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Analisi funzionale. —  Some integral representation theorems fo r  a 
space o f quasi-continuous functions and its dual. N ota di W i l l i a m  

D. L. A p p l i n g , p re se n ta ta (#) dal Socio G. S a n s o n e .

RIASSUNTO. ■— Per # <  Æ e Q .C .0 [<z, £] insieme di tutte le funzioni da [a , b] nel piano 
complesso, quasi continue e nulle in a si ottengono rappresentazioni di integrali « destri » 
per gli elementi di Q. C. 0 [ a , b]  e per gli elementi di (Q .C .0 [a , à])* insieme con i corri- 
spondenti teoremi di unicità.

i . I n t r o d u c t io n

Suppose [a , b] is a num ber interval, Q.C. 0 [a , b] is the set of all func
tions from [a , b] into the plane, quasi-continuous on [a , b\ and having value 
o at a , and JL and J R are functions from [a , b] into Q.C. 0 [a , b] defined 
as follows:

J l  O )  ( x )

J r  O') (x)

0 if a <  x  <  y

I if A IA

0 if y  — a

0 if a x  <  y

I if a <  y  <  x

In  a previous paper [1] the A uthor dem onstrated a  theorem  th a t gives 
necessary and sufficient conditions th a t a real functional, defined on a set 
S of real-valued bounded set functions defined on a given field F of sets, have 
a certain kind of integral representation in term s of the real-valued bounded 
finitely additive functions defined on F. This characterization, which we 
forebear stating here in detail because it does not have a direct bearing on 
the m atters of the present discussion, furnishes m otivation for the theorem s 
of this paper; the aferom entioned conditions involve an “ integral represen
tation ” for the functions of S. W e adopt this point of view in showing the 
following very explicit and elem entary integral (see section 2 for the defini
tion of integral) representation theorem s for the elements of Q.C. 0 [a , b] 
and (Q.C. 0 [a , b])*, respectively:

THEOREM 3.1 (Section 3). I f  fo r  each y  in  [a , b], each o f Q (y) and  P (y) 
is a function  fro m  [a , b\ into the plane , then the fo llow ing two statements are 
equivalent: I

(*) Nella seduta del 13 dicembre 1975.



686 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LIX  -  dicembre 1975

0  U f  is in Q.C. 0 [a , b], then each o f the integrals written immediately 
below exists and

b b

f  =  (R) I f i x  - )  dP  (*) +  (R) I [ f ( x )  - f ( x  - ) ]  Q O ) ,
a a

and
2) I f  a < y < b  , then Q (y )  =  J R (y ) ■— JL (y),  and  i f  a < y  < b .  

then P (y ) =  —  JL (y )  +  P (b).

T h e o r e m  4 .1  (Section 4). Suppose T  is in  (Q.C. 0 [a , £])*. Then 
{(x , T  (•— J l  (#))) : a <  x  <  b} is in  the set B.V. \a , b~\ o f a ll functions  

fro m  [a , b \  into the plane having bounded variation on [ a , b\ and
(xfj) : a <  x  <  b} is in  the set S [a , b] o f a ll functions  

fro m  [a , b] into the plane such that

2  in  -D a subdivision o f \a , b]
D

is bounded. Furthermore, i f  each o f g  and is a function  fro m  [a , b] into the 
plane , then the fo llow ing  two statements are equivalent:

ï) I f  f  is in  Q.C.q [a , b\) then each o f the integrals written immediately 
below exists and

b b

T  ( / )  =  (R) j f  (x  —) (x) +  (R) [  [ /  (*) - /  (x  - ) ]  h {x)
a a

and
2) I f  a <  y  <  b, then h (y) =  T  ( J R (y) —  J L (y)),  and, i f  a <  y  <  b , 

then g  (y )  =  T  (J L (y)) +  g  (b).

2. P r e l im in a r y  t h e o r e m s  a n d  d e f in i t io n s

Suppose a <~r <  s <. b. As usual, the statem ent th a t D is a subdivision 
of [r , s] m eans th a t D is a finite collection of nonoverlapping intervals filling 
up [r , .?]; and if H is a subdivision of [r , s], then the statem ent th a t G is a 
refinem ent of H m eans th a t G is a subdivision of |r , s], every m em ber of 
which is a subset of some m em ber of H.

