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Geometria differenziale. — Projective Ricci identities in a Finsler 
space. N o ta (,) di H. D. Pande e S. B. M isra, presentata dal 
Socio E. Bompiani.

RIASSUNTO. — Nella presente Nota viene considerato uno spazio di Finsler dotato 
di un campo tensoriale al quale si applica una connessione sia di Berwald che di Cartan.

Ad esse si estendono in vario modo le identità del Ricci.

I n t r o d u c t io n

Let us consider an n-dimensional Finsler space Fn [1] (1) equipped with 
a line element (x% ì x %) (i =  1 , 2 , • • • n) and a fundam ental metric function 
F (xl , x l) which satisfies the conditions invariably  imposed upon such a 
function ( [ I ], Ch. I). T he fundam ental m etric tensor of F^ is given by

( ï . l )  (*>*)== — â*é,- F2 ( * , at) (2)

which satisfies

(1.2) dh g i} (x , x) =  2 Cijh (x , x) .

Let us consider a contra,variant vector field X j (x , x) depending both upon 
directional as well as positional coordinates x l. T he covariant derivatives 
of X '1 (x , x) w ith respect to xk are given by

(I -3) =  at r -  x* g ? +  XOT g ; ,

(14) X %  =  Fik X i +  X mA i lk

0 -s )  x ffc =  dk x i — dm x i G t  +  x m

where G)nk (x , x) T^k (x , £) are the connection coefficients of Berwald and 
C artan  respectively. A nd

( 1 -6) A lkh (x ,£) =  F (x ,£) Ckh (x , ±)

(1.7) a) G%hk (x , x) =  dk G l ( x  , x) , b) G \( x  , £) =  dh G* (x , £) .

The projective covariant derivative of X* (x , £) is given by

(1-8) x i\\h =  Fdh x i +  x m n U

(*) Pervenuta all’Accademia il 18 settembre 1975.
(1) Numbers in brackets refer to the references at the end of the paper.
(2) dt — d)dxi and ~  djdx*.
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where TVmh (x , x) is a projective connection param eter defined by

C1 -9) UhJc =  Ghjc —Jj_ I (dk GwÄ +  dh Gmk +  GjJkft) •

The general com m utation form ula [3] for tensors of a rb itra ry  rank  is 
given by

( 1 . 1 0 ) A H »  *2 » ■
" • t 3qW\\Tc ^ 3 \ , 3 <2,>‘ ■ ’ JqV M h) ^ 3 l ,  3 2 , ' ' ' , 3q{s) **-Kk

4

V
V  -

Q
• » « ß - I , * , » ß  +  l , * - - ,  ip  T T » ß  ! X 1 A Ì.1,Ì.2 >" '> Ìl>
'*Jç  w shk ' AmJ • • ■ > i a — i , s , i a - f i ,  •

a = l

T T S
• • , 3S U 3<xkh

where

( x . h )
* d c f  • •

U Ink —  tt lh i ic )  —  F G ^  .

T h eo rem  2.1. The projective Ricci identities fo r  the contravariant and 
covariant vector fields X 2, (x , x) and X* (# , x) are given by

(2A a) =  %  X* F  ||É] +  —  X S B lsh1c

and

X i I I A  =  ^  X , F  IkJ -  ~  X s B ltt

where
def

(2 -2) B ia  =  2 F a[A n ij ,  +  2 n ^ A n | ]m.

Proof. D ifferentiating (1.8) projectively, we have

(2-3) xii*(|* = F9, (X̂U) + xm||A n;A + x*l n s .

From  equations (1.8) and (2.3), we get

(2.4) xiloli* =  F  (a* F) (òh X 4) +  F2 4  X 1 +  F  (à* X s) r i A +

+  FX's (fk n 4 ) +  F (âA xm) n i*  +  X s n rA n ; A.

