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Geometria differenziale. — Projective Ricci identities in a Finsler
space. Nota® di H.D. Panpbe e S. B. Misra, presentata dal
Socio E. Bowmpiant.

R1ASSUNTO. — Nella presente Nota viene considerato uno spazio di Finsler dotato
di un campo tensoriale al quale si applica una connessione sia di Berwald che di Cartan.
Ad esse si estendono in vario modo le identitd del Ricci.

INTRODUCTION

Let us consider an n-dimensional Finsler space F, [1]1® equipped with
a line element (x%, %% (/=1,2, - %) and a fundamental metric function
F (x7, &%) which satisfies the conditions invariably imposed upon such a
function ([1], Ch. I). The fundamental metric tensor of F, is given by

ef A
(I'I> gij <x,.7&>d:—%—8i3j F2 (x,ﬂ'f)(z)
which satisfies
(1.2) on &is (x, %) = 2Cy (x, %) .

Let us consider a contravariant vector field X (x,#) depending both upon
directional as well as positional coordinates x*. The covariant derivatives
of X' (x, %) with respect to x* are given by

(1.3) Xy = 3 X' —8,, X' GI'++ X" Gt
(1.4) XY, = Fa X'+ X" Aj
(1.3) Xy = 9, X' —3,, X' GF + X" T'ni

where Gl (x,%) I (x, %) are the connection coefficients of Berwald and
Cartan respectively. And

(1.6) Ay (v, %) = F (x, %) Cj (x, %)
(1.7) @) Gi(x, ) &8, Gi(x, %), 6 Gi(r,?) =28G (x,%).
The projective covariant derivative of X' (x, %) is given by
(1.8) Xy = Fay X* 4+ X™ M1y,
(*) Pervenuta all’Accademia il 18 settembre 1975.

(1) Numbers in brackets refer to the references at the end of the paper.
(2) 9, =93z and 9; = 9/3i’
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where TI}; (x,%) is a projective connection parameter defined by
def . .
(1.9) I = Gy — n——|-1 (@i G + 9% G -+ 4% Ga) -

The general commutation formula [3] for tensors of arbitrary rank is
given by

01,12, 1»@2,-”,'] i1,09,¢ .
(1.10) Ajin ,]q(h)‘ — A5 Vgl k(R = Ajrimt ,J,_,(S) i
p . . . . . .
- L1502, 05 B —1,8,13+1, 5 1p TTIR 1,89, Up p 173
!;:1 An,Jz,m,Jq U: +E AJl:Jz," yJo—1,8,Jat1,+ ds Y Jakh

where

; def
(r.11) s = Hsh(k) FGin .

THEOREM 2.1. The projective Ricci identities for the contravariant and
covariant vector fields X' (x ,%) and X;(x,%) are given by

(2.1a) Xl = 3 XF F [l + % X’
and
def | 1 s
(2.18) Xl =3 X Flliy — ey X, B
where
' ; def . . :
(2.2) Bow = 2 F 3y Iy, + 2 155, Ty

Proof. Differentiating (1.8) projectively, we have

(2:3) X'ulle = Fop (X) + X"y Wi -+ XY}, TI7

Fronﬁ equations (1.8) and (2.3), we get

(2-4) Xhlle = F (& F) (3 X + F* 4 X'+ F (8 X°) 1T, +
+ FX’ (¢, ITh) + F (3, X™) My 4 X° 115 Ty

Similarly, we have

(2.5) Xl = F (21 F) (& X°) + F* 8 X + F (8, X*) Il +
+ FX (8 ) + F (8 X™) Mgy -+ X* 115 1Th,

Subtracting (2.4) and (2.5), we get (2.1). The proof of Theorem
2.1 4 follows the pattern of the proof of (2.1 @) exactly.

THEOREM 2.2. Let Ay; (x,2%) be a second order covariant tensor, then the
projective Ricci identity for Ay (x, %) is given by

(2.6) 2 Allully = — 2 F I8y Ay — Ay Bjw — A,y Bl .
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Proof. Let M'(x,#) be an arbitrary contravariant vector field such
that its inner product with the tensor A;; is given by

(2.7) X;= Ay (v, H)M .
With the help of (2.7) equation (2.3) takes the form
(28) M Ayl — Agldh] + Ay Wl — MIL] = G Ay) W F [l +
+ A4y (o M) Fll— 8 Ay) MV F [l — M) Ay F [l — Ay M Bl .
Using (2.1 @) and (2.8), we have
(2.9) M7 [Aylllle— Ayl + As Bt Ay Bie— GnAy) Flle GeAy) Flly=o.