W e shall not state formal definitions of the integrals we shall discuss, 
but sim ply say th a t in this paper all integrals are limits, w ith respect to refi
nem ents of subdivisions, of the appropriate sums, either for absolute value 
in the case of integrals involving only functions from [a , b\ into the plane, 
or for absolute value suprem um  norm  in the case of integrals involving func
tions from [a , b] into the set of all functions from [a , b\ into the plane. As 
usual, the symbol (R) preceding the integral sign denotes “ right h a n d ” 
integral. Thus, if each of f  and g  is a function from [a , b] into the plane and
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Z is a function from [a , b] into the set of all functions from [a , ò] into the 
plane, then

b

and

fR) J  f  (x) dg (x) ,
a

b

(R ) J f  O ) g  O ) ,
a

b

(R) j / ( x )  dZ (x)
a

b

(R) f / ( x ) Z ( x )
J
a

denote the respective limits w ith respect to refinements of subdivisions, of 
sums of the form, where \p , q\ is in E,

S / ( ? )  [ g ( s ) — g ( Æ .
E

2 / ( ? )  £■(<?).
E

S / ( ? ) P ( ? ) - Z W ]
and E

E

the first two sums converging for absolute value, and the second two sums 
converging for absolute value suprem um  norm.

For /  in Q.C. 0 [a , b\ we shall let denote {(x , f  (x —)) \ a < x < b } \  
it is understood th a t f  (a —  ) =  o.

W e end this section w ith an elem entary observation about JL th a t we 
shall use in subsequent sections. Suppose a <  p  <  q <  b and a; is in [a , b \  
Then

[ o if x  <  p

—  J l  {q) (x) --------- h ( P ) ( x ) = \ i  if p  < x < q

o if q <  x  .

3. A  REPRESENTATION THEOREM FOR Q.C. 0 [a , Ò]

In  this section we prove Theorem  3.1,  as stated in the introduction.

Proof 6f  Theorem 3.1.  Let g  denote /~ .  Suppose o <  c. There is a sub
division D of [a , b\ such th a t if [p , q] is in D and p  <  u < .v  < .q  , then

I g  0 ) —  g  (v) I <  clz.
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Suppose E  is a refinem ent of D. Suppose a <  x  <  b. If  a =  x  , then

g  (*) —  (  Ç  g  (?) [—  J l  ( ? ) --------J l  (J>)\ j  (x)

°  — Ç  g  (?) [—  J l  (?) (*) '--------J l  (p)(a)1

[—  I] [ 0 — 0]
E

=  o .

Suppose a <  x  <  b. There is exactly one [r , s] in E  such tha  r  <  x  <  s,
and exactly one [ t , u] in D such tha t / <  r  <  .r <  .y <  u. Therefore

g  (*) —  (  2  g  (?) [—  J l  (? )------- J l  (p)]j  (x)

g  (*) +  2  *  (?) [J l  (?) «  -  J l  G>)( *)]

=  I ^  (*) +  S  GO [ J l  (s) (pc) — JL (r) (x)] | =  | g  (x) — g  (s) | <  c\2 .

Therefore

Therefore

f - S f ( ? ) [ - j i ( ? )  —  J l ( / ) ]
E

a

g = {  R) J * ( * ) d [ - j L (*)].

<  <?/2 <  .

Now, consider/ —•£*. Suppose o <  There is a subdivision D of [æ , b] 
such th a t if O  , q] is in D and p  < u  < q ,  then \ f (u)  — f ( u  — ) | <  c\2. Sup
pose E  is a refinement of D and a <  x  <  b. Then

/ ( * )  - / ( * - ) -  ( ] £  [/(? ) - / ( ? - ) ]  [Jr (?) -  Jl (?)]) (*)

/  (*) - / ( * - ) -  ( ç  [ /  (?) — /  (? - ) ]  [ J R (?) (*) -  JL (?) (*)] j

Now, if for some [p , q\ in E , x  =  q , then

/  (*) - f  {x - )  - 2  [ /  (?) — /  (? —)] [Jr (?) (*) -  J l  (?) (*)]

I / ( * )  — / ( *  — ) -  [ / ( * )  — / ( *  - ) ]  [I] o.
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If for no [fi , q\ in E, x  =  q , then either x  =  a, in which case

/  o )  - /  o  - )  - s  [ /  (?) - /  (? - ) ]  [ J r (?) w  -  L  (?) w ]

o - S  [ / ( ? ) - / ( ? - ) ]  [o]
E

or a <  x,  in which case there is exactly one \ r , s] in E  such th a t r  <  x  <  s, 
and exactly one [ t , u\  in D such th a t t < r < x < i s < i u ,  so th a t

