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Geometria differenziale. — Decomposition o f pseudo-projective 
tensor fields in a second order recurrent Finsier space. N o ta  (x) di 
A w d h e sh  K u m a r, p rese n ta ta  d a l S ocio  E . B o m p ian i.

RIASSUNTO. — Dato in uno spazio di Finsier un campo tensoriale pseudo-proiettivo 
(secondo la definizione di B. B. Sinha e di S. P. Singh) si mostra la possibilità di decompo­
sizione del tipo dato in altri più semplici.

i. Introduction

Let us consider an ^-dim ensional Finsier space Fn [i] (1) equipped with 
w ith 2 n line elements (x l , x 1') and a fundam ental metric function F (x , x) 
which is positively homogeneous of degree one in its directional argum ents. 
T he m etric tensor of the space is given by

Ù • 0  g u  (*> U  =  — k  ò} F 2 O , x ) , a* =  a/aV.

The covariant derivative of a vector field X 1 (x  , x)  with respect to x h in the 
sense of Berwald is given by (2)

C1*2) =  % X* —  (dh X ') G\ +  X h Glhk ,

where G* (x , x)  are B erw ald’s connection coefficients positively homogeneous 
of degree two in x \  s.

The projective co variant derivative [5] of X* (x  , x)  with respect to x k 
is given; by

( 1-3) Xftt)) =  a, X ' -  (am X ') x r +  XÄ n 4  ,

where

C1 -4) (x  , x)  = |  Ghk - (2 d(h Gl)r +  F  G ^ )J

are projective connection coefficients positively homogeneous of degree zero 
in x %, s and also satisfy the following relations:

( 1 - 5 )  a) n L i 4 =  o  , b) u ik±h = n i .

(*) Pervenuta all’Accademia il 3 luglio 1975.
(1) The numbers in square brackets refer to the references given in the end of the paper.
(2) 2 A(M) =  Ahk +  Akh and 2 A[hk] =  Ahk— Akh.
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T he com m utation form ulae involving the projective covariant derivative 
are given by

(I -6) (9* f i ) ((A)> -  a* T j((A)) =  T ; n rm  -  T j Wrkh

and

(1.7) 2 T jI((W)((t))] -  -  (a, Tj) Q lk  -  V  Q m  +  T; Q l h k , 

where

(1.8) Q}ljk ( x , X )  -  2 {3[i. n j ]A -  n ; /t[i n[, +  n U  •

Two more tensor fields H} (pc, £) and W j (pc , £) are respectively given by

(1.9) Ĥ - (pc , £) — 2 dj G  ̂—  (dh dj G%) x h 2 G)i G* —  (3* G1) dj G1 

and

(1.10) =

which satisfy the following relations:

(1 .11) a) H i, =  f  da H], , b) H i jk =  àA H };., C) H lkx h =  H ) and 

d ) YVm x l =  H j,

( 1.12) a) W'm  xA =  Wjjc, b) W Ik i*  =  W l ,  C) W i, =  I  da Wj] and

d )  S*W$* =  W lj k .

Pseudo-projective tensor fields VJ}*(x ,x )  are defined by Sinha and Singh [6] 
as

(1.13) w ** (x ,*)  =  aW} ■+ bHj ,

where a and b are scalar functions of (pc , ±) and homogeneous of degree zero 
in i r \  T he pseudo-projective tensor fields satisfy the (3) following identities [6]:

(1.14) a) b) \N*hk =  dj W 2 ,

( I.  IS) wSi f l  =  0 ,

(1.16) W m ,  +  =  y  [gik dìa W*]* +  gn dly W « ] ,

(I • 17) WjLy +  =  A  [gu  $ a  Wj* +  a?a- W ^]

(3) 3 A[A^r] =  A hkr T  A krh “f* A rhk .
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and

( i . 18) W ijchj W ijhJc +  Wkjlk Whklj =  y  [gilk dfll Wh % +  g i[k $j]h W*1] ,

where

== gik W/*y-.

