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A. L a s o ta  e F. H . SZAFRANIEC, On Hammer stein integral equations öS

Equazioni integrali. —  O n  H a m m e rs te in  in te g ra l eq u a tio n s . 
Nota (,) di A ndrzej L a so ta  e Franciszek H ugon S z a fr a n ie c , 
presentata dal Socio G. S an son e.

R iassunto. — In questa Nota si usa il teorema delPapplicazione aperta alla teoria 
delle equazioni integrali non lineari del tipo di Hammerstein. Si mostra che dall’unicità delle 
soluzioni per un insieme aperto di nuclei segue resistenza delle soluzioni stesse.

It is known [i] th a t for some boundary value problems for nonlinear 
differential equations the uniqueness of solutions implies the existence. In 
this note we discuss this phenom enon for H am m erstein integral equations 
and present a new m ethod of obtaining solutions of these equations. A n essen
tial topological tool used here is Schauder’s theorem  on invariance of domains. 
For sim plicity sake we describe our idea in the classical L 2-spaces ra ther 
than  in an abstract form of operator equations.

I. Let (S , (x) be a m easure space. Let / : S x R - > R b e a  given function 
satisfying C arathéodory conditions (i.e. f  (s , x) is m easurable in s and con
tinuous in x) and such th a t for each x  e L 2 (S) the function / (■ - ,* ( • ) )  is in 
L2 (S). L et JT C L 2 (S x S )  be a given set of kernels. T hen the integral ope
ra to r

( 0  *  J k  (-, s ) f ( s  , x  (s)) (X (dj) , K e  X
s

m aps L 2 (S) into itself.

Theorem. Given f  and  AT assume that fo r  each h e L 2 (S) and  K e jT  the 
integral equation

(2) x(f) =  j  K (s', t ) f  {s , x  (s)) (X (ds) +  h ( t)  , t  e S
s

admits at most one solution. A ssum e , moreover, that JT is open in  L 2 (S x S ). 
Then fo r  each h e L 2 (S) equation (2) has exactly one solution.

Proof. Fix K i n J f  and consider the vector field I—T, where I denotes 
the identity  m apping in L 2 (S) and T  the integral operator given by (1). It is 
well known tha t I—T  is a continuous compact vector field. M oreover, the 
uniqueness of the solutions of equation (2) implies that I-—T is a one to one 
m apping. Thus by the Schauder theorem  on invariance of domains the range 
of I—T  is open. We claim th a t (I— T) (L2 (S)) is closed. Suppose the contrary. 
T hen therè exists a sequence x n in L 2 (S) such that x n—T  (xf) is a Cauchy

(*) Pervenuta all’Accademia il 7 luglio 1975.
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sequence and x n is not. In  other words for every e >  o there are xp and x q 
such that

(3) I Xv —  x q—  (T (xp) — T (xs)) I <  s

and

(4) 1 I

where 8 is a positive constant independent of s.
Set Xq =  x p —  x q —  T  (xp) + T ( x q) and denote by y 0 the function 

/(•> * !> (• ) )— / ( • > * « ( •))• Observe tha t ||y 0 ]| >  o provided z <  8. To see this 
notice th a t (3) and (4) im ply 8 <  || * 0 I <  II *0 —  T  (xp) +  T  (xq) || +  || T  (xp) —  
•— T (xq) I <  s +  I K  I J y 0 I and consequently \\yQ || >  (8 ■— e) || K  p 1 (here 
recall th a t || K  j is the L 2-norm of the kernel K). Now choose e such tha t the 
ball of center K  and radius s \\y0 p 1 is contained in and then fix xp and 
x q. Set K  (s , t) =  y 0 (sQ) x 0 (/) \\y0 p 2. Since J K  || =  \\x0 || \\y0 p 1 the function 
K  is in L 2 (S x S ) and K  +  K  belongs to On the other hand

J K (j , t) y 0 (s) [A (dj) =  I y 0 1|“ 2 j  x 0 (t) y \  (s) [A (dj) = x 0 (t ) ,  t e  S. 
s s

This implies th a t

xv — (T +  T) (xp) =  x q — (T +  f  ) (xg)

where T  is the integral operator corresponding to K  due to (1). T he above 
equality  together w ith (4) shows that there are two distinct solution xp and 
x q of equation (2) w ith the same h. This gives a contradiction. Thus (I—T) 
(L2 (S)) is closed, as it was claimed.

Since the range of I-—T  is both open and closed, I—T  is onto and, conse
quently, for every h e L 2 (S) Eq. (2) has a (precisely one) solution.

2. As a simple corollary of our Theorem  we prove an existence result 
for equation (2) when /  is decreasing in x. T he classical results of this type 
are due to H am m erstein [2], and Krasnoselskii [3].

O ur theorem  enables us to prove the existence of a unique solution 
w ithout the assum ption th a t the kernel K  is positive definite and symmetric, 
which was the typical requirem ent of the classical theory.

COROLLARY. L et K  e L 2 ( S x S )  and let f  be as in  the Theorem. A ssum e , 
moreover, that fo r  some positive a, b and  X

(5)

(6)

—  b <  ( J ( t , x) — f i t , y)) (x — y)  1 <  —  a < o ,  x , y  6 R  ,

j ' J  K  ( s  , t) x  ( s ) x  (t) [a (dj) [A (dz1) >  —  X I ^ f  , x  e l f  (S) 
s s

and  X <  a b 2. Then fo r  every h € L 2 (S) equation (2) admits exactly one 
solution.
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Proof. F ix a , b and /  satisfying (5). Consider the set X  of those kernels 
which satisfy (6) with some XK < a b ~ 2. This set is open in L 2 (S x S ). We 
show th a t for every K ecff equation (2) has at most one solution (for an arb i
tra ry  h e  L 2 (S)). Suppose there are two distinct solutions x 1 and of equa
tion (2) with the same k.  Set y  =  x 1 —  and q (s) =  ( /  (s , x ± (s)) —  

f  (s , ^2 CO) (x i CO '—  ^2 CO)”1 if %i CO —  x 2 (0  =j= o and —  a otherwise. Then

y( f )  =  J  K  (s , 0  q GO y  GO ^  (d-0 •
S

M ultiplying the above quality  by  q ( f ) y ( f )  and integrating over S we get

J  y  ( 0  q ( 0  [J- (d0  =  J  J
S S S

K (s , t) q (s) y  (j) y (V) y  (t) p (dj) p (di') .

A ssum ptions (5) and (6) im ply tha t

' j y a ( f )q( t )y. (dt )  < —  l y f  a
S

J  J  K ( s , t ) q ( s ) y  (s) q (t) y  (t) p (dj) p (d/> >  —  X || _yy ||2 >  —  X J f  b2
S S

and consequently X >  ab 2. This contradics the definition of Cff. 
Now an application of our Theorem  completes the Proof.
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