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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta d e lV li giugno J975 
Presiede il  Presidente della Classe B e n ia m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — Structure theorems fo r  a Banach L ie  loop. Nota 
di A u r e l  B e j a n c u , presentata (#) dal Socio B . S e g r e .

R iassunto. — Usando la teoria delle forme differenziali su d’uno spazio di Banach, 
si ottengono dei teoremi di Lie per un cappio di Lie Banach G. Se G è compatto si costruisce 
poi un dififeomorfismo della varietà di tutte le funzioni Cr da G in G.

In the first part of this Note we obtain Lie’s theorems for a Banach 
Lie loop, using the theory of differential forms on a Banach manifold. Let G 
be a compact Lie loop and Cr (G ; G) be the manifold of all morphisms from G 
to G. In the second part of this Note we construct a diffeomorphism of 
Cr (G ; G) on Cre (G ; G) X G where Cre (G ; G) =  { /  c Cr (G ; G) ; f{ e )  =  ej.

I. By a loop we mean a set G with an operation tu : G X G -> G satisfy­
ing the following conditions:

1) there exists a unique element e eG  such that 71 (x , e) =■ n (e , x) == x  
for every x  € G,

2) the equations n (a , x) =  b and n (y  , a) =  b have the unique solu­
tions x  — 9 (g , H) and y  — 9 (b , a) respectively.

Thus the maps ^ ar|d  9 are two other operations on G.
Let E be a real Banach space.

D e f in it io n  i . i . A  Banach Lie loop modelled on E is a loop which 
has a structure of a Banach manifold modelled on E, of class C°° such that 
the maps t c, and 9 are differentiable of class C°°.

(*) Nella seduta dell’n  giugno 1975.

56. — RENDICONTI 1975, Vol. LVIII, fase. 6.
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For a Banach Lie loop G we use the following notations:

a: (G)

C (G ; T e G)

L (T3.G ; T eG)

-  the module of all vector fields of class C°° on the mani­
fold G,

-  the module of all maps of class C°° from G to T e G,

-  the Banach space of all linear continuous operators from 
T x G to T e G,

Lis (Tx G ; T e G) -  the Banach space of all linear continuous and invertible 
operators from G to T e G,

L (TG ; T e G) -  the Banach vector bundle over G with fibre L(T^ G ; T e G) 
at x,

Lx , L%, b x -  the left translations on G induced by x  € G and the
maps tu , ^  , 9.

We studied Banach Lie groups using the differential forms which take 
values in a Banach space ([i]). The same method will be used in this 
Note in order to obtain the first two Lie theorems for Banach Lie loops.

PROPOSITION i . i . I f  G is a Banach Lie loop, then the vector bundle 
L (TG ; T e G) has a global section co differentiable of class C°°, such that 
co (x) e Lis (Tx G ; T e G) fo r  every x  eG.

Proof '. We define co as the map

( i . i ) <s>(x) =  T x 1L x V x e G .

It is easy to check that co is a C°° global section for the vector bundle 
L (TG ; T e G). Furthermore, if we define co-1 as the map

(1,2) co-1 (x) — T e Lx , Vx € G ,

we obtain co-1 (x)° co (x) =  It^g and co (x)° co-1 (x) =  It^g-

PROPOSITION 1.2. Let G be a Banach Lie loop. Then the modules SC (G) 
and  C (G ; T e G) are isomorphic.

We use the section co defined in Proposition i .i  and get the maps

(1.3) co : SC (G) -> C (G ; T e G) , (co , X) (*) =  co (x) (X (x)).

x e G  , X e SC (G ),

(1.4) co- 1 : C (G ; T e G) <F(G) , c o ^ / )  {x) =  <*~\x) ( f{x ) )

at € G ,y  g C (G ; T e G ).

The proof of Proposition 1.2 results from (1.3) and (1.4).
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Therefore every Banach Lie loop is a parallelisable manifold. The 
differential form defined by ( i . i ) and (1.3) will play a particular role in 
the local theory of Banach Lie loops.

Now it is useful to introduce the map

(*•5) A O ' .* )  =  , x ) ) °Tx l Z  , a , x e  G .

This map is differentiable of class C00 and verifies

( r -6) A (e , x) =  iT;cG V * e G .

