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Equazioni funzionali. — On the behaviour of the solutions of a
system of differential equations with set functions as unknowns. Nota |
di ApoLr Hammovicr, presentata ® dal Socio B. SEGRE.

RIASSUNTO. — In questa Nota I, ed in una Nota II che uscird nel prossimo fascicolo,
si studia il comportamento delle soluzioni del sistema (1), dove @ & una funzione vettoriale
additiva d’insieme, con parte singolare v. La soluzione banale di (1) si dice stabile se (6)
implica (7) in un dominio X. Con questa definizione, e introducendo due funzioni esponenziali
generalizzate (10;), (10,), (I1,), (I1,), si trovano condizioni sufficienti affinché un sistema
lineare (18), od anche non lineare, ammetta soluzioni stabili.

1. INTRODUCTION

Some years ago, I have proved existence and uniqueness theorems
[1, 2] @ for equations of the form:

<I> %(x>=Fz<x:<P(Px>>> (i:l,z,...’m)’

where

a) x € QCR" is a point in the domain;

) p is a weighted Lebsgue measure in R¥;

¢) Pis a mapping Q — P (Q) continuous in the sense that, given ¢ > o,
it exists & such that the inequality p (x,2") < 3§, leads to w(P,AP,) <c¢,
where with A we have denoted the symmetric difference of the two sets P,
and P,;

d) ¢; are additive set functions, defined on P (Q);

¢) do;/du is the derivative of ¢; with respect to p in the point x;

/) F; are functions continuous in QX R™, lipschitzian with respect to
the last » variables.

Given a null-measure set H in R¥, and » singular measures with support
on H @, the system (1) is equivalent to the integral equations system

@) #(P) = v POH) + [ Fily, o (P) duy,
P
which for P, leads to
@ 9 (P = v (B0 ) + [ Fi (3, 9 (B,) ds
Py

(*) Nella seduta del 13 dicembre 1975.
(1) Numbers in brackets refer to the Bibliography given at the end of this « Nota I ».
(2) For questions regarding measure theory, see, for instance [5, 6, 7].
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Putting
0i (Pp) = u; (%),
v; (P, OH) =v;(x),

from the above system one gets the Volterra integral equations system

) w@ =0 + [Fy, 1) doy

which can be solved by successive approximations, and gives #; (x) = ¢; (P,).
Then, by (2), we obtain ¢; (P).

Our aim is to discuss stability problems for some classes of systems (1),
with the following definition of stabiity:

DEFINITION. If the system (1) admits the trivial solution, we shall call this
solution stable, if, given € > 0, one can find 8 > o such that every solution of (1)
with singular measure v;(x) and:

(6) lv(P,OH)|| <8  for every x€Q,
satisfies the inequality

7 e (Pl <8  for every xe€Q,

where we have denoted

®) loit =3 ot

The class of systems we shall consider has the form
d
© @ @ =29 (F) +G(x, (P,

where:

a) ¢ is an m-dimensional vector function;
b) A is a constant matrix;

¢) G is an n-dimensional vector function, satisfying certain restrictive
conditions, which will be stated in the following.

2. PRELIMINARIES

I. For the following discussions we shall give here some results we have
obtained in [4] concerning generalized exponential functions.
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Let us consider the two equations

A) m(x,k,a):a+7\fm(£,)\,a)dp.g,
Px
®) w30 D = 1) 4 [w @y, @ e,
Px

where a is real, A a complex parameter, and Xp the characteristic function of
the set P.

Suppose on the mapping P, besides the hypothesis ¢), the following ones
i) the mapping P is monotonic, i.e. if y € P, then P,CP,;

if) for every p, > 0, and every x € Q, there exists a partition of P,
in a finite number of disjoint measurable parts P; of equal measure, of dja-
meter at most p,, satisfying the conditions:

o) if £, € P, and P C P,/ #7, then, for every §; € P;; we have
PO Py =g,

B) Let {A,}2; be a sequence of partitions of P,, {P(} T the set

of parts of A, , &P € P&‘; and gy, the norm of the partition A, chosen so that

lim N (#) = oo and lim gy, = 0; denote by XM the set of points E{" for
n.

which P (%) is covered by a parts P;*, by N the number of points of
X™ and by p the number of values of @ for which XM £ ; then

) &) 1
AN SN 40 ()
If hypotheses i), ii) « are satisfied, the solutions @ and w of (A) and (B)
satisfy the following relations, closely analogous to that satisfied by the expo-
nential function:

A) the functions @ and w can be represented as:

(10y) m(x,)\,a)=ai::7\”u,,(x),

(IO2> w(x)y’)\:a)zag)\n“n(x’JO»

where

(1) w@—1 , m@=eE) . eE =] e ®du,

Px

(11p) wolx, ) =yxe,(») w(x,y>=fm-1(£,y)duz,(uq(x,y)=V-(Pz,y)),

Py

where P, , is the set of points # such that P, C P, C P,;
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B) the functions @ and w are increasing functions of A, for A real and
A =0

C) the functions @ and w are increasing functions of x for A > 0,
in the sense that

P CP. o s o@x,h, a0 <@ ,r,a
Lz z’

?w(x,y,l,a)gw(x',y,)\,a);

D) if y ¢ P, then p;(x,y) =o0 and w(x,y,r,q) = o;

E) the function w (x,y,%, @) is decreasing in y, for A >0 in an
analogous sense as in C;

F) (121>w<x1y»7\"z)w(3’,3»)\,I)SZU(x;z:;\ya)’ for A=o0,
(Izg)w(x,y,h,a)o)(y,k,I)Sco(x,x,a) for A >o0.

If, besides hypotheses 7, and ii «), the hypothesis ii B) is also satisfied,
then the following inequalities hold:

(13y) o, N, a) <aexpi(P,), A=>o0,

<I32> ZU(x’J’»)\»a)S“eXP[N"(x,JO], 7\20

Finally, we remark that one can consider  (x 2, @ and w (x,y,2, a)
as set functions

o Py, 0, a) and w (P,,y,7,0q);
and define their prolungation by

O)(P,l,d)=d+7\fm(Py,7\,a)dp,y,
2

w(PxJ/,l,ﬂ)=dXP(y)+7\fw(Pz,y,7\,a)dp,z.
3

These functions satisfy the differential equations

(149) g—:’@,k,a):m(x,x,a),

(145) %(x,y,)\,a)=7\w(x,y,7\,a).

If we add to this last two equations the conditions that the singular parts of
®, and resp w, have support on the origin and on y respectively, and have

there the value @, then these equations are equivalent to (A) and (B).
Besides the functions & and w, in [4] were also defined the functions

(15) w = 3 (7 )0 ),
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which satisfy the equation

, d:
<15> ‘a%(x)yi7\>=)\wt<x)y))\>+wt—l(x:y))‘)'

It is obvious that
w@x,y,0,a) =w (%,y,),a).
In what follows, we shall denote
o, )=o(,r,1)
wx,y,N)=w(x,y,\,1).

Starting with (10y) and (135), if A is complex, we define the real functions

(o]

Vs(x,y,A):%{ws(x,y,)\)—i—ws(x,y,i)} :é(f) Re p\b-s ng(A’I,_’)/),
(17) N
Wi, 5,0 = {w,(x,v,0) —w,(x,y, )} =Z_}s(f) Im 2 . (2, ).

3. THE DERIVATIVE OF AN INTEGRAL

The following theorem needs a new hypothesis on the mapping
P: QP (Q):

v) For each additive set function ®, defined on P (Q) and for each
point x, € Q, were @ is derivable, there exists a family of sets { A,} containing
%4, such that:

11) for each s, there exist p points x% (xg) (=1,2,---, ) and p con-
stants «; depending only on x, and not on s nor on ®, satisfying the conditions

p .
DAy = E: o; @ (P, lim x = x,.
i=1 "“

8$—>00

v.) lim 3 (A;) = o.

From the continuity of ® in x,, one easily sees that it follows:

(IS) Z o; = O.

1

THEOREM. [If f(P,y) is a continuous function defined on P (Q)XQ,
additive with respect to P, and ¢ (P) is another additive set function satisfying

o (B = [ 7,5 dm,



ADOLF HAIMOVICI, On the behaviour of the solutions of a system, ecc. 723

then
8 ) = Pasw) + | L) .

Proof. By hypothesis v), for each x, there exists a family { A, } of sets,
containing x,, with 3 (A,) = o, for which

de e 2(Ay)
q 0= lmogmy

and such that

p P ]
? (A, =Zo{i<p(Pzi) ) Za¢=0,limx§=xo;
=1 § i=1 §—>00
with this we have

-

0 (4) gazjf@xz,y)dw ff(Px,,y) i+

xs x:

§ V) (o 0] ity =

@

f(Pxo,y)dv-erE [f (Pai , ) —f (Pay , )] dpgy +

A, Py

0

+ 3 [ U@ P D ity — 5 [ U 7)1 ] =

P ,\P P \P;
z

EAE X Zy .

| -ff(Pz,,;v> duy+Jf<As,y) o+ 3 s | U@t ) (B, ) iy —

P \P
¢:\ Zo

; f (Pxi. ’y) _'f<P:co »y>] d“‘?/ .

Zs

Divide now by w (A;) and let s — co: the stated formula follows.

51. — RENDICONTI 1975, Vol. LIX, fasc. 6.
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