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Geom etria differenziale. —  A note on cohomology groups on 
Kaehler manifolds. N ota di G iu l ia n a  G ig a n t e , presentata (*} dal 
Socio B . S e g r e .

R iassunto. ■— Si dimostra una proprietà dello spazio delle forme armoniche su di una 
varietà kähleriana, e da essa si traggono alcune conseguenze.

Let M be a com pact K aehler manifold. Let ü p be the sheaf of germs of 
holomorphic tangent vector fields on M. The y-th cohomology “ g ro u p ” of 
M with coefficients in Qp is isomorphic to the space Hp,q (M , C) of “ h a r­
monic ” (j> , y)-forms on M, i.e. the complex vector space consisting of those 
C°° forms 9 of type (p , q) such tha t [^9  =  o on M, where □  is the Laplace- 
Beltram i operator for the K aehler m etric on M.

If  w  denotes the exterior form of the Kaehler metric on M, then, for every 
positive integer p  <  n in =  dim  M), the (p , ^)-form  wp =  w  A • • • A w 
belongs to HP’P(M  , C); thus dim  Hv’v (M  , C) =  o.

Let Cr,s be the space of C°° (r , /)-form s on M. Let L  : Cr,s -> C r+1,s+1 
be the operator defined locally by L9 = w  A 9 (where A denotes the exterior 
product) and let A be its adjoint with respect to the euclidean structure 
defined by the K aehler metric; A is expressed by A =  (■— i)r+s* L * ,  where 
* :Cr , s ^ Cn~s’n- i is the operator defined by the Kaehler metric.

T he object of this paper is to prove the following

T h eorem . Let M be a compact, Kaehler manifold of (complex) dimension 
n and let p  be an odd number, o <  p  <  n\2. I f  dim H P,P(M , C) =  k and 
k <  (n —  P)lp, then

Hr,s (M , C) A • • • A H r,s (M , C) =  o ,
I^-times)

fo r  every pair (r , s) such that r  -fi- s — p.

Proof. T he scalar product ( 9 ,40 =  j  9 ^  * (? > 41 e H P,P (M , C))
M

defines on H p,p (M , C) the structure of a finite dimensional H ilbert space. 
Note th a t (wp , wp) =  1. Let Q2 , • • - , be elements of Hp,p (M , C) which, 
w ith wp, form an orthonorm al system in Hp,p (M , C).

Let 9 i , • • •, 9& be forms of type ( r , s) in H ?,s (M , C), then <Pi, • • •, 9 & e 
e H r,s (M , C), since □  is real: □  9* =  [ffot =  o. Consider the (p , ^)-form s 
9i A 9< for i =  I , • • - , k\ they  satisfy the conditions

3 (9 * A 9 i)= = o  and 3 (9 i A 9 i ) := o .

(*) Nella seduta del 15 novembre 1975.
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Then, we can write, for each i =  1 , • • •, k\
Tc

9* A 9* — h i wP +  >
2

where is a (j> > p  — i)-form  and X# are complex num bers. Since A? ( ^ A  9^) 
is a non negative continuous function on M (it is zero only where cpi is zero) 
and since

0 =  h j  Q» +  > wp)j  =  J h j  +  d/lij dv ,
M

where dv is the volume element of M, then we get:

0 <  J a p (cpi A 9i) dv — j  (Apwp) dv.
M M

Therefore, we can suppose th a t X*x=  1, for each i =  1 ,• • - , k. Let us consider 
now the k x k  complex m atrix

W e show th a t det T =  o. If this were not the case, given a vector 
B 6 C , of the type B =  t(c , o , • • •, o) , c =J= o, we could find a vector 
A  — *(ai > * • • > a*) e such that: TA =  B. Then, we should get:

2* a« 9i A 9i =  cw* +  9 (S< ai Ai)

and (Si-ai 9^A 9*) + ~  o — +  (d (2 -̂ a iA i))Jc+1, which is absurd if
and p  (k +  1) <  n i since (3 (2 * oq h ^ jf+1 e Im age 3. Then det T — o, 

and there is a non zero vector in C*, , • • ., ß*), such that

2 i ßi 9 i A 9 i € Im  3 .
Suppose tha t °, for i =  1 , • • • , / , / <  k\ then

t
S * ß * 9 i A 9”i fi Im  3 ,
1

( X  A 9^  =  t \  ßi • - • ß r  <p, A ?! A • • • A cp, A <pt e Im  3 .

So, since • • ß* =j= o, we obtain:

(9 i A 9a A • • • A (pt) A (9i A 92 A • • • A 9)) e Im  a ,

and

^  A e h u  3 , where =  <px A • • • A <p* .
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Since p  • t <  n , we have

j  A pt A 40 =  (4 A 4 , wpt) =  o ,
M

which implies th a t 4 (x) =  o, by the same argum ent as before for <p$.

Remark. In  the proof of the above theorem, we did not really use the 
fact th a t 9  ̂ e H r,s (M , C), but only th a t 39  ̂ =  o and 39  ̂ =  o. So, we could 
state the following result: i f  dim  Hp,p (M , C) =  k, with o < p  <  n \2 , p  
odd and k < (n  —  p)lp, then whenever 9i , • • •, 9* ctre (r , s)-forms with r  +  s — p  
and  39 $ =  o , 39  ̂ =  o fo r  each i — 1 , • • •, k> it holds'. 9X A • • • A 9* =  o.

COROLLARY i. Let M be a compact, Kaehler manifold of dimension n. 
Then'.

i) i f  o <  p  <  n\2, p  odd and dim  , C) =  1, then H f,s(M , C) =  o
for each pair (r , s) with r  +   ̂ <  p  and (r +  s) odd.

ii) i f  nj2 <  I <  n , (n —  /) odd and dim  H 1,1 (M , C) =  I , then
H r,s (M , C) =  o fo r  each pair (r , s) with r s <L n f  I and (r +  s) odd.

Proof, i) follows easily from the above theorem, in view of the injecti­
vity  of the operator L  on forms of type (a , B) with a +  b <  n +  1 (see [1]).

ii) follows from i), when we take p ■= n —  I and we note tha t 
H r’s (M , C) ~  H n- r’n~s (M , C).

C o r o l la r y  2. I f  n is even and p  is odd with o <  p  <Ln\2, and i f  
dim Hp,p (M , C) — I, then H r,s (M , C) =  o fo r  each pair (r , s) such that
r s is odd and either r f  s <Z p  or r f  s^> 2 n -— p.

T he proof follows from Corollary 1.
Denoting by Bv the v-th Betti num ber of M, we have

C o r o l la r y  3. I f  B2(2v+i) = . .1 with 2 v +  1 <  n\2, then B2v+i — o.
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