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Equazioni differenziali ordinarie. — Oscillation of a forced non-
linear second order differential equation. Nota di Gary D. Jones e
Samuer M. Rankin, III, presentata ® dal Socio G. SANSONE.

RI1ASSUNTO. — Gli Autori considerano ’equazione
*) Y+ =1

con p (¢),f(#) continue in [0, 00), p (£) = 0, g (#) continue in (— oo, o) e sotto opportune
condizioni per p (¢), g (»), f(¢) provano che tutte le soluzioni della (¥) sono oscillanti.

This paper is concerned with the oscillatory character of the equation

(D V' +pDe(y) =1©.

We will assume that p is positive and continuous on [0, o), f (¢) is continuous
on [0, 00) and g is continuous on (— oo, o).

Our results are closely related to those found in a paper by Atkinson [1].
However, our assumptions on p do not imply the oscillation of the unforced
equation, as assumed in [1]. Other related results can be found in papers
by Kartsatos [2, 3] and Kartsatos and Manougian [4], Rankin [5] and
Teufel [6].

The assumptions that xg (x) > o for x % 0 and g is bounded away from
zero when x is bounded away from zero, will be made throughout. By oscilla-
tion of a solution y (#) of equation (1), is meant that v (#) is continuable on
(a, o0) or some a and y (¢) has arbitrarily large zeros.

THEOREM 1. [f
t
i) lim f (P )+ (s)ds =00 for each T>o0 and for each \ %o
t—>o0
T

i) there exist points a,b > O such thai
¢
/zl(z‘)Ef(t—s)f(s)dSZO for all t>a;

a

t

hz(z)sj(z»—s)f(s)dsgo for all t=b.

(*) Nella seduta del 13 dicembre 1975.
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i) 2y (&) and 5y (t) have arbitrarily large zeros.

iv) | fa——@f@yh <M  for all T

T

I
then every solution of equation (1) oscillates.

Proof. Suppose there exists a solution y (¢) of equation (1) that is non-
oscillatory. We will assume y (#) > o on (¢, oo) for some ¢ > a, &> o, since
u = — y transforms (1) into an equation of the same form satisfying the
assumption of the theorem.

We have that (¥ () — 72, )" + p () g(y) = o, which implies that
(y@—7 ()" <o fort>c¢. Thus (y()— 7~ @) > o for all £ > ¢, if this
were not the case there would exist a K> o such that y (#) — 4, (#) < — K¢
for large ¢#. This implies that

¢ (¢
AR S
for large ¢. Considering condition (iii) we have a contradiction to the posit-
ivity of y (2).

Applying condition (iii) once more we see there exists a T; > ¢ such
that v (T;) — /; (Ty) > o. From 3’ (¢) > /4, (f) we have by integrating from
T, to # that

yO >y M)+ @)=/ zy(T) —A(T)=8>o0

for all #> T;. Integrating equation (1) from T, to ¢ for some T, > T, we get
‘ t

0=y @ — [0 ona <y m—e([eo—§ o)
Ty Ta

Condition (i) then implies that lim 3’ (¥) = — oo.
i~
Let K; > o be such that M — K,; << 0. There exists a Ty > T, such that
' (Tg) < —K,. Integrating equation (1) twice from T; to # and dividing by
¢ we have

¢
yit) < y(’fs) + Y’ (Ts) (;‘——Ta) + %f(z*s)f(s) ds

Tg

< J’(;Fs) . Kl(l‘t—Ts) + M.

Thus lim y—iﬁ <—K;+M<o. This again contradicts y(¥)>o0 on (¢, co).

t—o0
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Examples illustrating the above theorem are,
1) v +1%y =tcost
2) " 4ty =1+ cost
3) ¥ 4+ (2 4 cos?)y = sin az (o > 0).

Example 1 does not satisfy the condition of Atkinson [1], while Examples 2
and 3 also satisfy the condition of Atkinson [1].
THEOREM 2. Jf

t 4

i)li_mff(s)dsz——oo and lim | f(s)ds=o0  for all T > o,

o t—>oc0
t—>o00 T

<M for all T>o

i) %

fk—@f@ﬁ

then every solution of equation (1) is oscillatory.

Proof. Suppose there exists an @ > o such that y () > o on (a, 00).
From equation (1) we have

YO <y @+ [76)ds
T

for some T > @. Thus lim ' (f) = — co. Given K > o there exists a T,>T

t—>o00

such that y'(Ty) < — K. Choose K so that M — K < o, then integrating (1)
twice from T, to # and dividing by # we have

t
“(T) (f—T
r® T | ¥ DT +Lif(¢—s)f(s)ds
Ty

Therefore Tim 2 <3/(T) +M<—K+M <o. This contradicts y(9)> o

t—>00
on (a, oo).
Theorem 2 can be applied to Examples 1 and 2, however it cannot be
applied to Example 3. The equation

4 Y+ p@0g () = (|t sint 4 bt 4 k)",

for some constants 4, , £, with p,g as above, has all solutions oscillatory by
Theorem 2 but not by Theorem 1. It is interesting to note that allowing the
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forcing function to oscillate with unbounded amplitude reduces the need for
“large” values of p (#). The next theorem also illustrates this statement.

THEOREM 3. [f

lim —Iz—f(z‘-—s)f(s)ds——_“oo
T

t—>00

and
t
Tim. %f(z‘——s)f(s) ds = co
{—>00
T

Jor each T > o then every solution y (t) of equation (1) oscillates.

Proof. Suppose y (¢#) is a solution of equation (1) with 3 (¥) > o0 on
(a, o0) for some @ > o. Integrating equation (1) twice from T to ¢ for some
T > @ and then dividing by # we have
¢

vy _ y@& | ¥ (D@—=T) 1’( .
=+ , +7V(z $)f (s)ds.

T

Under our hypothesis lim Zi—t) =

t-—>o00

— oo which contradicts the positivity of ¥ (#).
Equations of the form
Y'+p g (y) =dsint

with p (¢) and g (¥) as above satisfy the conditions of Theorem 3.
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