Sim ilarly, we have

(2.5) - X ’:y A =  F  (àA F) (â* X*) +  F2 &  X* +  F (âA X s) n i .  +

+  f x s (âA n i )  +  F (âA. xm) n ; A +  x5 n s  n ; A.

Subtracting (24 ) and (2.5), we get (2.1). T he proof of Theorem  
2.1  b follows the pattern  of the proof of (2.1 a) exactly.

T h e o r e m  2.2. Let A y (x  ,£ ) be a second order covariant tensor, then the 
projective Ricci identity fo r  A y  (x ,£ ) is given by

(2 .6) 2 A y iy i* ] =  ---  2 F ||[A dk] A y ---- A y  B]AA---- A y  B ’A(t .
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Proof. Let AT (x , x) be an arb itra ry  contra variant vector field such 
that its inner product with the tensor A y is given by

(2.7) X 4 =  A y  (x , X) M3 .

W ith the help of (2.7) equation (2.3) takes the form

(2.8) M J" [Ay y  *   A y y  |A] +  A y  [M'ì|*||* — M'||*||*] =  (â, Ay) M ' F II* +

+  A y (Ô* M ') F  II* -  (à* A y) M ' F  II, -  (à*MÓ A y F  ||* -  A y M ' .

Using (2.1 a) and (2.8), we have

(2.9) AL [A yy * -— A y y | Ä+  A is Bjhk-\- A i  Bìm —• (fhAy) F y +  ($kA f  F  \\h =  o.

Since IMF (x , x) is an a rb itra ry  contravariant vector, then (2.6) follows 
from (2.9).

Similarly, we have

T h eo rem  2.3. Let A lJ (x ,x)  be a contravariant tensor of order two, then 
the projective Ricci identity fo r  the tensor A lJ (x , x) is given by

(2.10) 2 =  2 (d[hA lj) F y  +  A sj B\hk +  A u B*8hk .

T h eo rem  2.4, The projective Ricci identity fo r  a covariant tensor 
A i,y ,--- ,ÿ  (x , A) of order p  is given by

(2.11) A y , y , • • •, iji\h\\k A y ,y , • • •, (ßh Ay, y , .. •, %ß) F 11̂.

V
' ■ (ßk A y , y, • • •, ip) F  y  A y f y, •.., • • • ,ip •

Proof. Let us assume th a t the theorem  holds for a covariant tensor of 
order m (m < p). Thus, we have

(2.12) T- • F y ,  2̂ > * ■ ■ » (ßh  F y f %2 t • ’ • > i f  B y

m
( ß k  F y ,y ,  • • •, i f )  F y  * J/j Ty} y , ..., iß—1# s, iß-j-i, • • •, i m B^x- .

3=1

Let A y (x , x) be a (m +  i ) - th  order covariant tensor and let 
AT (x , x) as before be an arb itra ry  contravariant vector field. T he inner 
product of AT (x , x) and A y >y j .. .,imj  (x , x) is given by

T- •1 11>12>
det

im  S i l , H ,  - , im > i  (.X  ’ X )  M  .(2-!3)
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Substituting the value of from (2.13) in (2.12) we have

(2.14) M ' [ Ailiia>...( [M̂ HaIIj. —

' =  (Ph MÔ F IIk + A F  (3k A iliiit...timyj) F (I* —

(Pt M j2>... ,imtj F II* (3* A il>ia>. - IVP F  II* ■—

__ V A .XaJl .in . - • • . ih > h ,  •• A ' i ß - l ,S ,  i f ì+1,  - • • , i m J  .

T aking into account (2.1 a) and rearranging the term s in (2.14), we 
have

(2.15) ^  ■ >im J  lUb' ~f" ^ i l f  i2 , • • •, im , s B/ßM---
( ^ A ilii2f. .. |i#B)i) F\\k +  F Hä +
m

Ĵ ' * i . i 2 . - " , i 0 - i , s , i ß + i > " - , * OT,7 F i ß A i ]  =  °  •

Since 1VF ( x , x) is an a rb itra ry  vector then we get the following equation from
(2.15) after replacing the index j  by im+1

