
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

B. E. Rhoades

A class of generalized-Hilbert-Schmidt operators

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 58 (1975), n.6, p. 839–841.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1975_8_58_6_839_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1975_8_58_6_839_0
http://www.bdim.eu/


Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1975.



B. E. Rhoades, A class of generalized-Hilbert-Schmidt operators 839

Analisi funzionale. — A  class of generalized-Hilbert-Schmidt ope­
rators. Nota di B. E. R h o a d e s ,  presentata dal Socio G. S a n s o n e .

R iassunto. — G. H. Constantin ha definito una classe di operatori di Cesàro-Hil- 
bert-Schmidt. In questa Nota l’Autore trova la corrispondente proprietà per una più generale 
classe di operatori di Hilbert-Schmidt (G. H. S.).

Let sd denote the set of infinite matrices with the following properties:

(i) A e B (/2),
(ii) A € B (/),

(iii) anìc>  o for each n  and k,
OO

(iv) tn =, 2  ank S >  o for each n.

D e f i n i t i o n  i .  Let T € B (Hx , H2) , Hj separable Hilbert spaces. T is 
called generalized-Hilbert-Schmidt i f , fo r  every orthonormal basis {en} of H j , 
and a fix e d  A € sdy

OO I OO
co sup 2  a«k { 2  a*i iiT -̂

Jc n = 1 \  j = 1

In [3] it was shown that Ca , the Cesàro methods of order a >  o, and 
the T“ methods, for a >  o , a >  \  are bounded operators on f'. It is well 
known that C«€B (/), and it can be shown that r “eB( / )  for sé <  1. sé  does 
not contain all of the Hausdorff matrices in B (72), since the Euler methods, 
( E , ? ) e B  (/) for o <  q <  I . sd also contains many Nörlund and weighted 
mean methods, as well as numerous other summability methods.

< 0 0 .

LEMMA i. Every Hilbert-Schmidt operator belongs to GHS.
00

Proof. It is well-known that || T ||a =  2  I! ||2 for every Hilbert-
J= i

Schmidt operator T. Thus {||Ta,-||} e / 2. From (i),
OO

Un =  2 anj II Tëj II € /2. 
i = l

Therefore
00  /  00 \  2 00 00

sup 2 %  2  anj II II ) =  sup X  Ont *4 =  sup II U ||2 2  ank («J  || U || )2
h  n — 1 \  j = l  }  Jc n = l  Jc n ~ l

00 00

<  sup II U  ||2 2  a nJc I U n  | / || U  || =  SUp || U  || 2 C ^ n  | U n  | <  CO.
Jc n =1 Jc n = 1

(*) Nella seduta dell’n  giugno 1975.
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Lem m a 2. Every GHS operator is compact.

Proof. From [2], for every orthonormal bases {en} we have

limn II Ten || =  o .

Assume the contrary; i.e., assume there exists an s >  o and an ortho­
normal basis {en} such that | |T^n || > z  for each n. Then

00 / 0 0  \ 2 00 / 00 \ 2 00

^"nk ( ufEi II Ilf I £ &n j I ^  (^)2 &nk ~  00 ?
w==l \ ; = l  /  n = l  \  j = l  }  n = l

a contradiction.

T heorem  i. Let T € B (Hi , H 2). T e GHS i f  and only i f  T is of the 
form

00
(2) Tf = I , K { / , e n ) K

n = l

where {en} , {hn} are orthonormal bases of Hj , H 2, respectively, and o 
such that

0 0 / 0 0  \ 2
(3) sup 2  a nh ( 2  a n j h )  <  °°-

k  n = l  \ j — 1 /

Proof Let T € GHS. From Lemma 2, T  is compact, so it has the 
form (2), where are eigenvectors corresponding to the eigenvalues {X̂ } 
of the positive compact part S of the polar decomposition T =  US. Since

^k > we have, substituting in (0 ,

00 i oo>  sup 2  Ofik
k n = l  ' 1 /

00 { 00 \ 2
=  sup 2  anh 2  1 1 )k n=1 w-i /

00  ̂ °o \ 2

=  sup 2  änk
k n —l  ' ^ j  ‘

Conversely, suppose T is of the form (2) with {An} satisfying (3). It 
follows that An -> o. For, if not, then there exists an. s >  o such that 7̂  > z 
for all n. Thus

00 / 00 \ 2 00
X  ank I E  anj M  >  (°s)a 2  ank — 00 ,

n = l  \ j = 1 /  n—l

contradicting (3).
T  is compact and satisfies (1).

PROPOSITION i . F ix  A G sd. Then the corresponding set of GHS operators 
is a linear space.
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Proof. Let S , T € GHS for the same A. By Minkowski’s inequality,
r 00 / 00

sup I X  a nk I X  anj II (S +  T) e, II 
k L n = l  \ j = 1

l o o /  00 00 \ 2 "I 1/2

<  sup x  x ils ^- ii +  X  ilT ^-n
k L » - l  \  j = l  i = l  /  J

[ 00 / 00 \ 2 1 1/2 r OO / OO \ 2 1  1/2

X a n k  ( X  II S ^ '  ) +sup X « to S ^ I I T ^ I I  < 0 0 .

n=1 \n=i /  J £ Ln=i \ /  J

That T € GHS implies XT € GHS for scalars X is trivial.

P r o p o s i t io n  2. Let S e B (H2) , T € GHS. Then ST e GHS.

Proof.
0 0 / 0 0  \  2 0 0 /  00 \  2

sup X ank I X  ^  Il ST^  II ) — SUP II S II2 2  ank I X  anj II Tei II ) <  00 •
k n = 1 \ j —1 J k n = 1 \  j = l  /
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