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SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — A  necessary condition fo r  the existence o f vector 
bundles on the infinite dimensional quaternionic projective space. Nota (*} 
di C orrado D e  C o n c in i, presentata dal Corrisp. E . M a rtin elli.

R iassunto. — Si stabilisce che le radici del polinomio totale di Chern dei fibrati vetto­
riali complessi sullo spazio proiettivo quaternionale di dimensione infinita sono quadrati di 
interi. Si trattano inoltre i casi di fibrati reali e quaternionali.

Introduction

T he purpose of this paper is to give a restriction on the C hern classes of 
the com plex vector bundles on the quaternionic projective space of infinite 
dimension, H P 00.

In  order to obtain such a result we use the integrality theorems of A tiyah- 
H irzebruch [i]  plus some elem entary num ber theory.

In  § I we recall the results of A tiyah-H irzebruch .
In  § 2 we prove the m ain theorem , and as a consequence we also give 

conditions for the quaternionic and real case.
I finally wish to express m y thanks to G. Lusztig for helpful conversations.

§ I .  Preliminaries

L et M be a com pact differentiable m anifold of dim ension m, w ithout 
boundary, w ith Pontrjag in  classes p i € H 4* (M  , Z). Let {A*(p t , • • • , p k)}

be the m ultiplicative sequence w ith characteristic power series Q (z) =  -
s s m h j V s

(for the definition and the properties of the m ultiplicative sequences, see 
[3, ch. 1]). 1

(*) Pervenuta all’Accademia l’n  agosto 1975.

1. — RENDICONTI 1975, Val. LIX, fase. 1-2.
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W e have the following [1]:

THEOREM i . Let d be an element of H 2 (M , Z), whose reduction mod 2  

is the Whitney class w 2 (M ), and  Y] a continous complex vector bundle over M. 
Then, i f  ch y] € H (M , Q) denotes the Chern character of yj,

where km denotes evaluation on the fundam ental class of M, is an integer.
This theorem has the following:

Corollary. M antaining the notation of Theorem 2, if dim X =  o mod 
8 and i f  rj is a quaternionic vector bundle, then A  (M , J d  , Y]) is an even integer.

I f  dim  X == 4 mod 8  and i f  y) is a real vector bundle, then À  (M , \  d , Y]) 
is an even integer.

Proof. T he second case is proved in [1] using periodicity of real K-theory. 
T he first case can be proved in exactly the same fashion by substituting qua­
ternionic to real K-theory.

q.e.d.

§ 2. B undles over H F n

L et us consider now H P n, the quaternionic projective space of (quater­
nionic) dim ension n , and let H P 00 =  lim H PL

00

It is well known th a t H (H P 00 , Z) ^  Z [u] where u can be taken equal 
to —■ c2 , c2 being the second Chern class of the universal quaternionic line 
bundle over HP°°. It is also well known th a t H* (HP**, Z) ^  Z [u]l(un+1).

For the Pontrjagin  classes we have by H irzebruch’s com putation [2], 
that, if P (HP^) denotes the total Pontrjagin  class of H PL

P (H P n) -  ( I  +  u f n+* (1 +  4u)-1.

Now consider a continuous complex vector bundle over H P 00 and let

c (yi) — i +  Yi u  +  • • • +  Y[s/2] u[sl2\

where yi , • • • , Y0/2] integers, be its total C hern class.
By the definition of ch (yj) [3], and by the fact th a t the odd Chern classes 

are clearly zero, it follows easily that

l>/2] ,__
ch (y)) =  2  eid*u +  e~^diu w ith 

1

Yi u> =  Gi (—  , • • • , —  d M2]) u \  where (— <h , • • • , — d[sl2])
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denotes the i-th  elem entary sym m etric function in d1 , • • - , d ^ y  It is clear 
th a t , • • • , d[s/2], being roots of the polynom ial with integral coefficients 
x [s/2] +  Yi ^ [s/2]-1 +  • • • +  Y[S/2], are complex num bers.

W e are now ready to prove the following

T h e o r e m  2. Let r\ be a complex vector bundle of dimension s on H P 00, 
then i f  dx , • • • , d[Sj2] are the complex numbers associated to 73 in the above 
manner, dx , • • • , <̂ [S/2] wzAtf be square integers or zero.

Proof. W e shall divide the proof in two sections. In  the first section we 
shall obtain a com binatorial form ula for the d f s using Theorem  1, and in the 
second one we shall derive the result from the form ula using elem entary num ­
ber theory.

S e c t io n  i

Let 7] be a complex vector bundle of dimension s over H P n, and let 
[s/2] ,__.

ch (73) =  2  e*d%u +  e~ d,Mbe its Chern character. Now by the expression for
-i=l

P (H P W) recalled above together w ith the Cauchy integral form ula and the 
fact th a t H 2 (H P n , Z) =  o, we get:

Ä  (H P n ,

I
271 (-—  i ) ^

o , 73) =  ^ n

1--
---

---
-1

s

;m_|_ e —id{U^ /  \ 2M+2/ sinh f u

\ s i n h \ V u  )  \IP1+ (  w  '\ 2Ä+2 (  sinh I V  \ I
\  sinh \  Vu ,/  l  ) y - 2n + i

where the integral is taken over a small circle centered at the origin in the 
plane ; and where we can integrate w ith respect to the variable i u  since the 
series expands in the sam e way w ith respect to the variables "ju and u. 