/ ( * )  - f i x  - )  - E  [/(? ) - / ( ?  - ) ]  [Jr (?) (*) -  JL (?) (*)]
E

• ( * ) - / ( * —) ~ 2  [ / ( ? ) - / ( ? - ) ]  [O] =  \ f ( x ) —f ( x —) \ < c l 2 .
E

Therefore

f - r  —E  [/(? ) - / ( ?  - ) ]  [Jr (?) -  Jl (?)]
E

Therefore h

<  c\2 <  C .

f - r  =  (R) f  [ /  (*) - / ( *  - ) ]  [ J r  (*) -  J l  (*)].
a

We now easily see th a t it is an im m ediate consequence of the above repre
sentations for f ~  and / — f ~  th a t 2) implies 1).

Now suppose 1) is true. Suppose a <  y  <  b. Let W  =  J r  (y)  — J l  (y). 
C learly h b

W  =  (R) J  W (x —) dP (x) +  (R) j  [W O) — W (*— )] Q (x) =
a a

b b

=  (R) J  OdP (A +  (R) j  W (ar) Q (ar) =  Q (y).
à a

Now suppose tha t a < y < b .  T hen
b b

JL (y)  =  (R) f  JL (y)  (x - )  dP (ar) +  (R) J [ J l  O') (*) -  J l  (y)  (x - ) ]Q  (*) =.
a a

a b b

=  (R) (  J l  (j/)' (x) dP (ar) +  (R) f  oQ (ar) =  (R) j JL (y)  (x) dP (x) +
b a a

b

+  o =  (R) I JL O') (*) dP (ar).
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Now, if y  =  b , then b

J l  (b) =  (R) ]h (b) (x) dP  (ar) =  o =  P (b) —  P (b) ,
a

so that, in this case,

POO =  — Jl OO +  p W-

If  y  b, then for each subdivision D of \a , U\ such th a t for some t, [y , t\ 
is in D ,

2  J l  O') (?) [p  (?) —  P (P)\ =2 J l  (y)  (?) [P (?) —  p  ( / ) ]  =
D D'

=2 [I] [p (?) -  p m  = p & -  p go ,

where D ' =  {[p  , ? ] : [ > , ? ]  in D , y  <  ?} , 
so th a t

JL (y)  =  ? ( b ) ~ P  (y )
so th a t

P 0 0  =  — J l O O  +  P ( 3) .

Therefore 1) implies 2).
Therefore 1) and 2) are equivalent.

4. T h e  d u a l  r e p r e s e n t a t io n  t h e o r e m

W e begin this section by stating a thorem , the proof of which the reader 
can easily verify:

THEOREM 4 .0 .  Suppose b is in  B .V . [a , b\ and  h is in  S [a , b\. Then , 
i f  w  is in  Q.C. o [a , b], then each o f the integrals

b b

(R) w  (x) d g  (x) and (R) f w  (x) h (x)
a a

exists. Furthermore, A&é? fu n c tio n , T, Q.C. 0 [<2 , Æ] given, fo r  each f  in
Q C. 0 |> , 3], by

b b

T  ( / )  =  (R) J / ( *  —) d^- far) +  (R) f [/(ar) — /(a r  — )] Ä (ar),
a a

ZJ in  (Q.C. 0 [« , b ] f .

W e now prove Theorem  4.1,  as stated in the introduction.
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Proof o f  Theorem 4.1.  F irst, suppose D is a subdivision of [a 
For each [p  , ç] in D there is w \ p  ,q \  in R x R  such th a t 

\ w [ p , q - \ \ = i  and w  [p , q \ T  ( J L (p)  JL (y)) =  | T  (JL (p)  —  JL (f)) | , 
so th a t

S  I T  ( -  J l  (?)) -  T  ( -  J L (p))  I =  2  I T  (J L (p)  -  JL

Ç  w [P>q\  T (JlQ ») — Jl (?)) | =  

< 1 X 1  ^ w [ p , g U K { p ) - K i a ) )

