introduction

Some years ago, I have proved existence and uniqueness theorem s 
[1, 2] (1) for equations of the form:

(0  0*0 =  Fj (x  , <p (Pjs)) , (* =  I , 2

where

a) x  6 O C is a point in the domain;
b) (x is a weighted Lebsgue m easure in R*;
c) P is a m apping Q P (O) continuous in the sense that, given s >  o, 

it exists 8 such th a t the inequality  p (x  , x r) <  8, leads to p, (P* A P*) <  e, 
where with A we have denoted the sym m etric difference of the two sets Vx 
and P^;

d) <Pi are additive set functions, defined on P (Q);
e) dcpjdfx is the derivative of 9  ̂ w ith respect to p, in the point x\

f )  F | are functions continuous in Û x R m, lipschitzian w ith respect to 
the last m  variables.

Given a null-m easure set H in R fc, and m  singular measures with support 
on H (2), the system  (1) is equivalent to the integral equations system

(2) 9 t (P) =  V, ( P n  H) +  f  F{ (y  , 9 (P„)) ,
P

which for Yx leads to

(3) ?< (P*) =  v, (P , n  H) +  f  F« O ', ? (Pf )  d h , .

(*) Nella seduta del 13 dicembre 1975.
(1) Numbers in brackets refer to the Bibliography given at the end of this « Nota I ».
(2) For questions regarding measure theory, see, for instance [5, 6, 7].
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Putting

9 i (P®) =  ( t)  >

(P* n  H) =  v,- ( x ) ,

from  the above system  one gets the V olterra integral equations system

(5) Ui (x ) =  Vi (x) +  J f i  (y  , u (y)) d[i,y ,
he

which can be solved by successive approxim ations, and gives (x) — <p̂ (P^). 
Then, by (2), we obtain  (P).

O ur aim  is to discuss stability  problem s for some classes of systems (1), 
w ith the following definition of stabiity:

DEFINITION. I f  the system  (1) admits the trivia l solution , we shall call this 
solution stable, if^ given z >  o, one can f in d  8 >  o such that every solution o f ( 1) 
w ith singular measure vi (x) and'.

(6) II v (PXD H ) H <  § fo r  every x  £ Q ,

satisfies the inequality

(?) II 9 (P3) Il <  S fo r  every x  £ Ü ,

where we have denoted

(8) Il <P II2 =  £  ?î •

T he class of systems we shall consider has the form

(9) -[ir W  =  A<p (p*) +  G ( x > 9  (P*)) >

where:

d) 9 is an ^-d im ensional vector function;

b) A  is a constant m atrix;

c) G is an ^-dim ensional vector function, satisfying certain restrictive 
conditions, which will be stated in the following.

2. Preliminaries

I. For the following discussions we shall give here some results we have 
obtained in [4] concerning generalized exponential functions.
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Let us consider the two equations

(A) co (x  , X , a) =  a +  X J co (£ , X , a) ,

(B) w  (x , y  , X , a) =  xp* O') +  X j w  (Ç , 3/, X , a) ,

PX

where a is real, X a complex param eter, and Xp the characteristic function of 
the set P.

Suppose on the m apping P, besides the hypothesis c), the following ones

i) the m apping  P is m onotonie, i.e. if y  € P^ then  P ^C  P^;

ii) for every p0 >  o, and every x  £ Q, there exists a partition of P^ 
in a finite num ber of disjoint m easurable parts P (^ of equal measure, of dia­
m eter at m ost p0, satisfying the conditions:

a) if € P (i) and ¥ {j) C P i i y j  ^  i, then, for every ^  6 P 0-> we have
p (i)n p o,  =  0 ,

ß) L et {An}SLi be a sequence of partitions of P^, { P ((i j} f i?  the set 
of parts of A n , ^  € P (̂ j and p0n the norm  of the partition  An chosen so tha t 
lim N (») =  oo and lim p0n =  o; denote by X*w) the set of points for
n—>oo n-> oo
which P (£jB>) is covered by a parts P , by n£ä) the num ber of points of 
X„n) and by p the num ber of values of a for which X„n> ^  0 ; then

PN '"’ <  N <n> +  a ( ^ )  .

I f  hypotheses i), ii) oc are satisfied, the solutions co and w  of (A) and (B) 
satisfy the following relations, closely analogous to th a t satisfied by the expo­
nential function:

A) the functions co and w  can be represented as:
oo

( I o j) co (x  , X , cl) —— ci (-̂ 0 >
0

oo

( i0 2) w  (x  , y  , X , a) =  a 2  {in (x  , y )  ,
o

where

(111) v-o 0*0 ~ * > h*i 0*0 ^  ̂  ̂0*0

(112) \i0(x , y)  =  yPx(y) , [^(x , y) =  JVì-ì (£, y) dp* , (x ,y )  --= y (Pæ,y)),
px

where TXfy is the set of points t  such th a t Py C P* C P*; ;

j  P i-i ©  d P ï .
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B) the functions co and w  are increasing functions of X, for X real and
X >  o;

C) the functions co and w  are increasing functions of ^  for X >  o, 
in the sense th a t

P  p  i «  (x , X , a) <  CO (pc' , X , a)
 ̂x h- r x' s

( W (x , y  , \  , a) < w  (x ' , y  , \  , a);

D) if y  € P, then p4 (x  , y )  =  o and w  (x , y  , X , a) =  o;

E) the function w  (x , y  , \  , a) is decreasing in y ,  for X > 0  in  an 
analogous sense as in C;

F) (12O w ( x , y  , \ , a ) w ( y  , z  ,-k , 1) < w  (x , z  , a), for X > o ,

(i2 2) w  {x , y  , X , a) w (y  , X , 1) <  w (x  , X , a) for X >  o .