Let M , N , P be three Banach manifolds of class C°° and / :  M x N - ^ P  
be a C°° differentiable map. Let æ éM  and b € N. The linear tangent map 
to the map x - + f ( x , b )  (resp. y - * f ( a , y ) )  from M (resp. N) to P will be 
denoted by T j , , « /  (resp. T *a,b) f ) .  Using a local calculus we get

( J -7) T'(n(a,x),x> 9 ^(a ,x )  7U ~h T (n(a,x),x) 9 =  °  •

From (1.5) and (1.7) we obtain:

(1.8) A (y  , x )  =  T e ~LX o T ^ VtX) L% (PiX) ° ( j \ n {y ,X),x) 9). 10 ^ ì n i p . ^ . x )  9 =

=  B (tc (y , x ) , x )  ,

( l -9) B  (x , x) —  i TxG y x  e G .

In this paragraph we are going to study local problems for Banach Lie
loops so it is useful to find local expressions for the maps w , A and B. 
By /io  (resp. / 01) we denote the partial Frechet differential of /  : M X N -» P 
in the first variable (resp. in the second variable) considered in suitable 
local charts. Using this notation, the maps A and B have the following 
local expressions:

w (x) =  t}.01 (x , x) , A (y  , x) =

=  *01(* . o) » '\i(n (y  , x) , n (y  , x')') ° [<p10(7i ( y  , x) , a;)]-1 ° <p01 (71 (y , x) , x) =

=  B (tu (y  , x) , x) .

D e f i n i t i o n  1.2. A  local Banach Lie loop is a Banach manifold G of 
class C°° with partial defined operation tc, such that the following conditions 
are satisfied:

(i) there exists a unique element e e G  such that tu (x , e) =  tu (e , x) =  x,

(ii) the equations tu ( a , x) =  b and n ( y , a) =  b have the unique solutions 
x  — if {a ,b) and y  =  9 (b , a) respectively,

(iii) there exists a neighbourhood U of g such that the maps tu,4 and 9 are 
differentiable of class C°° on U.
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Now, let U be an open set of the Banach space E such that o e U  
and co : U -> GL (E) , B : U X U -> GL(E) be differentiable maps of class C°°.

T h eo r e m  i i. The pair of maps (co , B ) defines a structure of a local 
Banach Lie loop on U, if, and only if, the differential equation

(i.xo) =  (xr1 {y)^(à(x)o'& ( y , x )

is completely integrable and  B satisfies

( 1 . 1 1 ) B ( x , x ) = i e Vx  e U  .

Proof. Suppose U is a local Banach Lie loop. Let (.x0 , y 0) e U X U 
and a =  <p (x0 , y 0). The map y  (x) — La (fi) is a solution for the equation (1.10) 
and y  (x0) =  tc (a , x 0) =  tu (9 (y 0 , x 0) , x 0) == y 0. The condition (1.11) is the 
local expression of (1.9).

Conversely, if the equation (1.10) is completely integrable, let us denote 
by L x its solution with initial conditions ( o , i ) 6 U x U .  Dehne the partial 
operation by n ( x  ,y)  — L,x (y), and it is obvious that we have iz(x , o) =  x  
for every x € \ J .  From (1.11) we obtain that the identity on U is a solution 
for equation (1.10) and hence tu (o , x) — x  for every x e U .  If we consider z 
as a variable point U it is well known ([2]) that the map y  =  7U (z , x) is 
differentiable of class C°° and

( I B (*’*)eGL(E)-
Using the implicit functions’ theorem we get z  — cp(y , x) and cp is differenti­
able of class C°°. But all the solutions of the equation (1.10) are diffeomor- 
phisms, so there exists a C°° map such that x  =  <p (y , z). This completes 
the proof.

Let E , F be two Banach spaces, S , T e GL (E), U be an open set of E 
arid cop : U lfa (E , F) be a Banach differential form of class C°° and of 
order p .

DEFINITION 1.3. The S-T-exterior differential ds>x of the differential 
form <ùv is the following map

d s . T ^ r U ^ L ^ C E ,  F) ,

V ' ^
(1. 12) (ds}T (àp) (pc ) > ' ' ' ) %p) ( 0  C (pc) (S^o j ’ * * j Su{ , * ■ *, Suf),

i=0

If in particular T =  S == iE we obtain the well known exterior differential 
operator for Banach differential forms ([2]). We must make the remark 
that ds,T has not the properties of the ordinary exterior differential, but it 
is useful to get integrability condition for equation (1.10).

We denote by o)J,a (resp. cô ,a) the differential form of order ^  defined 
by the map x  £\J  -> cùp (a , x) fi lfa (E , F) (resp x  -> (ùp (pc , a)) where
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« P : U  X U - > L f l ( E ,  F) and a € U. The right-hand side of equation ( i . 10) 
will be denoted by f ' ( x f y).-

T h eo r e m  1.2. Let c o : U - > G L ( E )  be a differential fo rm  of class C°° 
and  B : U x U  ->G L (E) be a C°° map. Then U is a local Banach Lie loop, 
if\ and only i f  the following condition is satisfied:

(1.13) (dB CO) (x) +  CO (x) o [(dB1,ÿ) (*) +  (â1JiXiV) B2,æ) (y)] +

+  O ')0 [<W>o/<*. »>,/<*,*> co-1] (y) =  o ,

fo r  every (pc , jy) € U X U.

