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Analisi funzionale. — A class of generalized-Hilbert-Schmidt ope-
rators. Nota di B. E. RHoADES, presentata ® dal Socio G. SANSONE.

RIASSUNTO. — G. H. Constantin ha definito una classe di operatori di Cesaro—-Hil-

bert-Schmidt. In questa Nota ’Autore trova la corrispondente proprieth per una piu generale
classe di operatori -di Hilbert~-Schmidt (G. H. S.).

Let o denote the set of infinite matrices with the following properties:

() AeB(H,
(i) AeB(),

(iii) apy=>o0 for each » and #,

o0
(V) fa= 2 am=8>o0 for each 7.
=1

DEFINITION 1. Let T € B (H,, H,), H; separable Hilbert spaces. T is
called generalized-Hilbert-Schmidt if, for every orthonormal basis {e,} of Hy,
and a fixed A € o,

[ 00 2
(1) sup E ank<z @ || Te,-||) < oo.
: k. n=1 Jj=1
In [3] it was shown that C,, the Cesiro methods of order « > o, and
the I'; methods, for « >0, a > 1 are bounded operators on 2. It is well
known that Cy€ B (/), and it can be shown that I'j¢ B (/) for & < 1. o does
not contain all of the Hausdorff matrices in B (/%), since the Euler methods,

(E,¢) €B (/) for o <g¢ < 1. < also contains many Nérlund and weighted
mean methods, as well as numerous other summability methods.

LEMMA 1. Every Hilbert-Schmidt operator belongs to GHS.

(e

Proof. Tt is well-known that |T|[2= 3 || Te|® for every Hilbert-

Schmidt operator T. Thus {||Te,||} €. From (i),

oo
Uy = 21 anj || Te; || € 2.
=

Therefqre

o [« . 2 0 9 00
~ 2 2
Supz ay, ( Z anj” lej ”) = sup Z Qpy, Uy == SUD Il 2 || 2 2233 (”n/ I| 2 ”)

k. n=1 j=1 k n=1 k n=1

) o o N
2
< sup |l 35 ane| ot | [l 2] = sup ||| Y gt | n| < oo.
k n=1 k n=1

(*) Nella seduta dell’1r giugno 197s.
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LEMMA 2. Every GHS operator is compact.
Proof. From [2], for every orthonormal bases {¢,} we have
lim, || Te, || = 0.

Assume the contrary; i.e., assume there exists an € > o and an ortho-
normal basis {¢,} such that || Te,| > ¢ for each ». Then

[e2]

o0 o0 2 o0 2 00
2 A (Z Qnj I Tej ”) > Z Ak (EZ am‘) = (eS)Z E App = OO,
n=1 j=1 n=1 j=1 n=1

a contradiction.

THEOREM 1. Let T € B(H,,H,). T €GHS if and onlv if T is of the
Jorm

(2) Tf=g7\n(f; en);‘n

where {e,},{ I} are orthonormal bases of H,,H,, respectively, and 7> o
such that

[’} 9] 2
3) Sup Y au (Z A 7\,-) < oo.
kE n=1 j=1

Proof. Let T €GHS. From Lemma 2, T is compact, so it has the
form (2), where {¢,} are eigenvectors corresponding to the eigenvalues {),}
of the positive compact part S of the polar decomposition T = US. Since
Tep = M /2, we have, substituting in (1),

[’} oo 2
©0> sup Z Appe (Z ;|| Te; H)
kE n=1 j=1

k. n=1 =
o0 00 2
= sup 35 e (5 )
k n=1 j=

Conversely, suppose T is of the form (2) with {),} satisfying (3). It
follows that A, —o0. For, if not, then there exists an € > o such that A, > ¢
for all ». Thus

(o]

00 2 00
Z Pk (z Qnj 7‘1') > (%) Z Qny == OO,
n=1 j=1 n=1

contradicting (3).
T is compact and satisfies (1).

PROPOSITION 1. Fix A € L. Then the corresponding set of GHS operators
is a linear space.
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Proof. Let S, T € GHS for the same A. By Minkowski’s inequality,

sup [ ens (a5 + D 1) |

=1

1/2

» o0 & &> 27 1/2
——<— sup lz (Vanb Z ” Se] ” —!_ Vank 4 ” ng ”) ]
k =1 Jj=1 Jj=1
oo oo 27 1/2 00 oo 27 1/2
< sup [E Ay (Z I Sej) ] -+ sup [Z @ ( >, anjll Te; H) ] < oo,
k n=1 n=1 k n=1 j=1 g

That T € GHS implies AT € GHS for scalars x is trivial.

PROPOSITION 2. Let S€B (H,),T € GHS. T7hen ST € GHS.
Proof.

00 5 2 oo [ 2
sup E Ak (Z an; || STe, ”) < sup||S|P Z Ay (Z anjl| Te; ”) < oo.
kE n=1 j=1 k n=1 j=1
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