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Equazioni funzionali. — A  theorem of existence and tmiqueness fo r  
an integral equation in topological spaces. Nota di S en d er Solomon, 
presentata (#) dal Socio G. Sansone.

RIASSUNTO. —  L’Autore perviene ad un teorema di esistenza e di unicità più gene­
rale di quelli finora noti.

We have studied in [5], [6] a generalization of the differential equation 
for set functions of A. Haimo vici [2], [3]; here we give a new theorem of exi­
stence and uniqueness.

Let be X a topological space, p, a positive measure such that every 
compact is measurable, T the class of all relatively compact subsets with finite 
measure; let be P and Q applications from X to P satisfying the following 
conditions:

(1) lim p. (Px Ay)  =  o when y  ->x  ,

(2) Px C Qx  ,

(3) Q x C Q y  for x  e Qy  ;

let be E a Banach space and /  a continuous application from X x X x E  to 
E with the property

(4) ■ \ f ( x  , y  , # ) — f i x  , y  , t) (x ,y)  \ z —  t \ .

THEOREM. I f  X  is Hausdorff\ each Qx is compact and the equation

(5 )  o '  (x) =  I +  J a  (x , y)  w  (y)  dy
Qx

has a positive solution w  : X->R such that each restriction w\qk is continuous, 
then the equation

/•
(6) u (x) =  u0 (x) +  J  /  (x , y  , u (y)) dy

Px

with u0 : X E continuous, has a unique solution u : X E such that each 
restriction u\^z is continuous.

Proof. We first suppose that X is compact and w  is continuous. We 
consider the operator

A u (x) =  u0(x) +  j f  (x , y  , u  O )) dy
Px (*)

(*) Nella seduta delP ii giugno 1975.
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defined on C, the space of all continuous functions u  : X -> E normed by

\ u \ =  sup !*(*)!  
w  (x)

C is a Banach space because | u | <  sup \ u (x) \ <  \ u \ sup | w (x) | . We 
show that A (C )C C . Let u e C  and x 0 € X. Then

\A u ( x )  — A u  (x0) I ^  I u0 (x) — u0 (x0) I +

+ J / ( x , y  , u
Yx

■ P
P*„

( y ) ) d y —  f ( x , y , u  (y)) dy +

u o O ) —  «0 (*o) I ++  j  , y  , u ( y ) ) d y — f f ( x 0 , y , u ( y ) ) d y
Px0 P * #

+  J I f ( x , y , u ( y ) )  I dy  + j  \ / ( x  , y  , u ( y ) ) —f ( x  , y  , u( y ) )  | dy .
YxAYxa Yx0

Since (x , y)  - > /  (x , y  , u (y)) is an uniformly continuously application from 
the compact X X X to E we can find, for given s >  o, a neighbourhood V 
of Xq such that | f ( x , y , u  (y)) ■—f ( x 0 , y  , u  (y )) | <  s for x  e V  and j / e X ;  
besides M =  sup \ f ( x , y , y  (y)) | is finite. So we have

I Au ( x ) — Au(yc^)\ ^  I Uq(x)— u0(x0) | +M[jl (P# A Pr0) -f £(jl(Pat0) for x e V

which implies that A u  is coutinuous.
A is a contraction: if u , v € C then

I Au(oc) — Av(x) I ^  f  a(x }y)  | u(y)  — u(v) \ dy ^  \ u — v | J a  ( x , y) w (y) dy  ^
P* Yx

^  I u  — v\  I 'a (x yÿ ) w  (y ) dy — \ u  — v | ( w  (x) — i)
Qx

and

I A u  — Av  I < \ u  —  g | s u p  .1 1 r  w (x)

It follows that (6) has a unique continuous solution if X is compact and 
w  is continuous. In the general case, by (2) and (3), we can restrict (6) to Qz 
and we find a unique continuous solution uz : Qz -> E. The restriction of (6) 
to Q z D Q t  has also a unique continuous solution. Hence uz (x) =  ut (x) on



8 6 6 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LVIII -  giugno 1975

Qs O Qt. We see that (6) has a unique solution on \ jQxZ)  with u\Qz con­
tinuous and this solution can be extended uniquely to the whole X by (6) 
itself. The proof is complete.

Remark I .  It is obvious from the proof that we can replace Q b y P
in (s).

Remark 2. If the interiors of all Qz form a covering of X then the 
solution is continuous on X. Moreover, then we can give up the condi­
tions that X is Hausdorff and each Qx is compact. This is based upon two 
assertions:

LEMMA i . Let Y  be a complete Hausdorff locally convex space defined by 
the fa m ily  o f seminorms { | |a} and let A  be an operator on Y which has the 
contraction property: fo r  each a there exists qa e (o , 1) such that \A x  —  A y |a^  
^  qa I x — y  |a . Then A has one and only one fixed  point (A more general 

result was obtained by G. M arinescu in [4]).

Lemma 2. Let "A be a topological space, S  a fam illy  of subsets of X, and 
Y the space of all functions u  : X-> E such that u |s is continuous fo r  each 
S e S . Then Y  equipped with the convergence topology is complete (see [1], 
Cor. 3, of Th. 2).

For the proof of the last remark we take 2  =  { Qz ; z € ' K }  and Y the 
space of all continuous functions equipped with the family of seminorms

l « L =  sup
x e Q z

I «(*) I .
w (x)

A n  example. Let X =  Rw with the Lebesgue measure. For every 
x  =  (#1, • • •, xf) e R* we define

(7) Qx =  X  [« (xà , ß (x{) ]
i= l

where a (t) =  t  for t <  o , a (*) =  o for t ^ o  and ß(*) =  *— a (t). The appli­
cation Q verifies all the conditions required by the theorem. For exactness 
we shall verify that (5) has a continuous positive solution. It is sufficient 
to show this for its restriction to each Qz. We consider now the operator

A w  (x) — I +  I a (x , y) w (y) dy 
Q*

(with a continuous, for instance) acting on the space Y of all continuous 
real functions defined on Qz with the norm I

I w  I =  sup I w (x) I ^ -L(kil+---+KI)
xeQz
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where U1 ^  sup { a (x , y)  ; x  , y  e Q^} =  M, and we prove that A is a contraction 
Let it be, for instance, zx <  o , z2 >  0 > * * * , >  °J then for w ,w  £ Y,

I Aze/ (at) — A w (x)  I ^  J  a (x ,y )  \w  (y) — w (y) | dy  ^
Q*

< \ w  —  w \ M  j  ÄL(l n l + - + l ^ l ) d 

0*
0 x % x n

=  I w — w  I M J  e~Ls di* j  eLs di* • • • j  eLs ds =
*1 0 0

=  \ w — w \  ( e ~ h x ' —  1) ( e L*‘ —  1) • • • ( f f n —  i) :<

\w — w\  eUM+- +M)

hence | Aw-— A w  | ^  — - | w — w  | q.e.d.

Remark 3. If we take X =  R+ =  {x  =  (x1 , • • •, #w) ; x1 ^  o , • • •, xn ^  0} 
an application P satisfying (1), (2) and Q given by (7) we obtain then one of 
the equations studied by W. W alter (see e.g. [7]).
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