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Geometria differenziale. —  Special conformal motion in a special 
projective symmetric Finsler space. Nota di H. D. P a n d e  e A . K u m a r , 

presentata (*} dal Socio E. B o m p i a n i .

R iassu n to . — I due Autori avevano già definito i movimenti conformi e il Maher i 
movimenti proiettivi in uno spazio di Finsler simmetrico. Ulteriori restrizioni definiscono 
gli spazi di Finsler proiettivi simmetrici speciali studiati nella presente Nota.

i .  I n t r o d u c t io n

Let us consider an ^-dim ensional Finsler space [1] (1) equipped with 
the 2 n line elements (x%> x 1') and with a positively homogeneous function 
F (x%, x %) of degree one in its directional argument. T he fundam ental metric 
(ensors are given by

11 • I ) g%j (x , Xs) = di dj F2 (x , x) , — djdX

and

O-2) g%} (x >*) gjh(x ,±) =  si =  j °

These co variant and contravari ant metric tensors are sym m etric in their 
indices and are positively homogeneous of degree zero in JÂ Let X 2, (x , x) 
be a vector field depending upon the directional and positional coordinates. 
T he projective covariant derivative [6] of X 2 [x , x) is given by

(1.3) x{(4)) = a, x* -  (âr x*) n rmkx m + x2* nj*
where II}k (x , x) are called the coefficient of projective connection. T hey 
are sym m etric in their lower indices and are homogeneous of degree zero 
in their directional argum ents. These entities J\)k are defined by

(1.4) ÌÙ  (* , 4) =  GU -  (2 Si- G{)r +  ** Grrhj)

which satisfy the following identities:

( 1 * 5 )  a )  R h k r F  —  o ,  b )  U lhkr =  d r W h k ,

T he com m utation form ula [6] for the projective covariant derivative of a 
tensor field T} (x , x) is expressed by

(1.6) 2 T}[m)i(k))] =  TJ Qlkr -  T; Qrhkj -  (dr Tj) Qrhk

(*) Nella seduta dell’8 marzo 1975.
(1) Nümbers in brackets refer to the References given at the end of the paper.
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where

(1-7) Q k  (* . *) =  2 {s[A nL- — 0 r njn) n rh U +  n;* n *,,} (2).

The projective entities Q)kh (x , x) satisfy the following identities [6]

<k8) a) Q%kx j =  QÌk , b) Qikxh =  Ql

~  Qi* » ^0 Qli — Qk ■

L et us consider an infinitesimal point transform ation 

C1 -9) x% =  x i +  v i (x) d t

where v% (x) is any vector field and d t  is an infinitesimal constant. The Lie 
derivative of a tensor field Tj and the projective connection coefficient is 
given by

( i . io) Tj — T}((Ä)) vh v\ih)) +  T I v\(j)) +  (dh Tj) v\{r)) x r

and

C1- 11)  n }lc =  v\(j))Uh)) +  QhjkV1 +  Vh{ir)) Xr.

We easily obtain the following com m utation formulae:

(1.1 2) dk (£Pv T j)--- < v̂ (djc T}) =  o ,

(1.13) se% v m )) -  t} ) ((A)) =  T* <ev n ih -  v h j? v u% —  &  v ^ v u hks x s

and

(I. i 4) 2 - s v n J ft(W))] = j ? v Q}kh +  2 j? v i i sm[jn i ]s!lx m.

T he1 conform al transform ation is characterised by [i]

C1. 1S) f  (x , x) =  e2agij (x , £)

where cr =  g (x )  and g  y  ( x  , f y j g y  ( x  , £ )  are the two m etric tensors obtained 
by the  two m etric functions F ( x , x )  and F ( x , x )  respectively. U nder the 
conform al change we have the following entities:

(I .16) G 4(* , x) = G * (x ,x ) — T)im
G m  -D

(I ■U) O
l CO

.

