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Analisi numerica. —  Absolute Riesz summabilìty Nota ((*) **' di 
P re m  C h a n d r a ,  presentata dal Socio E . B o m p ian i.

RIASSUNTO. —■ Si generalizzano due teoremi dovuti all’Autore sulle serie di Fourier.

Let L (w) be a continuos, differentiable and monotonie increasing function 
of w, and let it tend to infinity with w. Suppose that 'sLan be a given infinite 
series (1> then

is convergent, where h is a positive number (Obrechkoff [5, 6]) and

L' > ) = d V L> ) -
We define the summability | R , L (w) , o | equivalent to the absolute 

convergence.
Let /  be 2 7t-periodic function and L-integrable over (— tz , 7r). We 

assume, without any loss of generality, that the Fourier series of / ,  at a point 
t =  x, is

( I . I ) S (an cos nx  +  bn sin nx) 2  A n (x) .

The series conjugate to (1.1) is

(1.2) -S (bn cos nx  — an sin nx) =  2  Bn (x) .

(*) This paper is dedicated to the memory of my mother who left the physical world 
on 30 may, 1975.

(**) Pervenuta all’Accademia il 25 luglio 1975.
(1) Summations are over 1 , 2 , • • • , 00 when there is no indication to the contrary.

I. D efinitions and N otations

T,an 6 I R , L (w) , r \ (r >  o)

if (see M ohanty [4])

00

h
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Throughout the paper we write 

( 1-3) <p00 =  +  + f ( x  —  t)} .

(!-4) ^ 00 =  H f ( x  +  t) —  f ( x  —  t)} .

( 1 . 5 )  « («0  =  exp {w j{log w)e) (c >  o , co >  A >  1)  .

(1.6) h (n) =  (log (n +  \ ) f  (d >  o) .

(1.7) e{l) (w) =  —  (e (w)) .

(1 -8) ea (w) =  (e (w))a (for finite a) .

(1.9) P (w , r ■—'I  ) =  {e (w) — e (m)}r~1 - ■ ^  >

where m  is the greatest integer contained in w.

II. In tro d u c tio n

In 1951, M ohanty [4; Theorem 3] proved the following:

T heorem  A. Let b >  o and c =  i +  — . Thenb

( 2 .1 )  r 6 9  0 0  6 B V  (o  , Tt)

implies that

2  (x) € I R , e (w) , I I .

Generalising the above Theorem Chandra [2] proved the following: 

T heorem  B. Let,

(2.2) fo r  o < b <  I , c >  o and d  >  0 , be =  1 +  .

7 /^/z (2. i)j implies that 2 An (#) A (?z) € | R ,  ̂(ze/) ,1 | .

The following analogue of Theorem B for conjugate series of the Fourier 
series is due to Chandra [3]:

T heorem  C. Let (2.2) hold. Then

(2.3) r b 4/ (/) e BV (o , 7t)

implies that

SB# (x )h (n )  e \ R  ,e  (w) , i | .
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The object of this paper is to prove the following theorems which gene
ralise Theorems B and C:

Theorem  i. Let (2.2) hold. Then (2.1) implies that

Z A n ( x) h( n)  e \ R , e ( w )  , r \  (r >  b) .

Theorem  2. Let (2.2) hold. Then (2.3) implies that

2 B n ( x ) A ( n ) e \ R , e ( w ) , r \  ( r >  b).

III. We shall use the following lemmas in the proofs of the theorems:

Lemma i . yLan e | R , L (w) , r  | (r >  o) implies that

Zan € I R , L (w) , r* | (rr >  r ) .

This is due to Obrechkoff [5 ,6] .

LEMMA 2. Let (2.2) hold and let o <  r  <  1. Then) uniformly in o <  t <C tu 
and w  —> 00,

2  (p (w) —  e W )r~'1 e (n) A (n) —xp =
n<w n

=  O { t~r w~x eT (w) (loga/)i+',1"f1} I  P (w , r —  i) .