T he first and second order pseudo-projective recurrent tensor fields are 
given by

( Î A 9 )  ^ j k M ( s ) )  =  \  W * ^

and

(l.2o) W jkh((s))((m)) ~  ^sm^^jkh y

where Xs and asm are recurrence vector and tensor fields respectively. T rans- 
vecting ( 1. 19) and (1.20) by z j and noting equation (1 .14a) and the fact 
■*«*» =  o, we get

C1*21) W ^((S)) =  xs w 2

and

C1*22) Wkh((s))Um)) =  asm^Nkh-

T he following relation between recurrence vector and tensor fields is also 
satisfied as

( I , 2 3 )  a8m =  \  •

2. D ecomposition of pseudo- projective tensor fields

W e Consider the decomposition of pseudo-projective tensor field 
as follows:

(2*0 W » (x ,x )  =  <p̂Ä ,

where <$kh(x  is any  non zero homogeneous tensor field of first order in 
its directional argum ents and x % \  =  p (Constant). D ifferentiating (2.1) 
partia lly  w ith respect to 0  and noting equation (1.14 b), we obtain

( 2 -2 ) =  x% fo r  2 =j== /  >

where

(2-3) 4  . x ) =  â,- 9m •

H ere now we suppose th a t the above decomposition conditions which hold for 
pseudo-projective tensor fields, are also satisfied by the projective entities
Q m ( x >*)■
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THEOREM 2.1. In  an n-dimensional F insler space, the decomposition 
tensor fie ld  <pÄ  (x  , x) satisfies the fo llow ing  identities:

( 2 4 )  <?Uhj] =  O  ,

(2*S) (g ik <plhj +  gii 9Tcjh) =  y  [gik di[h W j] +  gu dlVj W tn  ,

(2.6) X % (g i1c 9lhj +  g ih <pjM) =  y  [gilc d\h W *]* +  3?[Jfc w ^ ]

and

(2.7) ■ gij (puh]k) =  y  [£?•[* 9^  W /  +  g i[k d2j]h W**] .

Proof. In  view of the decomposition defined by  equation (2.2), the iden­
tities (1.15), ( 1.16), ( 1. 17) and (1.18) yield respectively the required results 
(24 ), (2.5), (2.6) and (2.7).

T h eo rem  2.2 In  an Yn the decomposition tensor fields  9jkh {x , x) and  
9 m  (x  j £) satisfy the second order recurrency condition.

Proof. D ifferentiating (2.2) twice projectively w ith respect to x s and x m, 
we get

(4*^) W jkh((s))((m)) (?jkh((s))((m)) >

which in view of equations (1.22) and (2.2) reduces to 

(2*9) &sm 9jM ~  (?jkh((s))((m)) •

T ransvecting (2.9) by x J and noting the hom ogeneity property  of the 
decomposition tensor field (pjkh (x  , x), we obtain

(2-*o). asm 9m — 9m«s))((w))

which proves the theorem .

T h eo rem  2.3. In  an F%, i f  \ s is independent o f x l, the recurrence tensor 
f ie ld  asm satisfies

(2 • ï I ) (Sj asm ■ 3,m asf  o .

Proof. In view of (2.3), differentiating partia lly  (2.10) w ith respect to 
x \  we get

( 2 . 1 2 )  (3 j  &Srn) 9 m  P jk h  ~  { ( 9 M((s)))((m))} j

which in view of equation (1.23), com m utation form ula (1.6) and the fact 
th a t is independent of x l reduces to

(2.13) (ßj (Psm) ?M ' { 9M(s)) ^kmj T 9M((s)) ^hmj H~ ?M((r)) ^sm jf •
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Interchanging the indices m  and j  and substracting the result thus obtained 
from it, we get the required result (2.11).

Theorem  2.4. In  an i f  the recurrence vector l s is independent of 
directi on, the equation

(2.I4) {.(pj a sm) tykh ( f  ie dsm) rj j h } % — O

holds.