( 2\  DT 1 ( J l  (p ) <

where | T  | denotes then norm  of T.
Now, if a < x  <  b , then there is at m ost one [r , s] in D such tha t 

r  < x  < s  and [JL (r) —  J L (» ] (x) =  1, so th a t

2 ® ! ^ ? ]  [ J l  (P) —  J l  (q)] Ì (x) <  I w  [r , F] I I I I =  I ,

which implies tha t

so tha t

E  w  IP >q] U l ( P ) —  Jl (q)] <  I

2  I T  (—  J l  (q) —  T  (—  J L (p))  | <  |T  | ,

so tha t
{(x  , T  (—  JL (x))) • a < x  < b }

is in B.V. [a , bj.
Sim ilarly, for each \ p  , q\  in D there is v [p , q] in R x R  such th a t

\ v [ p , q - \ \ i= i  and V [P >q]T  ( J r (q) ■ JL (q)) =  | T  ( J R (ç) —  J L (y)) | ,

so tha t

Ç | T ( J r ( ? )  — JL ( ? ) ) | =  % v [ P , q ]  T ( J r ( ^ ) ~  JL (y)) =  

x ( ç ® [ j » , ÿ ]  [ J r ( ? ) ~ J l ( ? ) ] )  < | T |  ^ V [ p , q ] [ J R (?) - J L (?)]

then
Now, suppose a < x  <  b. If  for no q such th a t [p , q] is in D, x  =  q,

o .{ §  v [ p , q ] [ J r ( ? ) - J l ( ? ) ] |  (x)

If  for some j  such th a t [r , s] is in D, x  =  j, then

=  I v [r , s] I J =  I .I ] v [ P > q i  [ J r ( ? ) - J l ( ? ) ] |  (x)

49. — RENDICONTI 1975, Voi. LIX, fase. 6.
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X ^ > ? ]  Or ( ? ) ~ J l (?)] <  I

X  IT (Jr (?) — Jl (?)) | <  | T | ,

Therefore

so th a t

so th a t u
{(x , T  ( J R (x) — JL (*))) : a < x  < 3}

is in S [a , ò].
Now, if D is a subdivision of [a , Æ], then

T  (Z") - X / (9 - )  [T ( -  J l  (?)) ~  T  ( -  JL (j>))] +

+ t  ( f — n  - X  [ / ( ? )  - f ( g - ) ]  [T ( J r  (3) -  J l  (?))]

T (/"  - X / ( ?  “ ) H  Jl (?)-------Jl G>)])
D

+

+ T  ( / - / -  - X  [ / ( ? )  - / ( ?  - ) ]  [ J r (?) -  J l (?)]
D

<

<  IT

+  |T

/ “ - X  /  (? -  ) [ ~  J l  ( ? ) --------J l  ( Æ
D

+

/ - r - X  [ / ( ? ) - / ( ? - ) ]  [Jr (?) — Jl (?)]
D

which, by Theorem  3.1,  clearly implies th a t

0

T  ( / - )  =  (R) J f  (x - )  dT  ( -  JL (*))

and b a

T  ( / _ / - )  =  (R) \  [ f ( x ) - f { x  - ) ]  T  ( J R (*) -  JL (*))

W e now easily see th a t the above discussion implies th a t 2) implies 1). 
Now, suppose 1) is true. Suppose a <  y  <  h. Let W =  J r  (y) — JL (j>). 

T hen & &

T (W ) =  (R) J  W  (x —) d*- (a:) +  (R) J  [W (a;) —  W  (* —)] A (*) =

(R) o dg  (*) +  (R) W  (x)h (x) = 0  + h  (y).
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Now suppose a < y  <  b. Then

b

T  ( J l  (y))  <  (R) J  J l  (y) (x —) (x) +
a

f  b
+ (R ) J [ J l  (y) (x) — JL ( y )  (x —)] h (x) =  (R) J  JL ( y )  (x) dg  (x) +  o.

a a

If  y  =  b, then
b

0 =  T  ( J l  (b)) =  (R) J  J l  (b) (.x) âg (x) =  o =  g  (b)— g  (b) ,
a

so that, in this ease
S ( b ) - g ( y ) ^ T ( h ( y - ) ) .

If y  < b, then for each subdivision D of [a , b] such th a t for some t, [ y , t] 
is in D,

S  J l  (y) (q) [g (q ) ~ g ( p )] =  2  J l  (y) (q) [g ( q ) ~ g  ( / ) ]  =

=  ^ j [  1] [g(q)  — g ( P ) ' \ = g ( b ) — g ( y ) ,  where D '= { [ / , ? ]  in D : y < q } ,

so th a t in this case,

T  ( J l  (y)) =  g  (b) — g  (y).

Therefore i) implies 2).
Therefore 1) and 2) are equivalent.
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