Proof. Let w x stand for the integral part of (w —  Then, we write 

S  (<? (w) — e («))r-1 e in) h («) — -  =
*l<*0 71

wt m

=  2  4 - 2  ■== 2 * +  2 a  > say-n— X 1+Wx

Now for p, the integral part of e G T (c +  4), we write

V W i  Wi

S i  +  / 2  =  °  {«r“1(«')} 4- 2  •n=l n-= P4-1 w=2?4-l

Since (w) — V (^))r“ 1 I with ^ and | - - - ^ ^  | f with n >  p , we 

have

««r wi
2  =  2  ' (* («0 — * (*))'

n=2?4- l  n=p4-l

- l  e(n)h(n) exp (int) =

=  O I ̂ e (w) — e { w -----I
(w---- j A (w)

max
W----— 14-p<2>'<*0i

2  exp (int) 
n=v’
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=  O I t~x u T 1 e(1) Iw -----e(1) { w -------------- (log w)c+d | =

=  O {t~r w ”1 er (w) (log w )d+c{1~r)} , 

uniformly in o <  t <  n. Therefore, on substituting the order-estimate for

X  » w e g e t
n—p + l

=  O { r r w~x /  (w) (log w)d+cil- r)} ,

uniformly in o <  t <  n . 
Now

w

S s  =  °  I J  (e(w) —  e ( y ) / " 1 ' ( y W- dy j +  P (w , r  — 1) =
Iw - ~

W

=  O  I j  (e (w)  — e C y ))7*” 1 - — —- y g  ^ —  d y j  +  P  (w , r  —  1) —
I

w ~ 7
w

=  o  j u T 1 (log w f +c j  (e (w) — e O ') ) 7*” 1 e{1) ( y )  dy j +  T?.(w,r —  1)

=  O j w  1 (log w)d+c {e (w) — e ( w -----+  P (w , r  — 1) ==

=  O {u T 1 (log w)d+c (t~x e{1) ([w))r} +  P (w , r  ■— 1) =

=  O {/“ r w “ 1 /  («/) (log w)d+c{1~r)} +  P (w , r  — 1) ,

uniformly in o <  t  <  n .
On collecting the results for and S 2 we follow the proof.

Lemma 3. Uniformly in o <  t <  7u fo r  o <  b <  1
t

( 3 .1 )  J  u 1̂ sin /W d^ —  O  (tt"0)
0

and
t

(3.2) J  ub sin nu àu ~  _j_ o  (^~1~6) ,
0

fo r  large n.

The proof of (3.1) is included in Lemma 2 of Chandra [1] and for the 
proof of (3.2), see Chandra [3]; (3.2).
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IV. P ro o f o f T heorem  i (2)

We have
TC 7C

An (x) — j  <p (f) cos nt dt =  — n~b <p (tu ) J  tb cos nt dt —
0 0

TT t

— j ' d  {t~b 9 (/)} J  ub cos nu du ,
6 0

integrating by parts.
The series 21 A n (x) h (n) e | R , e (w) , r \ (r >  b), if

I =  I —rrz----- 2  (e (w) ■— e (nj) 1 e (n) h (n) / ub cos nu du dw =  O (1) ,
J  (w) n<w J
3 0

TT
uniformly in o <  t <  tu, since by (2.1) tu-6 <p(tc) and J  | d{t~~b cp(/)} are finite.

Integrating the inner integral by parts, we have 

2  (e (w) — e (?z))r~1 e (n) h in)K t b I
f  (w)

£1 + r  (w)“  J
3

00

+ < J
3

f  <?(1) (w)
' éx+r {w)

n<w
dw +

2  i? (w) — e (n))
n<w

r—i e (n) h (n) j  u&“1 si>“1 sin nu du dw

=  h  +  la » say.

By (3.1) of Lemma 3, we have
t

Pn =  J  u6-1 sin nu du =  O (n~b) ,
0

therefore the series 2  —— Pn e I R , e (w) , o |. And, by Lemma 1, the

convergence of I2 follows. Thus, for the proof of Theorem 1, we only 
require to prove that

00

T _  f  g(1> (»J  ex+r (w)
3

uniformly in o <  t <  tu .

