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Geometria differenziale. — Decomposition of pseudo—projective
tensor fields in a second order recurrent Finsier space. Nota @ di
AwpnEsH KUMAR, presentata dal Socio E. BoMPIANT.

RIASSUNTO. — Dato in uno spazio di Finsler un campo tensoriale pseudo—proiettivo
(secondo la definizione di B. B. Sinha e di S. P. Singh) si mostra la possibilita di decompo-
sizione del tipo dato in altri piti semplici.

1. INTRODUCTION

Let us consider an #-dimensional Finsler space F, [1]'" equipped with
with 2 7 line elements (x',%") and a fundamental metric function Fx, %
which is positively homogeneous of degree one in its directional arguments.
The metric tensor of the space is given by

def .. . o1
(1.1) Qi (0, %) = 8,8, F (v, 4), 8; = afoi’.

The covariant derivative of a vector field X' (x, #) with respect to x* in the
sense of Berwald is given by @

(1.2) Xy = 3 X' — @, X) G} + X" Gl ,

where G'(x, ) are Berwald’s connection coefficients positively homogeneous
of degree two in #, s.

The projective covariant derivative [5] of X(x,#) with respect to x*
is giveni by

(1.3) Xiuy = 9 X' — (3, XD I} 27 + X" 10,
where

i ,\ def i 1 i 7 R aYs
(1.4) g (2, %) = {th BRI (2 24 Gyr + & Grkh)}

are projective connection coefficients positively homogeneous of degree zero
in x%, s and also satisfy the following relations:

(1.3) &) M, =0 | & Mpi=T1].
(¥) Pervenuta all’Accademia il 3 luglio 1975.

(1) The numbers in square brackets refer to the references given in the end of the paper.
(2) 2 Aty = Ak + A and 2 A = A — Awm.



78 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LIX — Ferie 1973

The commutation formulae involving the projective covariant derivative
are given by

(1.6) cn T;;)((h)) — 3 T;:((h)) =T; 5 — T Mg
and

(.7) 2 Thamam = — & T5) O — Ti Qe + Tj Qlr,
where

(1.8) Qi (v, 2) = 2 {0 Ty — Tiyg; TG + s Mg, } -

Two more tensor fields Hj (x,#) and Wi (x,#) are respectively given by

(1.9) Hj (x,%) = 29G' — (3,8, GH 4 + 2G4 G — (3,G") 5; G

and

(1.10) W), 4) = Hj — Hoj — gy (3 Hj — 3 H) 47,

which satisfy the following relations:

(1.11) &) Hi; = %ém HYy, 6 Hipz=8HL, o Hi#2*=H! and
d) Hyi' = Hj,

(1.12) &) Wig# =Wk, & WiL#=Wi, o W};j=~§—9[hW§] and
d) 3 Wi = Wiy .

Pseudo-projective tensor fields W} (x ,#) are defined by Sinha and Singh [6]
as

(1.13) - Wil (x, %) = aWj 4 6Hj,

where @ and 4 are scalar functions of (x,#) and homogeneous of degree zero
in #. The pseudo-projective tensor fields satisfy the ® following identities [6]:

(1.14) @) Wit =Wi#, 8 Wi =28W,

(1.15) Wip = o,
(1.16) Wiag + Wi = % [gin 3 Wik + gadis Warl
(1.17) Wias + Wing = % Lgir din Wi + gun S W'

(3) 3 A = Awtr + Atk + Asii.
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and
* * * * 2 . *3 . *q
(1.18) Wiy — Wi + Wi — Wiy = 5 Lo O W' + gune 95 Wi,

where

* L\ def *q
Wlkhj &, x) = Lik Wlhj .

The first and second order pseudo-projective recurrent tensor fields are
given by

*4 %7
(1.19) Witaan = A Wiz
and
*4 *q
(1.20) Winisnmy = @sm Wi

where A, and ag, are recurrence vector and tensor fields respectively. Trans-
vecting (1.19) and (1.20) by #7 and noting equation (1.14a) and the fact
Zlan = 0, we get

*i *3
(1.21) _ Wincsn = hs Wia
and
*i %3
(1.22) Winsnmn = Gsm Wiz -

The following relation between recurrence vector and tensor fields is also
satisfied' as

(1'23) Asm = Ns(m)) + As ;\m .

2. DECOMPOSITION OF PSEUDO—PRO]ECTIVE TENSOR FIELDS
We consider the decomposition of pseudo-projective tensor field Wiy (x, %)
as follows:
(2'I> Wk’:<x’x>=x’ Prh s

where ¢, (¥, £) is any non zero homogeneous tensor field of first order in
its directional arguments and #'2; = p (Constant). Differentiating (2.1)
partially ‘with respect to #/ and noting equation (1.14 b), we obtain

(2.2) Wi = @y for i==7,
where

. def
(2.3) Qjin (%, ) = 3; Py, -

Here now we suppose that the above decomposition conditions which hold for
pseudo-projective tensor fields, are also satisfied by the projective entities

Qi (%, #).
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THEOREM 2.1. In an n-dimensional Finsler space, the decomposition
tensor field Qg (x , %) satisfies the following identities.

