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Topologia. — Properties of 0-continuous functions. Nota di Taxa-
sa1 Noir1, presentata @ dal Socio B. SEGRE.

RIASSUNTO. — Vengono stabilite varie proprieth delle funzioni 6—continue, in rela-
zione specialmente agli insiemi 6—chiusi di uno spazio topologico.

1. INTRODUCTION

The concept of 6-continuity was introduced and investigated by
S. Fomin [1]. N. Veli¢ko [4] defined O-closed sets in a topological space and
obtained several properties concerning H-closed spaces and 6-continuous
functions. It is known that the concept of 6-continuity is stronger than that
of weak-continuity [3] and is weaker than that of almost-continuity in the
sense of Singal [2]. The purpose of the present paper is to obtain several
properties of §-continuous functions and to investigate some relations between
B-closed sets and 6-continuous functions.

2. DEFINITIONS

Let X be a topological space and S a subset of X. We shall denote the
closure of S and the interior of S by CI(S) and Int (S) respectively. The follow-
ing definitions are due to N. Veli¢ko [4]. A point x € X is called the §-cluster
point of S if SNCI(U)==o for every open set U containing x. The set of
all O-cluster points of S is called the §-closure of S and is denoted by [S].
A set S is said to be -closed if S = [S]. It is obvious that every 6-closed set
is closed. If S is open, then [S] = CI(S). In a regular space, closedness and
O-closedness are coincident. A filter base & is said to be O-convergent to a
point x € X if for any open set U containing x, there exists an F € % such
that FCCl(U). A function /: X — Y is said to be 6-continuous [1] if for
each point x € X and each open set V in Y containing f (), there exists an
open set U in X containing x such that f(Cl (U)) CCI (V).

3. 0-CONTINUOUS FUNCTIONS
THEOREM 1. A function f: X — Y is O-continuous if and only if for

each point x € X and each filter base F in X O-converging lo x, the filter base
S (F) is B:convergent to f(x).

(*) Nella seduta dell’tr giugno 1975.
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Proof. Necessity. Let x € X and # be any filter base in X §-converging
to x. Then, for any open set V in Y containing f (x), there exists an open set
U in X containing x such that /(Cl (U)) CCl (V) because f s 8-continuous.
Since & is 0-convergent to x, there exists an F €% such that F CCI(U).
Thus, we have f (F) CCI(V). This implies that / (F) is 8-convergent to f (x).

Sujficiency. Let x € X and V be any open set in Y containing f (x). Put
F={CI(U)|U is open in X ,x € U}. Then & is a filter base 6-converging
to x. Hence, there exists ClI(U) € # such that f(Cl1(U))CCl(V). This
shows that f is O-continuous.

THEOREM 2. Let f: X — Y be a function and g : X — X XY be the graph
Sunction of f, given by g (x) = (x,f(x)) for every point x € X. Then f is
O-continuous if and only if g is O-continuous.

Proof. Necessity. Suppose f is O-continuous. Let x € X and W be any
open set in X XY containing g (x). Then there exist open sets R C X and
and VCY such that ¢ (x) = (x, f(x)) e RXV CW. Since f is H-continuous,
there exists an open set U in X containing # such that U C R and £ (Cl (U)) C
CCI(V). Thus we have g (CI(U)) CCI(R)xCl(V)CCI(W). This implies
that g is 0-continuous.

Swjficiency. Suppose g is O-continuous. Let x € X and V be any open
set in Y containing f (x). Then X XV is an open set in X XY containing g ().
Since g is O-continuous, there exists an open set U in X containing x such
that g (C1 (U)) CCl (XX V) = XXCI (V). It follows from the definition of g
that #(ClI(U)) CCI (V). This shows that f is 6-continuous.

4. URYSOHN SPACES AND 0-CONTINUOUS FUNCTIONS

By a 0-continuous retraction we mean a 0-continuous function f: X -» A
where A is a subset of X and f|A is the identity mapping on A. A
space X is called a Urysohn space if for every pair of distinct points x
and y in X, there exist open sets U and V in X such that x €U,y €V and
Cl(U)NCI(V) = o.

THEOREM 3. Let ACX and f: X — A be a B-continuous retraction of X
onto A. If X is Urysohn, then A is 9-closed in X.

