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Operatori funzionali. — Operators of A—p type. Nota ® di
B.E. RHoADES, presentata dal Socio G. SANSONE.

RIASSUNTO. — Questa Nota estende i risultati di Gh. Constantin [1], ¢ K. Iséki [2]
ad una classe di spazi pill ampia.

Let X,Y be normed linear spaces, o, (T) = inf {|T — BJ: B € Z,(X,Y)},
where Z, (X ,Y) ={B:B:X =Y and dim R (B) < #}. We shall define

(1) IA,PII{xr(ﬁ(glankxki)p)w<oo,o<p<oo}'

-|A,ool={x:sup{2|am,xk1} <oo}.

n>0 \ k=0

An operator T € B (X, Y) shall be called of A — p type if {&, (T)}neo-
is an element of the corresponding A — p space. With A = C, the Cesaro
matrix of order one, this definition reduces to that of [1]. For A a regular
weighted mean method with decreasing weights, this definition reduces to that

of [2]. Pietsch [3] calls an operator T € B (X, Y) of /-type ifz (o0, (TH)?
n=0
is finite.
We shall restrict our attention to those matrices A which satisfy the
condition

(2) | o | + | @popn | <M |y | for each £ and 7,

where M is a constant independent of # and .

THEOREM 1. For each fixed A satisfying (2) and each p, the set of operators
of A— p type is a linear space.

Progf. From [3, p. 249], «,(S) is monotone decreasing in 7, and
Unin S +T) < o, (S) + o, (T) for each integer pair 7,7 > o.

'& » 00 . »
(kg':’) | (S +T) [) - (k=Eo | @z [ o (5 +T) +kz=o | @n, 011 | 0oz (S + T)) <

3 »
< (k§’< | @pyor | + | @n,onir | ) ar, (S T)) <

< (M i | @ | (o (S) + oy (T)>)p
=0

(*) Pervenuta all’Accademia il 27 settembre 1975.
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For p >1 the result follows from Minkowski’s inequality. For o < p < 1
use the facts that, for any real positive numbersa , é,¢,d, (a + 6 < o + &,
and (¢ +d)'" < (" +d'), where v = max {2”7'1}. The case for
p = oo is trivial.

PROPOSITION 1. Let T be an A — p type operator, A a matrix satisfying

Z | @aw, | =8 >0 for all n. Then T is an I¥ type operator.
k=0
Proof.

O DAPPAS) (9 5] CRCSD AP I S oe

n=0 \k=0

Let | A | denote the matrix with entries | ay, |.

PROPOSITION 2. Let [A | €B ("), Then I" C|A, p|.

Proof. Simply olserve that, if x € /%, then, from (1), | A | € B (/%) is equi-
valent to x € |A | p |.

COROLLARY 1. FEwvery [' type operator is an A — p type operator.

COROLLARY 2. If A satisfies {| an |} €1, then the only A — p type opera-
tor is zero.
Proof. Suppose T s 0. Then oy (T) =||T| # o.
N

0o » N
Z(kgol“nk“k(f)]) 2n2=0|anofxo(T) [P — 4+ 0o as N — oco.

n=0

If, in addition to (2), we add the restriction that each column of A con-
tains at least one nonzero entry, and if we define By ,:A—p —> R by

s = (S (Z 1awmm 1))

n=0

then P, , satisfies the following properties:
1) Bayp (1) =0,
2) Ba,p (T) = o implies T = o,
3) Bap(WT) = |4 | Ba,, (T) for all scalars %, and

'4) there exists a number o, > 1 such that
Bap (S +T) <0y [Ba,py (S) 4 Ba,, (D]

PROPOSITION 3. Let A satisfy the condition of Proposition 1, {T,} a
Sundamental sequence of operators of A —p tvpe such that there exists a
T eBX,Y) with lim,T,x =Tx for all x € X. Then T is an operator of
A—p type and Bp,—1limT, =T.
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Proof. From Proposmon 1, lISI < (1/8) Ba,p (S) for every S of A—p
type, so that {T,} is a fundamental sequence in B (X ,Y). Since 11mnT x=TX
for each x € X, {T,} converges to T in B (X, V).

From [3], |%,(S)— o, (T) | <||S—T] for each S, T € B (X Y) and
each »>o. Thus |a, (T —T,) — o, (T, —T,)| < (T — T,L)—(T Tyl =
=|[|T—T,|, which yields lim,, o, (T, —T,) = o, (T—Ty.

For each & > o there exists a number 7, () such that for 7,7 > n, e,

o (T —T) = 5 (35 1actmcr, —m)p)w -

r==0

Taking the limit as # — co we obtain

Ba,, (T —T,) = (i (kg | @ | oy (T m'l‘n))p)llp, n = ny(e) .

Thus T—T, is of A— p type, which implies T is of A —p type, and
BA,p———linqn’fn =T.

PROPOSITION 4. Let X be a normed space, Y a Banach space, A satisfy

supy E | an [P < 00.  Then the space of operators of A— pitype is complete.

Progf. Let T be a finite rank operator of rank ¢. Then

5(5 aiam) =3 (S minm) + 5 (5 (e 2D’

n=q+1

For # > ¢,

(Iﬁ: I“nkl“k(T))p:(ké lanklocmT)) < max oy [ (Z L<T>)p

o0
E madenH <SquZIﬂnk| < oo,
n=g+1 0<k<

Therefore every finite rank operator is an operator of A — p type.

PROPOSITION 5. Let X, Y, Z be normed linear spaces. If T €B (X,7Y),
and S € B (Y ,Z) is of A— p type, then ST is of A — p type and Ba,, ST) <
< THRap(S). Also, if Te€B(X,Y) is of A—p type and S €B (Y, 2),
then, ST is of A— p type and Ba,, (ST) <||S|| Bap (T).

PROPOSITION 6. For ecach fixed A and p, the set of operators of A — p
type is a completely Ba normed ideal.
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PROPOSITION 7. An operator T € B (m) of the form Tx = {a;x)}, {a;}
a monotone decreasing bounded sequence, is an operator of A — p type if and
only if

s (D)= { 3 (35 1ewee )}’ < .

=0

COMMENTS.

1) It is an open question -‘whether condition (2) is necessary for Theo-
rem I to be true.

2) The condition on A in Proposition 1 cannot be removed. To see
this, fix » > o0 and choose « so that « > 1 + 1/p, and define A by a, =
= (n + 1) for £ <n, a,; = o for £ >n. The identity operator is not of
2’ type, but

i(i |ankock(1)l)péz(é(n+l)"°‘)p=i(n+1)"’a<oo,

n=0 \k=0 n=0 n=

and I is of A — p type.

3) For any matrix A satisfying (2) and the hypotheses of Proposition 1
and 2, the operators of A — p type are precisely those of /% type. This is a
very interesting result in light of the fact that the sequences spaces /* are
properly contained in | A, p| for many choices of A.

4) The example of Comment 2 shows that there exist matrices A
satisfying (2) and | A | € B (/") and such that the corresponding class of A — 5
type operators properly contains the /¥ type operators.

5) For any fixed p > o, the collection of all matrices A satisfying (2)
and the hypotheses of Propositions 1 and 2 gives rise to an infinite collec-
tion of quasi-norms B ,, all of which are equivalent to the quasi-norm

© 1/p
(Z (oty, (T))p) , which is a norm for p > 1.
=0
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