(2.4) Punj) = O,
(2.5) i (g Punj + Lit Prin) = % Lgir i W' + g 9'?11’ Wi'l,
(2.6) 2 (gin Qs + &in o) = % [gix it Wi -+ gin S5 Wi']
and

i 1 2 ¥ 2 i
(z.7) 2 (&ik Pumy — &is Pumn) = 3 gt m Wi 4 gitr 95 Wi '] .

Proof. In view of the decomposition defined by equation (2.2), the iden-
tities (1.15), (1.16), (1.17) and (1.18) yield respectively the required results
(2.4), (2.5), (2.6) and (2.7).

THEOREM 2.2 In an F, the decomposition tensor fields oy (x , %) and
Qw (X, %) satisfy the second order recurrency condition.

Proof. Differentiating (2.2) twice projectively with respect to x* and ™,
we get

*i i

(2.8) Wik mn = £ Pikncsn oy »
which in view of equations (1.22) and (2.2) reduces to
(2.9) Zsm Pikn = Pjkhi(s))((m)) -

Transvecting (2.9) by # and noting the homogeneity property of the
decomposition tensor field ¢, (x, %), we obtain

(2.10) ' Asm Prh = Prr(()) (m))
which proves the theorem.

THEOREM 2.3. /n an F,, if N, is independent of i, the recurrvence tensor
eld a, satisfies .
ld ag, sati

(2.11) (3.7 Qgm, — I @sj) = O.

~ Proof. In view of (2.3), differentiating partially (2.10) with respect to
#, we get )

(2'12) @) @am) Pan + @Gm Pjin = 35 {(@uncsn) () »

which in view of equation (1.23), commutation formula (1.6) and the fact
that 2, is independent of 2" reduces to

(2.13) G5 (@) P = — { Pracsn Whwy + Prrccon Mimy + rncern Woms )+
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Interchanging the indices 72 and j and substracting the result thus obtained
from it, we get the required result (2.11).

THEOREM 2.4. In an ¥, if the recurrence vector L, is independent of
dirvection, the equation

(2.14) {5 @sm) @rn— G aon) 9} 2" = 0
holds.
Proof. Commutating (2.13) with respect to the indices j and % we obtain

(2.15)  {G @em) Prn— @ @om) @i} = 2 {Whwtr P10 + Wamiz @i1ncen ) -

Transvecting (2.15) by #" and using equation (1.5a), we get the required
result.

THEOREM 2.5. In an n-dimensional Finsler space, the skew symmetric
part of the recurrence tensor field ay, (x ,%) satisfies the first order recurrence
condition under the decomposition defined by (2.1) and (2.2).

Proof. In view of commutation formula (1.7) commutating (2.10) with
respect to the indices s and 7 we get

(2‘ 16) (dsm - ams) Prn = — (9,- (th> Q:m — Prn Q;r;sm — P Q;zms ’
which in view of equations (2.1), (2.2) and (2.3) reduces to
(2'17) (@sm — Ans) Prn = — {(Prkh Psm 1 Pr Prsm + Phr (ths} e

Differentiating the above equation projective covariantly with respect to 1/
and using the first order recurrence condition of the recurrence tensor fields
Qi (%, %) and ¢, we obtain

(2.18) {@on — @ns)n + 25 @on— )} a0 =
= — 2% { Pt Pom + Pr Phsm + Phr Pams} -
In view of (2.17), the above equation reduces to
(2.19) (@on — @ms) 3y = N (@ — @my) -
which proves Theorem 2.5.

THEOREM 2.6. Under the decomposition (2.1) and (2.2), if is independent
of % the relation ‘

(2.20) L @t Plms + @ Prtmj T Prr Phimjf Mg = O .

Proof. Differentiating (2.10) projective covariantly with respect to a7
and using the first order recurrence property of ¢ (v, %), we get

(2.21) (@om(n = Nj %om) Prn = Prncisn) (m () -

6. — RENDICONTI 1975, Vol. LIX, fasc. 12.
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In view of commutation formula (1.7) commutating the above equation with
respect to the indices » and j, we get

(2.22) ®rn { Tomei1) — @sjiomy + Aj Gy — Ay @55y =
= —{% Prncsn Qms + Pracsn Qbms + Phrcisn) Qoms + Prncry Qb } -

In view of (2.1), (2.2), (2.3) and the fact that 3, is independent of #°, the
above equation reduces to

(2.23) @ @smin — Tsjiamn T X Gsm— hp @55) = — 2 { X (1, Pmj +

+ @ Prmj + Ppr <thj) + A P cpsmj} .

Interchanging cyclically the indices s, 7 and j in (2.23) two more similar
result obtained. Adding all the three equations in view of the identity (2.4)
the symmetric property of the recurrence tensor field a,, i.e (@g = au,),
we obtain the theorem.

THEOREM 2.7. In an ¥, the recurrence tensor field ¢ (x,%) satisfies
the relation

(2.24) PrAL () (@) ()] = O -
Proof. Commutating (2.21) with respect to the indices 7 and j, we get

(2'25) @i Gstmint + Bt 1) = Pra(s)L(m (GM -

Interchanging cyclically the indices 5,7 and 7 in the above equation two
more equations are obtained. Adding all the two equations thus obtained
‘with (2.25) in view of the symmetric property of the tensor field g, (v, %),
we get the required result (2.24).
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