2  (e (w) — e (n)J -x e ( n ) h { n ) ^ L dw =  O (t~b) ,

(2) For the proof of Theorems 1 and 2 we take o <  r  <  1 in view of Lemma 1 of the 
present paper.
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For T =  3 exp {t bla+d)^} we write

T oo

J = J + f  = Ji + j 2 . say-
3 T

Since sint nt — O (i), we have
T

J. = O ! f  2  (< (...) -  « (»))’-■ SMAAL

o

J  e1+r (w)

V V {w) 
J+r ,

n<w
d w) —

eL+r (w)
3 3

dw  j (e (w) — e (.x))r 1 -  ^ ^ ^  d^j +  O (i)

Now set, for y  >  o ,

P«f == /  diTr(>) Aw [  (e (w) + y  — e (s))r dz .
3 3

Then, by changing the order of integration, we have

Py =  j d2 J ( e ( w ) + y  — e J1+r̂  ■ dw .

And

(4-0  /  ' e1+rM  dW f  ^  ^  “  6 1 dz = L t P y  --
y-+o

T T

—  / g (*) h &

e (z) h (z)

dz

Q (z) dz . say.

d w

Integrating by parts, we obtain that

(4.2) Q 0 ) 0  {w) — e (z))r
r^+r (w)

+  V \ f  . . . , w d a ,

^ ± à w \ = , 0 { e - \ z ) } .
e ( w ) )

=  0 { ^ 1 (T) } + 0
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Combining (4.1) and (4.2), we have that
T

Ji = 0  S /  - ckj + °  (1) = o Or6) ,
3

uniformly in o <  t <  n  .
By Lemma 2, we obtain that

L  =  0
00

h( (log w ) d+cil r) d w j  +  j  P (w. , r  I )  d w  =

: O \t~T
w  (log w)cr-d dw\ +

m+ 1 
00 ps f -m=3 J

«(1)W  P f r , r - i )  dw =
/ +r (W)

=  o  { r r (log t / +1- ct} +  -  s  [{* (W) _  « (m)Y]Z+1 =
r m—Z me (m)

SCO / fli \ J*\x , t ' }) \  <&(*■*» =
=  O (H ) +  O (I) =  O ( r * ) ,

uniformly in o <  t <  7r .
This completes the proof of Theorem 1.

V. P ro o f o f T heorem  2

We have

n

Bn (#) =  — J  t~b (t) tb sin nt dt ==
0

rc . 7t tJ sin nu du ■— — J d {t~b (/)} J sin nu du  ,2 ^ { k )  I r
r Ji+y-• I w  sin

integrating by parts.
The series £ B W (x) h (n) 6 | R , e (w) , r  | (r >  b), if

J =
ji) («0
*1+r (W) 2  (* (w) — * W ?  1 * 00 Bft-W h (n)

n<w
d W
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is convergent. Now 

J 7çï+£
2 14* (*) 1 r  *a> (w)

<?i+r(w)
T! (e (w) — e (V))r 1 £ (») h in)

n<w

ub sin nu du dw  +

TZ CO

+  ~  f  I d  {f~b * (*)) I f  41{W\  E  ( e { w ) - e { n ) T ' - e { n )  h (») • 
J J e  (w) n<w0 3

t■Iub sin nu du d w  .

71

Since, by (2.3), iz~b \ ^ (71) | and | d (t~b (/)} | are finite, therefore,
ô

for the proof of the theorem, we only require to prove that

I =  f  (̂1)WJ  e1+r (w)
3

2  (e — e (p))r 1 e (n) h (n) / ub sin nu du
n<w J

b
dw =  O (1) ,

uniformly in o <  t <  n .
Now, by (3.2) of Lemma 3, we have

00

1C (e (w) — e (n))r 1 e (n) h (n)
n<w

cos nt 
n dw  I +

+ 0 r e(1) (w)
J  e1+r (w) 2  (e — e (n)Y 1 e (p)

n<.w
h (n)

=  O (I,) +  O (I2) , say.

The convergence of I2 follows from Lemma i since 2  e | R , e (w) , o | .

The uniform boundedness of I1( in o <  t  <  tc, runs parallel to that of I, of 
Theorem 1 of this paper.

This terminates the proof of Theorem 2.
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