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Geometrie finite. —  Flocks of non-singular ruled quadrics in 
PG (3 , q ) .  Nota di Joseph A. T has, presentata (,) dal Socio B. S e g r e .

RIASSUNTO. — Se Q è una quadrica rigata non singolare di S3>̂  , q +  1 coniche non 
degeneri tracciate su Q diconsi costituire un fascio (flock) quando esse ricoprono Q comple­
tamente, il che vai quanto dire che tali coniche risultano a due a due prive di punti comuni. 
Qui si dimostra che, mentre per q fa r i  ossia potenza di 2) ogni fascio risulta lineare (e cioè 
formato dalle sezioni di Q coi piani passanti per una retta priva di punti a comune con Q), 
quando q è disparì esistono sempre dei fasci non lineari.

i .  In t r o d u c t io n

A n ovoid O of the threedim ensional projective space PG (3 , q) , q >  2, 
is a set of q2 +  1 points no three of which are collinear. T he circles of O are 
the sets P D O , where P is a plane of PG (3 , q) with | 0  O P | >  1. A  flock 
of O is a set F of m utually  disjoint circles such that, with the exception of 
precisely two points, every point of O is on a (necessarily unique) circle of F.

If  L  is a line of PG (3 , q) which has no point in common with O, then 
the circles P f l O ,  where P is a plane containing L  with | P O O |  >  1, con­
stitute a so-called linear flock of O. T h at each flock of O is linear was proved 
by the A uthor in the even case [2] and by W .F. O rr in the odd case [1 ].

This paper deals with the flocks of a non-singular ruled quadric Q of 
PG (3 , q). F irst of all we rem ark th a t the circles of the quadric Q are by 
definition the irreducible conics on Q. A  flock of Q is a set F  of q +  1 
m utually  disjoint circles of Q. I f  L  is a line of PG (3 , q) which has no point 
in common with Q, then the circles P O Q ,  where P is a plane containing L, 
constitute a, so-called linear flock of Q.

2. THEOREM. Each flock of the non-singular ruled quadric Q of PG (3 , y), 
q even, is linear.

Proof. Suppose th a t F =  {Cr , Ca , • • - , Cff+1} is a flock of the non- 
singular ruled quadric Q. T he nucleus of the circle Ci is denoted by

We shall prove th a t L  =  { nx , n2 , • • •, nq+1} is a line. For th a t purpose 
it is sufficient to show tha t every plane of PG (3 , q) has at least one point 
in common with L  [2].

a) L et P be the tangent plane of Q at x  e Q. T hrough 'x passes 
a circle of the flock, say C*. T he tangent line of C* at x  is contained in P, 
and so e p .

b) Let P be a plane for which P O Q  e F. I f  =  P D Q, then e P.

(*) Nella seduta dell’i i giugno 1975.
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c) Finally  let P be a plane for which P f ìQ  =  C is an irreducible conic 
which is not contained in F. T hen |Q  D C | € {o , 1 , 2} . As q +  1 is odd 
there exists a such tha t |C ,-n C | =  1. There follows th a t Cj and C have 
a common tangent line T. at their common point. So nj e T  C P, from 
which fij € P.

Hence every plane of PG (3 , q) has at least one point in common with L. 
Consequently L  is a line of PG (3 , q). N ext we rem ark tha t the polar planes 
of nx , n2 , • • •, nq+li w ith respect to the symplectic polarity  tu defined by Q, 
are the planes of the circles Q , C2 , •••,  Cq_vl. As L  is a line, these q +  1 
planes all pass through the polar line of L  with respect to tc. W e conclude 
th a t the flock F  is linear.

3. THEOREM. Each non-singular ruled quadric Q of PG (3 , q), q odd, 
has a non-linear flock.

Proof. W e shall use a technique which is due to W. F. O rr [1 ].

a) W ithout loss of generality we assume tha t Q is represented by the 
equation x\ +  x\ —  x\ —  x 2 =  o. I f  y  (y 0 , y 1 , y 2 , y 8) € Q and if Yy is the 
polar plane of y  with respect to Q, then the circle Q f i P ^  is denoted by Cy 
or ( yo , y i , y 2 ,  y 3)- For any two points 7  (y0 , y 1, y 2, y 3) and z (z0 , Z j , z 2 , zs), 
we pose y - z  = y 0z0 +  y 1z1— y 2z2 —  y 3ss , \\y\\ =  y y  (\\y\\ =  o t= * y  eQ),  
y  x z = ( y - z f  — \\y l i l ial i .

B) Consider two distinct circles Cy (y„ , y 1 , y 2 , y.,) and C2 (z0 , , z2 , z 3).
The common points of the line y z  and Q are determ ined by the equation 
(yo +  &z0f  +  0 '1 +  M ) 2 —  O2 +  hzi f  —  (y s +  hz3f  =  o or ||^|| h2+  2 ( y z )  h +  
+  \\y\\ =  o. T he discrim inant of this equation is 4 (y X z).