Since M7 (v, #) is an arbitrary contravariant vector, then (2.6) follows
from (2.9).

Similarly, we have

THEOREM 2.3. Let AV (x, %) be a contravariant tensor of order two, then
the projective Ricci identity for the tensor AY (x, %) is given by

(2.10) 2 Ayl = 2 GuAY) Flly + A% By, + A" B, .

THEOREM 2.4. The projective Ricci identity for a covariant temsor

Ajy igyenyip (X, %) of order p is given by

(2.11) Aigig, o ilille — Aig g, - igllells = @Ay ig,-ip) F e —

‘ »
- <8L” Ail,'iz, “',ip) F ”h '—;1 Ail,iz,'“,’ig—-l,s, ig+1,'“,’ip ighk .

Proof. Let us assume that the theorem holds for a covariant tensor of
order m (m << p). Thus, we have

(2.12) Tirvizs- o imlllle = Tigign o vimllill = @n Ty i, i) Flls —

m
- (ék T'I:l,i2y e vim> F ”h '—;1 rI‘il, 1255 IB—1, 8, 18415 s o, f'L'Bhk .

Let Ay ig,- - imi (X, %) be a (m + 1)-th order covariant tensor and let
M" (x,#) as before be an arbitrary contravariant vector field. The inner
product of M’ (x,#) and A, 4, ..., ;(x,%) is given by

def .
(2.13) Tigyin, o yim = Dy iy, impd ¥ 5 ) M7
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Substituting the value of Ty ;... . from (2.13) in (2.12) we have
(2.14) M [Air iz i il — Ay, i, - i s lIlla] F A i, yimi Ml —
— Ml = G M) Ay iy Flle + M7 G0 Aty o) Flle—
— G M) Ay iyt Fll— Ga Adyy iy, o 1) M7 F [ —

m
s J
——r;} Ail,iz: ..‘,f,'ﬁ__l,s’iﬁ_*'l,...’im’j Bighk‘M .

Taking into account (2.1 4) and rearranging the terms in (2.14), we
have

(2.15) M’ (A, i, i lallie — Aig i imoi il Ay iz imes ;Bhk —
— @i ig i) Flle + Ce Ay gy i) Flln
m
_l_B—Z]. A‘il,ig,'",ig_l,s,ig+1,---,im,j ?Bhk] = 0.
Since M7 (x, #) is an arbitrary vector then we get the following equation from

(2.15) after replacing the index j by Zyiq

<2' I6> A‘i]_,iz, s, im+1”h”k - Ail,’iz, e, im+1”th - <9h Ail,izy .. ',im-|-1) F l
m+1
- (91»' Ail, iz,-‘-,im+1> F ”h _!321 Ail,iz, S AB—1, 8841 s I 1 gghk .

P

Thus, the formula is also true for a covariant tensor of order (m 4+ 1). It has

already been established that the formula is true for a covariant tensor of

order two. Hence it is true for a covariant tensor of an arbitrary order, say p.
Similarly, we can prove the following:

THEOREM  2.5.  The projective Ricci identity for a contravariant tensor
A2 (o %) of order g is given by

(z.7) AR AT, — (9, AT B
. . . q . . . .
T @ AR Bl 3 AR B,
=1
THEOREM 2.6. The projective Ricci identity for a mixed tensor of order
-+ contravariant of order p and covariant of order is given b
q ? : q g y

(2.18) A}i;}:jl::i;ﬁﬂhﬂk—“A;'i:g:::i:;f”k”h = G AL ) Flle—
. . . . p . . . . . .
— e A ) Bl +§1A}iz§-§z...:§§"1’“B+1’ " Bufy —

q .
_E:A’.b?z’ 1ip ) . B
4 9150257 s Ja—158:Jo4- 15" »Gg Okl -
o=

Proof. The proof of Theorem 2.6 follows the pattern of the proofs
of Theorems 2.4 and 2.5.
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3.

THE COMMUTATION FORMULAE IN A CONFORMAL FINSLER SPACE

In a conformal Finsler space [2], we have

where o = o (x).

CRIRND)
(32  a
(32 &
(33 @
(3-4)

(36) @
(3.7

Gij(x, %) = ezcgij(x,jf), ) F(x,i'):'e"F(x,;\?)