Proof. Suppose A is not O-closed in X. Then there exists a point
x € [A]—A. Since f is a 0-continuous retraction, we have f (x) 5= x. Since X
is Urysohn, there exist open sets U and V in X such that x €U, f(x) €V and
CI(U)NCI(V) = @. Now, let W be any open set in X containing x. Then
UNW is an open set containing x and hence ANC1(UNW)=Fg because
x € [A]. Therefore, there exists a point y € ANCI(UNW). Since y €A,
f(3) =y €C1(U) and hence f (y) € Cl (V). This shows that £ (Cl (W)) ¢ CI (V).
This contradicts the hypothesis that  is 8-continuous. Thus A is 0-closed in X.
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THEOREM 4. If Y is a Urysokn space and f:X —Y is a 9-continuous
injection, then X is Urysohs.

Proof. Let x; and x, be any distinct points of X. Then, we have
f () 7= 1 (x5) because f is injective. Since Y is Urysohn, there exist open sets
Vi and V, in Y such that f(x;)€V,, f(x,) €V, and CI (V))NCI(V,) = &.
It follows from the 6-continuity of f that there exists an open set U; in X
containing x; such that f(Cl(U;)) CCl(V,), where j = 1,2. Therefore, we
obtain Cl(U;) NCl(Uy) C ™ (CI(V))NCI(Vy) = . This shows that X is
Urysohn.

THEOREM 5. If fi and fy are O-continuous functions of a space X into a
Urysohn space Y, then the set {x € X | f (x) = f, (%)} is O-closed in X.

Proof. By A we denote the set {x € X | fi(x) =/f3(x)}. IfxeX —A,
then we have f; (¥) 9=/, (x). Since Y is Urysohn, there exist open sets V,
and V, in Y such that f; (x) €V, , 7, (x) €V, and C1 (V) NCl (V,) = &. Since
f; is O-continuous, there exists an open set U, in X containing x such that
5 (C1(Uy)) CC1(V,), where j=1,2. Put U=TU,;NU,, then U is an open
set in X containing x and f; (Cl1(U)) N/, (CI1(U)) CCI(V,)NCl(V,y) = g&.
This implies that CI(U)NA = @ and hence x €[A]. Therefore, we obtain
[A]CA. This shows that A is 0-closed in X. '

THEOREM 6. If Y is a Urysoin space and f: X — Y is a O-continuous
Sunction, then the set {(x,, x3) | f (a1) = f (x5)} is O-closed in the product space
X xX.

Proof. By A we denote the set {(x;,xy) | f(x) =f (x)}. If (2, %, €
€ XXX —A, then we have f (%) ==/ (x,). Since Y is Urysohn, there exist
open sets V; and V, in Y such that f(x,) €V, f(xy) €V, and CI(V,)N
NCI(V,y) = @. Since f is 0-continuous, there exists an open set U; containing
x; such that f(Cl (U,)) CCI(V,), where j =1,2. Put U=U,;xU,, then U
is an open set in X XX containing (x;, x,) and ANCl(U) = @. Therefore,
we have (x, , x,) € XXX — [A]. Thus, we obtain [A] CA. This shows that A
is 0O-closed in X xX.

For a function f: X — Y, the subset {(x, /(x))|x € X} of the product
space X XY is called the grapk of f and is denoted by G (f). It is well known
that if /: X — Y is continuous and Y is Hausdorff, then G (f) is closed in
XXY. The following theorem is a modification of this result.

LEMMA. Let f: X =Y be a function. Then G (f) is 0-closed in X XY
if and only if for each point (x,y) € XXY — G (f), there exist open sets U
and N containing x and y rvespectively such that f(CL(U)NCI(V) = @.

Progr. This follows easily from that for any open sets U and V
containing x and y respectively, Cl(UXV)NG (f) =@ if and only if
FECLU))NCIV) = z. '
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THEOREM 7. If Y is a Urysohn space and f: X — Y is a O-continuous
Sunction, then G (f) is O-closed in XXY.