(2.16) A illftllfc ■ *- » ì^+iIIaIIa (ph A* 1) F II* ■h> Ì2> ‘ ■ • > +  lll^ll^ x H’i ,  Z2> * • * > im +  illA:l 1A  ̂^i±,Ì2> • • •,

m+1
' ^  \\h ^ ib ì2) • • - 5 i ß - i , s , 4 ß + i ,  •••, im + i  Biß /z^ •

Thus, the form ula is also true for a co vari ant tensor of order (m +  1). It has 
already been established tha t the form ula is true for a co vari ant tensor of 
order two. Hence it is true for a covariant tensor of an arb itra ry  order, say p. 

Similarly, we can prove the following:

T h eo rem  2.5. The projective Ricci identity fo r  a contravari ant tensor 
A]1,% (x ,£) o f order q is given by

(2.17) —  A il,i2,' ' ‘,i \̂\1c\\h =  ($Ä F  II* —

—  (â* F  ||A + 2  A T*T---,ß-i ,Mß+i ,---,v BJ
ß=i IßM

T h eo rem  2.6. The projective Ricci identity fo r  a mixed tensor of order 
(p ~j~ q) (contravariant of order p  and covariant of order q) is given by

(>■•*> A‘::g;::::ÿiii||i _ (s„ f  fc_

Q
_yjLi«=1

T)S
S , i a + 1 , • • • >jq Pfahle  •

Proof. T he proof of Theorem  2.6 follows the pattern  of the proofs 
of Theorem s 2.4 and 2.5.
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3 - T h e  co m m utation  fo r m u la e  in  a  conform al  f in s l e r  space

In  a conformal Finsler space [2], we have 

(3-1) a) gy (x , x) =  e2ag y  (x , x) , b) F  (x , x) =  C  F (x , x) 

where <7 == a (x) : T he following geometric entities have been obtained [2]:

(3-2) A  G* (x ,x)  — G* (a , 4 ) —  C7m B™ (* , 4 )

(3-2) (T ) T) == (T > T) ' ^k ' (pC > T)

(3-3) a) l% (pc , x) =  c° l % (x , T) , Æ) l-h (pc , T) =  e* f  (x , x)

(3 4 ) P  =F ar*d (3 • 5) (nr , Tr) =  II}* (* , T)

(3-6) ^ijk (cc 1 T)  ̂ C"ijk (pc ) -f*) and <̂) C/& (T > ~  ( t  > -̂ 0

(3-7) A}/, (x ,£ ) =  e° A lj1c (x , ;£)

where we have

(3-8) t ^ r - X  ^  ^ X ^  0  a \ x  , X ) - -  F p  - y

' li (ce y x) g  ifc l  (x y X~) y A  m j  (x , X) F (x , X) (Pm j  (X y x') .

Theorem 3.1. When Fn (x ,x)  and Fn (x ,x)  are in conformal corre
spondence , we have

( 3 - 9  a ) [ C S w I l t - C S W  +

1 rp *m  t t s  j p S  x *m p m  x *s p m  x -i . 
1 F - 'i js  LLhk 1 ^ i j  ^ s k h  ^ s j  ikh  V'is  ^ j k h \  \

+  ( e °  _  I )  F  [C g  G ? t t  +  C f .  G sm  -  C g  G 3 * ]

( 3  - 9  C) A j m(Â)|!  ̂ —  A } m||j(Âj =  è 5 [ { A J ^ I I j  —  A } m|[w }  +

+  { A i ,  L * 4  -  A l  1 *4 - - A } .,  L &  +  n g .  A * i }  +  

+  (*  • O F  { A l  G l  —  A l  G l  —  A } s G g M} ]  .

where

(3-id a) C% =  oi [(à, Cg) Bf  -  Cg B #  +  C£ Bg  +  C% Bg]

(3 • Io  b) l £ !  =  [0 ,  n s )  Bi* -  n i  b £ .  +  n j  b £  +  n ”  b& +  fb j&

and

(3-10 c) rxml a a a T>ml &hks ---dh db ds & .
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Proof. T he com m utation formula (1.10) for C% in conformai Finsler 
space is given by

(3.11) c T m l  -  cTyikw =  C5 w n i t  +  c'i} US» -  C -  -  c?. U $*».