Proof. Com m utating (2.13) w ith respect to the indices j  and k  we obtain 

(2-1 S) {(% a sm) 9m ' ' (pk a sm) 9j&} =  2 { IIhmik 9jk((s)) T  ^ s m lk  9j]Ä((r))} •

Transvecting (2.15) by x m and using equation (1.5a), we get the required 
result.

T heorem  2.5. In  an n-dim ensional Finsler space, the skew symmetric 
p a rt o f the recurrence tensor fie ld  asm (.x  , x) satisfies the f ir s t order recurrence 
condition under the decomposition defined by (2.1) and  (2.2).

Proof. In  view of com m utation formula (1.7) com m utating (2.10) with 
respect to the indices  ̂ and m  we get

( 2 . 1 6 )  (psm  ' ‘ ^ms)  9  m  ~  (pr 9 kh) Q s m  9 rh Qksm  9 kr Qhms >

which in view of equations (2.1), (2.2) and (2.3) reduces to

(2.17) (asm ams) 9m =  { <?rkh 9sm +  9rh 9ksm +  9kr <?hms} ^ -

D ifferentiating the above equation projective covariantly  w ith respect to x* 
and using the first order recurrence condition of the recurrence tensor fields 
9m ( x  >%) and <p%h> we obtain

(2*ï8) { ( a sm ' a ms)((j)) T  "hj (psm a ms)} 9kh =

" 2 { 9rkh 9 sm ~ f  tyrh 9ksm H"" 9kr 9hms] % •

In  view of (2.17), the above equation reduces to

(2.19) (Psm ^ms)((j)) "hj (Psm &ms) •

which proves Theorem  2.5.

THEOREM 2.6. Under the decomposition (2.1) and  (2.2),' i f  is independent 
of x % the relation

(2.20) X  {  9rM  9 Imj 9 rh 9 klm j “t~ '9 kr 9 himj'i —  O .

Proof., D ifferentiating (2,10) projective covariantly w ith respect to x j 
and using the first order recurrence property  of cpM (x , x), we get

(2,20  (dsm ((j )) T  "hj asm) 9kh ~  (?kh((s))((m))((j))

6. — RENDICONTI 1975, Voi. LIX, fase. 1-2.
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In  view of com m utation form ula (1.7) com m utating the above equation with 
respect to the indices m  and j ,  we get

( 2 . 2 2 ) 9 M { a sm((j)) ' &sj((m)) “h  "̂ -j a sm ' \ n  &sji ~

=  { d r 9m ((s))  Q m j  +  9rÄ(s)) Q l m j  +  ?kr((s)) Qhmj  +  9M «r))  Q s m j }  •

In  view of (2.1), (2.2), (2.3) and the fact th a t 18 is independent of x \  the 
above equation reduces to

( ^ • 2 3 ) 9 m  (psmij))  a sj((m)) +  a sm ^m a sj)  ~  % { X s ( 9 r M (Ŝ mj T

“i “ 9 rh 9 kmj 9 Jcr 9 hmj) 4 “ 9 m  9sm j } •

Interchanging cyclically the indices  ̂ , m  and j  in (2.23) two more similar 
result obtained. A dding all the three equations in view of the identity  (2.4) 
the sym m etric property  of the recurrence tensor field asm i.e (asm=  ams), 
we obtain the theorem .

THEOREM 2.7. In  an Fn the recurrence tensor fie ld  9m (x  , ■£) satisfies 
the relation

(2.24) 9m[((«))((w))(o*))] ~  °  *

Proof. Com m utating (2.21) w ith respect to the indices m  and j ,  we get

( 2 '2 S) 9 m  (&s[mUj)) 1 +  bslnf i ' j i )  =  9M((s))[((w))(0*))] •

Interchanging cyclically the indices s , m  and j  in the above equation two 
more equations are obtained. A dding all the two equations thus obtained 
with (2.25) in view of the sym m etric property of the tensor field asm(x , x) ,  
we get the required result (2.24).
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