Proof. (x,y) be any point of X XY — G (f), then y==f(x). Since Y
is Urysohn, there exist open sets V and W such that y €V, f () €W and
CI(V)NCI(W) = @. Since f is 0-continuous, there exists an open set U
in X containing x such that f(Cl(U)) CCl(W). Therefore, we obtain
S(CLU)NCI(V)=@. By Lemma, G (f) is 0-closed in XXY.

THEOREM 8. Let f: X =Y be a function with the O-closed graph. If f
is surjective (vesp. injective), then Y (resp. X) is Hausdorff.

Proof. Suppose f is surjective. Let y and z be any distinct points of Y.
Then there exists a point x € X such that f(x) =2z thus (x,y)€G (/).
Since G (f) is 6-closed, by Lemma, there exist open sets U and V such that
x €U, y€eV and f(CI(U))NCI (V)= g. Therefore Y —CI(V) is an open
set containing 2. This implies that Y is Hausdorff. Next, suppose f is injective.
Let x and w be any distinct points of X, then f(x)==f(w) and hence
(x, f (@) €G(f). Therefore, by Lemma, there exist open sets U and V
containing x and f(w) respectively such that f(Cl(U))NCI(V)=g.
Thus X —CI(U) is an open set of X containing w. This implies
that X is Hausdorff.

5. PRODUCT SPACES AND 6-CONTINUOUS FUNCTIONS

Let {Xs|a€sZ} and {Y, |« €} be any families of spaces with the
same set & of indices. =~ We shall simply denote the product spaces
H{Xs|a€} and M{Y,|a €} by IIX, and IIY, respectively.

 THEOREM 9. A function f:X — 1Y, is O-continuous if and only if

P8 f X =Yg is O-continuous for each B € o, w/zere pﬁ is the projection of
Y, onto Yg.

Proof. Necessity. Suppose f is O-continuous. Since pg is continuous for
each B € o/ and the composition of 6-continuous functions is 6-continuous,
peef is O-continuous for each B € </

Sufficiency. Suppose pgef is 0O-continuous for each B € & Let x € X
and V be any open set in I1Y, containing f (x) Then there exists a basic open

set V, such that f(x)€V,CV and V,= HV XHYQ, where Va is an
J=1 B0ty
open set of Y, for each j (1 <7 =<#). Since pgof is O-continuous for each

B € o, for each J there exists an open set U; in X containing x such that

(Poyof) CL(U))CCl (Vo). Put U= ﬁ U, then U is an open set in X

J=1
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containing x and

FEONCS (N C1W)) €0 45 (yen © U C
C 0 23 (€L (V) = CL(VY).

This shows that f is 0-continuous.

THEOREM 10. Let fy: Xy —> Yoy be a function for ecach o€ and
FiXy =Y, a function defined by f((x2) = (fu (%a)) for each point (x)
in UXy. Then [ is O-continuous if and only if fy is O-continuous for
each o € .

Proof. Necessity. Suppose f is O-continuous. Let « be any fixed element
of o/ Let x, € X, and V, be any open set in Y, containing f, (%,). Then
there exists a point x € [IXg such that p, (x) = x,, where p, is the projection

of ITXg onto X,. Since V=V,x [I Vg is an open set in ITYy containing £ (x),
B
there exists a basic open set U in IIXg containing x such that # (Cl (U)) CCl (V)

because f is 0-continuous. Put U, = p, (U), then we obtain
a (C1(Ua) = fa (pu (Cl (U)) = (gu>/) (C1(U)) Cga (CL(V)) = CL(V),
where ¢, is the projection of II'Yg onto Y,. This shows that £, is 6-continuous.

Sufficiency. Suppose fq is 0-continuous for each o € & Let x = (xq) € IIX,
and V be any open set in II'Y, containing f(x). Then, there exists a basic

open set V, such that f(x) € VoCV and V, = HV XTI Y., where Va is
j=1 =0y
open in Yo for each j(1 </ =< #). Since fy is 6-continuous for each a € .o

there ex1sts an open set Uy in X contalnmg xy; such that 7 (Cl(Uy)) C
CCI(Vy), where j=1,2,---,n. PutU= HU xHXa, then U is an

j=1 o=y

open set in IIX, containing x and f(Cl (U)) CCl (V) CCl (V). This shows
that f is 6-continuous.
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