Proof. The integrability condition of equation (1.10) is satisfied if and 
only if the function

F (x , y  , u , v) =  co“1 (y  ; ) (x ; B (y  , x  ; u)) (v)j +

+  co-1 (y ; to (x ; (y , x  ; u) (»))) +

+  ( y  ; O  ; b  ( y , x  ; «))) ( /  (* , • v) +

+  to-1 b  ; “  {x ; (y , X  ; u) ( . f ( x , y ) - v t y

is symmetric in the last two variables. Using (1.12) and the exterior differ­
ential operator for Banach differential forms B1,y and B2,iC we get (1.13).

Let U be a local Banach Lie loop. We define the map C : U x E x E - >  E; 
C (x ; u , v) =  dco (x) (co-1 (a;) (^) A co“1 (pc) (v)). From Theorem 1.1 and Theo­
rem 2 ([1 ]) we deduce that the local Banach Lie loop U is a Banach Lie 
group, if and only if B (y  , x) =  i E for every (y , x) 6 U X U. In this par­
ticular case the condition (1.13) becomes

dco (x) +  co (y) » [d a te ) ,^ , 0a(x) co”1) O') =  o .

2. In this paragraph we suppose that G is a compact Lie loop without 
boundary. The set of all Cr functions from G to G will be denoted 
by Cr (G ; G) (o <  r  <  00). It is well known that Cr (G ; G) is a Cs mani­
fold (o < .s <  00) ([3], [4]). The operation on G will be denoted by tu.

T h eo r e m  2.1. The manifold Cr (G : G) is a Lie loop of class C°°, which 
is always infinite dimensional.

Proof. The following mappings

D : Cf (G : G) X Cr (G : G) -> Cr (G , G X G) , D ( / ,  -g) (x) =  ( f ( x ) , g  (x) ) ,

Tu# :Cr (G , G x G ) - >  Cr (G ; G) , Tz^(h) =  iz°h

are differentiable of class C°°. Thus the operation 7u^°D on Cr ( G; G)  is 
differentiable of class C°° and so are ^ ° D  and 9^° D. If e is the unit element 
of G, then the constant map e^ (x) =  e (x € G) is the unit element of Cr (G ; G).
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The Banach Lie algebra Cr (G ; g) (g is the Lie algebra of G) is the Lie 
algebra of Cr (G ; G) and it is isomorphic to the tangent space of Cr (G ; G) 
at The differential form constructed in Paragraph 1 is an isomorphism 
of Cr (G ; g ) on (G). Thus the proof is complete.

The set Cre (G ; G) =  { /  € Cr (G ; G) ; f  (e) =  e} is a submanifold of the 
manifold Cr (G ; G).

THEOREM 2.2. The manifold of all differentiable maps of class Qr from  
a compact Lie loop G to G is Cr diffeomorphic to the cartesian product of G 
with the manifold of all differentiable maps of class QJ from  G to G which have 
the unit element o f G as a fixed  point.

Proof. In order to prove this theorem we define the maps: 

a . C (G ; G) -> Ce (G ; G) X G , a ( / )  =  (Lf (e) 0 f , f  (ej) ,

ß : Cg(G ; G) x G Cr (G ; G) , ß ( * ,* )  =  L £o*  .

It is easy to verify the equalities

a ° ß =  Iç£(g;G)xg ß 0 a =  V<g;g) •

The maps: LT : G -* C r (G ; G) , Iff  (x) =  L£ ,

Ev : Cr (G ; G) x G -> G , Ev ( / ,  x) =  /  (x) ,

A : Cr (G ; G) X C2r (G ; G) Cr (G ; G) , A ( f , g ) = g o f

are differentiable of class Cr. The map /  h j ie) o/  is obtained as the com­
position of maps

Cr (G ; G) -> Cr (G ; G) X G -> Cr (G ; G) X Cr (G ; G) -> Cre (G ; G) ,

/ - ( / , /  W) ( / ,  i * M) - L  L/(g). / .

Thus the map a is differentiable of class Cr. We consider ß as the composition 
of the following maps:

Cg (G ; G) X G C£ (G ; G) X Cr (G ; G) Cr (G ; G)

and thus the proof of the theorem is complete.

Remark. The results of this paragraph hold true for the manifolds 
of maps which verify a condition of Hôlder and for the Sobolev spaces.
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