G'(x,%) =G (x,%) — o6, B™ (x, 2)

G (x, ) = Gje (v, £) — 0,89, B™ (w, %)

The following geometric entities have been obtained [2]:

Fle,2)=¢e"0"(x,%), & Il(x,2)=:c"7(x,%)

=21 and (3.5) [} (x,2) = [} (x, )

Cijk (x,%) = &° Cijp(x, %) and ) Ci iz, 1) = ;L (x, %)

A (x,¥)=¢ Al (x, %)

where we have

(3.8)

THEOREM 3.1.

def . def
6y =3y, BY (x, x)—

oy (x x)

spondence, we have

Chials — Chillvin = [Chimlle — Cisllin] +

(3.9 @)

(3.9 6)

where

(3-.104)

(3.100)

and

(3.10¢)

+ [Cws Hhk + C skh Cg; 'I]:h CZ’;

LR gl il [ (x 2)

def Tt
Flx, 1)’

glkl (x,%), Am](x x)—F(x x)ij(x x) .

When ¥, (x,%)and F,(x,%) are in conformal corre-

Lin] +

+ (¢&° — 1) F [C5; Gl + CT Giun — C3; Glial

Abniile — Ay = ¢ [{Admaolle — Almlian} +
+ {Aim s — Ay Loy, — Al Loty 4 TIa, AGLY +
+ (1 — &%) F{A}, Gl — Al Gl — Al Ghaa)] -

Cin ™ 6, [(3,CT) B”’ Cl; By + C BY + C™ B

LsLh_‘ o)/ [@q H ) B + H

B &L 5.5, B™

7 - 1T B 4 2° FBR |
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Proof. The commutation formula (1.10) for Cf% in conformal Finsler
space is given by

(3.11) Chiwle — Chilkay = Cisis i + C3; Umy — T Uy — CP Ul -

From (1.3) we obtain

(3.12) Cliy = 9,Cj — (3, Ciy) G + CY% G — C G4, — C G,
and
(3.13) ﬁ;.hk = ﬁZh(k”) — Faihk .

Using equations (3.12), (3.13), (3.14), (3.24), (3.5), (3.66) and arranging
the terms in (3.11), we have

(3.14) Chiall — Chillim = Cliiy i + C3; My — Coy Wiy —
- Cﬁ sk(h) '[_ Cws Hkh _|_ C skh Cm zkgh -
—Ch L+ F (C55 Gl + Cly Gl — C3; Gl
Adding and subtracting the terms FCy; Gy, FCY; G, and FCJ;G™, in

(3.14) we get (3.9 @).
Similarly, we can prove (3.9 4).

THEOREM 3.2. When F,(x,%) and F, (x,%) are in conformal corve-
spondence, we have

(3.15 @) Gl — Gl = Gl — Gllsw} + o1 {B” B, —
— B* Hsk(h) B(s) HhL -+ les i} + FGly, {G'(1—¢%) +
+ o B e’} + G Ly,

(3.15 6) Gial — Gillis = [{Giolle — Gllliw} 4 01 {G2 Lis +
+ G Lty — B iy — B T2 — Bjtm 1T -+
+ B} Bt + Bia Bk - P 1T} + FGhyy (G (1 — &) +
+ 616" B} + FGliy {Gh, (1 — &%) + o,¢" B .

where

(3.16 a) L5, 6 Liv,

(3.16 &) B, %L 6, (5, 11 B - B, i B — TT%, B — ° FBIL)
(3.16 0) ;;sdif {(0,GH B 1- Bimem—clB” B’"’—rm B 1 o, B"BL).
(3.16 d) Py S (3, GE) BY — (3, BI) B — G B! -

+ o, B By, — Gi B%, — 6, BY BY, + B¥ G} .
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THEOREM 3.3. When ¥, (x,%) and F, (x, %) are in conformal corvespon-
dence, the commutation formula for Gy (x,%) is given by

(3.17) G;l@ﬁk — Gj‘lnk@ = [{Gj’l(h)”k — G}:lllk(,,)} +
+ 04 {(G5 Lim — Gi Ly — Biky T — G, Liy, —
— B} Wy + B Wy -+ B iy — B Ly +
-+ Biit Ljin -+ Bij Liin + Pif, Ii) + ¢ F (BYf Gl —
— B G} — B Giia) + Bir G, T} +
+ F(¢*— 1) {GJ, Gin + Gt G — G5 Gl ] -

Proof. The pattern of the proofs of Theorems 3.2 and 3.3 is the same
as that of Theorem 3.1.
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