Now by applying some easy transform ations we get:

, [*/2]
\ ----- 1 , £

2.X { g -  Ip i = 1 [^ \ ■"■/ t = JL Ä/ L
f i d i —l —(»+l))Vw _j_ —

?(Vrf,*+l —(w-|-l))y« _j_ e { ~ i d i + l —( n + l ) ) i u  .

j f à y n + 2  d  \ U  +( i — C

e-inyn+ z d  Ï ^ J  •
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Substituting I —  e 1 =  t  we get:

w r { 2n+1+u[s/2] r /
A (H P » )o , 7j) =  i g ^ 2 ,-+ i— (« +  i ) \ ___U..

2« +  I J y ' 2H + I I

+  I —  S d t  +  I —  (ft +

2  n  - f  I

2 ^ + i+  ]/di—I'—■ (n + i)  
i

{n +  Oi ) j  _  ^ 2 n  +  I —  S d i  —  I —  {ft +  l ) j  j  _

[s/2] r  _ _
i  y  ( i  +  S d j  +  I —  in  +  i ) )  ■ • ■ (2 n  +  I +  S d j  +  I —  {n  +  i ) ) ___

2 6 i L  ( 2 n +  i ) !  ~

+

( I  +  S d i r -  I —- {n  4 -  i ) )  • • • ( 2 n  4 -  1 4 -  y  d i  —  I —  ( « + i ) )  ,

(2 n  i )  1 “T

( I  S d {  +  I — ■{ft  +  I ) )  • • • ( 2 «  +  I — - S d i +  i  —  ( » +  i ) )

( 2 n  4 -  i ) l

( i  — y  d i —  I — - i n  4 -  i )  . . .  ( 2 n  4 - 1  — S d i —  i  —  ( »  +  i ) )  _

fs/2] \ I T  t j  V  i d i  { d i  —  i)

( 2 n  4 -  i ) !

) { d i — 4 ) • • • { d i — {n  — - i ) 2 { d i  +  {n  +  i )  y  d i  4~

i Z 1 ( 2 n + i ) \

+  n  S d ì  +  n  {n  +  i )  — - d i  +  {n  - f - 1 ) S d i  +  n  S d i — • n  {n  +  i ) )

_  v  2  d i  ( d i —  i ) { d i  —  4 ) • • • { d i —  {n  —  i ) 2) TT ,, T ,  N
( i ^ j ]  —  a n v * i  ' ' ■ « [ s /2 ] J -

Now by Theorem  i we have th a t H„ (dx ■ ■ ■ d[Sß{) m ust be an  integer. 
W hen 7) is a complex vector bundle over H P 00, by restricting to H P n for 

each n we clearly get the condition th a t Hn (dx ■ ■ ■ d im ) is equal to an integer 
for each n, dx ■ ■ ■ d^m  being the d /s  relative to v].

S e c t io n  i

In  this section we shall deduce the Theorem  from the conditions obtained 
in section i .

’ F irst of all let us consider the sequence {H„(aT)}~=1 where d  is any  complex 
num ber; we have lim H n (d ) =  o.

n—> oo
In  fact we have

\ H n(d)\ = 2 d ( d  —  i )  { d  —  4 )  • • . ( d —  { n  —  i ) 2) 

( 2  n) \
< 2 \d\ ( \d\+i)---(\d\+(n~i)*)  .

( 2  n) \  ’

now if we take an integer t  such th a t t2 >  d  we get

| H „ ( a O | < 2 ^2 ( t  4~ i ) 2 - • - ( t  fi- n  —  i ) 2 2  ( { t  4~ n  —  i )  1)

( 2  n) \ ( 2  n) \
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and such a sequence is easily seen to converge to zero. Now since H K (dx, ■ ■ ■ , d f  =
v y

=  2  we also clearly have th a t lim H„ (dx , • • •, df) =  o for arb itrary

complex num bers, dx , ■ ■ •, dv; and if we require H„ (dx , • • •, df) to be an 
integer for each n this clearly implies th a t there exists n0 such tha t 
H w (dx , ■ ■ •, df) =  o for n > n 0.

Now if we pu t (di —  )(di — 4) • • •(</* — n%) =  oq we get
V

LEMMA. I f  (d1 , • • • ,</ )  — o fo r  n >  n 0 then we have ^  d\ oq =  o 
fo r  each s >  o. l==1

V

Proof. Since 2  ai =  ‘ H^0 (</ , • • •, d f  =  ö we get that the lemma
i=1 J

is true for  ̂ =  o. Suppose it is true for each t <  j  — I . Then

+  ^  H ,0+, , rfv) =

V V

“ . 2  W  ^o) Ô i • (Po + 1)2) * ' ' (di ■— («<> +  •*■— x)2) a i +  oq ’ /  (</)i=i
w h ere /(aQ  is a polynomial of degree s -— I in d i . Now the inductive hypothesis

V V

implies th a t ^  a* /  (</) =  o so we get ^  d\ oq == o.
*=i q.e.d.