From  (1.3) we obtain

fo  T —   ss ___  f A r ?  I OS' T^m T^q TGm TGqU -1 2 )  ^ i j ( s )  —  Os L, i j  ----  ( c q l ^ i j )  U s +  Lsi j  \JqJc  F qj Lris ---L iq K j ) s

and

(3 *1 3) ^Ihk — ---FGj*fe .

U sing equations (3.12), (3.13), (3.1 b), (3.2 b), (3.5), (3 .6^) and arranging 
the term s in (3.11), we have

(3.14) e r m i  -  c%\m  =  c fm  ni» +  q ,  K m  -  c l)  n ? ,w -
___ r r s , t t  s , s~*s y *m  r^m y * s

'"-'is T" '-'O's I '- ' i j  ^ skh  {-'sj -L ikh

__n m t  *s I ° t? /r*w r '5 I n m n s n s nm \
^ i s  jkh  I ^ L  [ p s j  ^  ikh I '-'is  Lrjkh '- ' i j  ^ s k h )  •

Adding and subtracting the term s FC“ G\u  , FC™ Gsm  and FC G Gfkh in
(3.14) we get (3.9 a).

Sim ilarly, we can prove (3.9 b).

Theorem 3.2. When Fn (x ,£) and Fn (x ,£) are in conformal corre
spondencey we have

(3 •15 a) G%jj* -  G f e  =  [{Gjkjll* -  G i |m ) +  @1 {BsZ B ^  -

-  b sï n îm  -  B g, n i t  +  Q l  n it}  +  f g ^  {gs (i -  O  +

+  <*i b sJ e}]  +  Gs Lj**

(3 -15 3) G}(tj||t —  G)||t(»j =  [{Gj(Ä)||t —  G}||w } +  ai {G™ \Gmkh +

I f l *  T m  13 Wl TT Ì T) H T i m  -rsil y y m  .
“T  ^ jk h  13 j  L1mk(h) ' 13 m v v jk(h) & j(m ) W k  +

+  B f  B &  +  B $  +  P £  n s>  +  FGj,t» {GJ (i -  *°) +

+  Gì e° B f } +  FG£» {GÌ (i -  O  +  a* B^}] .
where

(3.16 d) Gi

(3-163) B l  =  Oi {dm n i t )  B f + B l  -  n i t  bs? — b ^  -  /  fb & }

(3- i6 c) Q l =  {(amG ') B f + B imG L  — ̂ B a B f  ■— G "B Ü ,+  oi B ^ B l} .

(3-16 rf) P i  =  {{iq G}) B^ -  (dg B?) B^ -  Gf B«! +

+  oi B f B l  -  Gj B t  -  „i B? B t  +  B ?  GL} -
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T h eo rem  3.3. When F„ (x , x) and F„ (x , x) are in conformal correspon
dence, the commutation form ula fo r  G)i (pc , x) is given by

(3 •17) GìmWk • GjiWm — [{G}ì(A)|li —  +

+  (T* {(Gj* Uskh —  G U Um  -  B n s *  -  G}s Um —

-  B,7 n : W) +  Bg n},(Â) +  Bg n fo ,  -  b,7  U L  +

+  Bg L &  4- B g  Um +  P& n i ,)  + / F  (By G*,, -

-  B g  G jtt  -  B g  G L ) +  By* G L  n i,}  +

+  F (e° —  1) {G}, G L  4- G h Gsm  — G}; G l,A}] .

Proof. T he pattern  of the proofs of Theorem s 3.2 and 3.3 is the same 
as th a t of Theorem  3.1.
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