Consequently we have:

\Cy n C z\ =  2 <=:=» \yzC)Q\  =  2 <==>yX£ is a nonzero square in GF (q);

I O  Cz\ —  I < = >  I y z  n  Q I —  I 4==» y X z  —  o ;

[Cyn c2| =  o 4==»\yz  O Q | — o <=> y  X z  is a nonsquare in G F (q).

c) W e write Cy ~ C Z if and only if the circles Cy and Cz have a common
tangent circle; otherwise we write Cy * Cz.

Suppose th a t Cy ~  Cz . T hen there exists a circle Cu for which y X u  =  
=  z X u  =  o. Hence (y - u f  =  \\y\\ \\u\\ and ( z - u f  — \\z\\ \\u\\. Consequently 
WÿW II-s'II \\u\f =  (y-u)2 (z-t i f ,  and so ||_y|| ||^H is a square in G F (q).

Conversely, consider two circles C^ and Cz for which \\y\\ Ĥ H is a square 
in G F {q). If  Cy—Cz, then Cy and Cz have a common tangent circle. So we 
suppose th a t Cy =[= Cz. L et v (v0 , vx , v2 , v3) be a point of Cy ■— C2. T hen we 
have v y  =  o and v - z =(= o. If  t ( y0 +  hv0 , y 1 +  hv1, y 2 +  hv2, y 3 +  h v f  , h 4 = o, 
then Ct D C ?/ =  {v}  . W e rem ark th a t \\t\\ =  \\y || +  2 h (y-v)  +  h2 \\v\\ =  \\y \\. 
Now there holds t X z =  f y - z )  + h  (y-z))2— \\y\\ \\z\\ =  (v-z)2h2f  2 (y-z) (v-z)h +  
+  (y 'z ' f — \\y\\ \\z\\. As the discrim inant 4 (y • z)2 ( v z ) 2— 4 ( y  • z f  (v• z)2 +
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+  4 Hyil Ĥ li ( v - z f  is a nonzero square in GF (q), there is at least one cir­
cle Q  for which t X z  =  o or | Q O C z| =  1. Hence Cy ~ C z.

From  the preceding follows tha t if and only if \\y\\ \\z\\ is a
square in G F (q). Consequently the relation ^  is an equivalence relation, 
separating the circles of Q into two equivalence classes.

d) Suppose th a t the circles Cy and Cz arò disjoint and that Cy ~ C Z 
(it is easy to show geom etrically tha t such circles always exist). Now we 
consider the q +  1 circles Cv which are orthogonal to Cy and Cz (rem ark 
that the circles Cv are m utually  disjoint). There holds v- y  =  v-z =  o and 
consequently v X y  =  •— \\v || ||y  || , v X z  =  —  IMI Ill'll. Hence ( y Xy )  (yXz)  =  
=  IMI2 \\y\\ \\z\\ is a nonzero square in GF (q), and so v X y - z n d  v X z  are both 
nonzero squares or both nonsquares in G F (q). There follows tha t |C V OC7/| =  
— I Cv n C 2| =  2 or |C V n  Cy\ — |C V O Cz| =  o. The set of the (q fi- i)/2 circles
Cv for which |Cv O Cy\ =  |C V O C z| =  2 (resp. |C V O Cy\ =  | Cv O C 2| =  o) is
denoted by V (resp. V ').

If  CVl, C v>e V  (resp. CVl, C Vl€V' ) ,  then ■— IMIMItH and — Il ẑ2 II 11 JP II are 
both nonzero squares (resp. nonsquares) and so CVl̂ C V2. If  CVl€ V  and 
Cv. C V ', then — IMII llyll is a nonzero square and — \\v2\\ II JP II is a nonsquare, 
and so in this case CVl + CVa. Consequently all elements of V  belong to one 
equivalence class of and a ll elements of V ' belong to the other equivalence 
class of

N ext we consider the circles Cw which are orthogonal to each cir­
cle CV-. From  the preceding follows tha t for each circle C^ we have
IC^DCvl  =  2 VCv e V (resp. V '), or 10*0 0 ,1  =  o VCv e V  (resp. V '). The 
set of the (q -f  i)/2 circles Cw for which IC^OCvl  =  2 VCv 6 V,  or 
10 * 0  Cv| = o V C v €V' ,  is denoted by W '; the set of the (q +  i)/2 circles 
Cw for which \CW O Cv| — o VCv € V, or | Cw O Cv| =  2 VCv € V ', is denoted 
by W. Evidently  V U W  =  F and V ' U W ' =  F ' are non-linear flocks of Q, 
and so the theorem  is completely proved.
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