If, besides hypotheses i, and ii a), the hypothesis ii ß) is also satisfied, 
then the following inequalities hold:

C13i) W (x  , X , a) <  a exp Xp (P*) , X >  o ,

C13a) ■ W (x , y  , \  , a) < a  exp [Xp (x  , y ) ]  , X >  o.

Finally, we rem ark th a t one can consider w (x  , X , a) and w ( x  , y  a) 
as set functions

«  (P® , X , a) and w  (P* , y  , X , a) ; 

and dehne their prolungation by

w (P I X , a) =  a -f- X J  w (Py , X , a) d p j,,
p

w  (P  . y  > X , a) =  ax p (y) +  X J  w  (P2 , y  , X , a) dp2.
p

These functions satisfy the differential equations 

CI4i) ~dp~ ^ Xco (pc , X , a) ,

( r4iî) (x  , y  , X , a) =  \w  (x  , y  , X , a) .

If  we add to this last two equations the conditions th a t the singular parts of 
(ù, and resp w, have support on the origin and on y  respectively, and have 
there the value a, then these equations are equivalent to (A) and (B). 

Besides the functions w and w, in [4] were also defined the functions

OO

w t ( x , y , X ) =  J  X '-""1 pr ( x , y ) ,OS)
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which satisfy the equation

C15') -TÇf (* . y  > x) =  ~kwt (x  , y  , X) +  w t_1 (x  , y , X ) .

It is obvious tha t

w  (x , y  , I  , a) =  Wj ( x  , y  , x , a).

In  w hat follows, we shall denote

(ù (x  , X) =  co (x  , X , 1)

(* . y  . X) =  w  (x  , y  , X , 1) .

S tarting w ith (io 2) and (15), if X is complex, we dehne the real functions
OO

, y  ,k )  =  i { w , ( x  , y  ,X ) + w ,( x  , y  , X) }  =  2  ( «.) ReX*-s \ik (x  , y ) ,
k=s \ s 1

(17)
00

W ;( * , >/,X) =  — , y  , X) —  w ,(x  , y  , X)} =  2  ( , )  I m ^  ,y ) .
k—s \ s  I

3. The derivative of an  integral

The following theorem  needs a new hypothesis on the m apping 
P : Q -> P (Q):

y) For each additive set function ®, defined on P (O) and for each 
point x Q £ Q, were ® is derivable, there exists a fam ily of sets { A s } containing 
x 0, such that:

Yi) for each s> there exist p  points x\ (x0) (i =  i , 2 , • • •, p) and p  con­
stants oq depending only on x 0 and not on s nor on <D, satisfying the conditions

v
® (As) =  .2  ® (P*<) , lim x ls =  x 0 .

i —1 s—> OO

Ya) lim  8 (A ,) =  o.
s->- OO

From  the continuity of 3> in x 0, one easily sees th a t it follows:

(18) 2  a <=  °-
1

Theorem. I f  f ( P  ,y )  is a continuous function  defined on P ( jQ )x O , 
additive w ith respect to P , and  9 (P) is another additive set function  satisfying
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then
d<p
djx (xf) f  (P ^  , x 0) "h J  ^  (xQ , >0 .

P r o o f By hypothesis y), for each x 0 there exists a family {A s } of sets, 
containing x 0, with 8 (A s) =  o, for which

^ 9 _  , ,  ] im  9  (A ,)
d{x } ! Z  I* (A.) ’

and such th a t
P P

9 (As) =  2  a i ?  (P*j) > 2  =  °  > lim =  x o ;
i —1 ’ i  — 1 S--+00

with this we have

p r  p r

1 (A,) =  X  ai i f  (p*i > df% =  X  a « /  (p * .. y)i= l J s i —1 J

+  2  a i f  [ /  (p < . j ')  — /  (p ®,. j )] =
i —1 J s

P S

[ /  (p , i . y ) — /  (P * ., ^)] +

+

= J / ( p ®, , J ') d ^  +  X  a i J

A, *=1 P„,

X  ai f  [/(?*! > y) —/ ( px .. ^)] d(v — X  a* ( [ / ( p4  > j )  —/ ( p*. > y)i dv-y=
i —1 J  j i = l  J

P f- \PXe Xo P \ P  ,Xo Xf

: J / ( p*„ ,y )  d^ÿ +  j f ( A , , y )  dv-y +  X  a« /  [ / (p^  > —/ ( P * . , j')] d[%
A* Prcp

- X  ai f  i f  (P*‘ . x) —/  (p*„ » / ; ]  d[%.
i = l  J *

P ,-\P

p \ p  x0 x\

Divide now by  [x (As) and let s —> oo: the stated form ula follows.

51. — RENDICONTI 1975, Voi. LIX, fase. 6.
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