W e come back now to the proof of our theorem.
Suppose th a t q <  y is the num ber of different d?s; then, by identifying

a
the di s which are equal we get, by the above lemma, that 2  hjdj<x.j =  o'

j=1 r
for each where , • • - , X / is a partition  of v and where dj ^  d] if ; ^  j ' .

T hen if we consider the conditions | ^ )  X; d- oq =  o j f l j  as a linear system

in the variables {oq , • • •, a j ,  we get that the determ inant associated to this 
system  is just Xx, • • •, X̂  times the V anderm onde determ inant

I ...................................................... I

di • • \ .................................dq

d r 1 .............................. d t 1

which is different from zero since we suppose =£ d j , if j  ^ / .  This implies
Q

th a t the system  ^  Xj dj  ocj=o has solutions if and only if each of the a /s
3 = 1

is equal to  > zero but, since a i = d i (di '— r) {di —  4) • • • {d% •— (n0 — i)2) this 
is verified if and only if dx =  o or is equal to a square integer.

Even if w hat we have done so far is sufficient, we w ant to show th a t 
using our m ethods our condition is the best we can find. In  fact, let t be an
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integer and let us consider H n (t2). W e have

2 t2 (t2 —• I) (t2 — 4) - • • (,t2 —- (n  — i)2)
H n ( 0 (2 n) !

2 j ) . . . { t — ( n ~ i ) ) ( t +  ( n ~  i))
(2 n) !

which is zero if o < t < n — 1 and which is equal to 2 [tArn\ — l \
^ \  2 n J \ 2 n — I /

if t> :n .  This clearly implies th a t H n (t2) is an integer and since
V

(d1 , • • •, d f  =  2  H n (di) we have that if each of the d ?s is a square
i —1

integer then H n (d1 , • • •, dv) is an integer for each n.
q.e.d.

Using the corollary to Theorem  1 we get:

T h e o r e m  3. Given a quaternionic vector bundle \  of dimension m on 
H P 00, let 7] be the complex vector bundle of dimension 2 m associated to £. We 
have, using the same notations as above, that i f  one of d^s of 73, say dh) is even, 
then there must exist an even number of k ’s including h such that dh — dk.

Proof. It follows from the corollary to Theorem  1 tha t H n (dx , • • •, */m) 
m ust be an even integer whenever n is even since H P 2n has real dimension 
=  o (mod 8).

W e have already seen th a t dl y - • •, dm m ust be square integers.
Now let us note th a t (n2) =  2 j) =  1, and H n (t2) =  o if

t < n. Now suppose <2̂  =  to be the largest even square such tha t there is 
an odd num ber of k ’s, including h, such that dh~  dk. T hen since H n(dx - • -df) =

m - y
(di) we have th a t H eh (dx> • — a - f  g, where a = 2  (^ .)

i - i  v - i  3
with d{j running over the d ?s which are larger than  tha t dh , and where t is 
the,(odd) num ber of d f  s which are equat to Ah. Now, since we suppose that 
if de >  dh and de is even there is an even num ber of d j s including de which 
are equal to dey we have th a t the contribution given by those d ?s to a is even. 
For an odd d  >  eh we have tha t

/ç jp \  2 (d  T eh \  (d  P  eh'— i\   2 (d  T eh \  d  +  eh —■ i Id  +  eh — 2 \
eh  ̂ 3 ~~ I 2eh J \ 2eh— I \ 2eh ] 2 ^ — 1 \ 2^ — 2 )'

Since 2 eh —  1 is odd and d  +  eh—  1 is even it follows th a t YLeh (d2) is 
even, and so a m ust be even. Since t is odd this implies th a t H eh (dx - • -d f  
is odd thus contradicting the Corollary to Theorem  1 and proving the 
Theorem .

q.e.d.

» Remark. 1) As an im m ediate consequence we get th a t if a self m ap 
of S4 can be extended to a self m ap of H P 00, such a m ap m ust have odd square 
degree. In  fact a self m ap of H P 00 corresponds to a quaternionic projective 
line bundle and Theorem  2 can be applied.
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2) Since Sp  (1) ^  SU (2) and H 2 (H P 00, Z) — o it follows tha t any 
complex plane bundle on H P 00 lifts to a quaternionic line bundle so we m ust 
have th a t the second Chern class of a complex plane bundle on HP°° m ust 
be equal to —d  u where d  is an odd square.

Finally  we note th a t for real bundles on H P 00 we get:

T h e o r e m  4. Given a real vector bundle \  of dimension m on H P 00, let y] 
be the complex vector bundle o f dimension m associated to We have, using the 
same notations as above, that i f  one of the d f s of y), say dhi is odd, then there 
must exist an even number of Ps, including h, such that d^ — dh.

Proof. T he proof is identical to tha t of Theorem  3, using, instead of the 
quaternionic projective spaces of even (quaternionic) dimension, those of odd 
(quaternionic) dimension.

q.e.d.
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