£) = G \ { x >*) —
_ T)im ^ li

(I..18) G Ik (x ,x )  = II o s
r

'h ! T>WW& Kk

(I- !9) G Mr (x *̂hJcr (x , X) _ j y i m&Jikr

(2) 2 A lm M1II ■\hk) = li & + \ h  *
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W ith the help of above equations the projective connection coefficient 
n \k (x , x) in Fn is given by

(1.20) Uhk =  F\hk gs | b | |  ^  ^rl/Oj

def.
where Bhk (pc , x) =  | F  2g hk—  x h x k is positively homogeneous of degree two 
in x % and satisfies the relations

(1.21) d) B J ¥  =  2 B ,#, b) B g * ^  =  o , B jgT;6*=Bj"

A T>ih def* A Tn ih  jy ih  def- A T) ih&Jc — Vk & J &kr =  dk &r , ttjkr =  dj &kr •

2. S p e c ia l  p r o je c t iv e  s y m m e t r ic  F in s l e r  s pa c e

D e f i n i t i o n  2.1. A n  F n is said to be a projective symmetric Fn (PS -— Fw) 
i f  the projective covariant derivative of Q)hk (x , x) vanishes identically; i.e.

( 2 - 0  Q jhk((r)) =  ° ‘

The following results also hold in this space:

( 2 ‘2 )  Qjk((r)) —  °  ) b") Q^ ( ( r )) =  o .

If  the infinitesimal point change (1.9) implies tha t the m agnitudes of 
vectors defined in the same tangent space are proportional and the angles 
between two directions are also the same with respect to the metrics then 
it is called a conformal m otion [4] in Fw. FL)k and H)k are the variations 
of YFjk (x , f )  under infinitesimal point transform ation and conformal change 
respectively. T he two transform ations will coincide if the corresponding 
variations are the same.

T hus we have

T h e o r e m  2.1. A necessary and sufficient condition that the infinitesimal 
change (1.9) be a special conformal motion is that

(2.3) n jk =  R ,, Ujk =  gs |b} | —— — (2 •

The following result also holds for the special conformal motion:

(2.4) JFV Iihkr =  Gs (B^I, jjTffiïY  +  ^mhrfK  +  ̂  Bïïb*)J •

DEFINITION 2.1. A Finsler space F w admitting (2.1) and  (2.3) is called 
a special conformal symmetric Finsler space.
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A pplying  commutation form ula  (1.13) to the projective entity Q) and 
using equations (2.2 b) and  (2.3), we obtain

(2.5) (<^Q})(,*„ =  ^ Q * B ^ - Q l B ^ ~ ( 9AQ })B f ~

—  +  Bä Bri +  ^  B/ää) —

-  Qi (2 $?* BK, +  ** B ä )  -  (àA Q}) (§t BK +  BK)}] •

Contracting with respect to the indices i and j  in the above equation, we get

(2.6) (J2K QÎ)((W) =  -  crs [(9,  Qj) (Bts -  (St B(s +  ^  B $ } ] .

Transvecting (2.6) w ith respect to x k and noting (1.21), we get

(2.7) „ Qj)«*» ^  +  2 crs [(âA Qj) I 

Thus we have

Bhs

(« + 1)
B!

’ K ] “ 0 -

THEOREM 2.1. I f  the infinitesimal transformation (1.9) defines a special 
conformal motion in a PS —  Fn then equation (2.7) is satisfied.

From  equation (2.3) it is clear that the vanishing of the function F>%h (x , x) 
is a necessary and sufficient condition for the special conformal motion to 
become a projection affine motion. Therefore, we have

THEOREM 2.2. In order that a special conformal motion admitted in 
a PS —  F n becomes an projective affine motion in the same space it is ne­
cessary and sufficient that ( ^ v Qi)((k)) %k must vanish.

T he Lie-derivative of Q)kh ( x , x) can be obtained with the help of 
com m utation form ula (1.14) which on transvection by and in view of 
equations (1.5 a) and (1.8 a) gives

(2.8) ^ Q i *  =  2 J 2 v n  i m m y .

In view of (2.3) and (1.21 b), the above equation reduces to

(2.9) Qjk =  ■ 2 Jcrs ^  ^  (B£[fc(ÿ-))] x l +  By[(0-)) §£]J +

+  ŝUO')) |b |]  j) ^  *

M ultiplying (2.9) by and contracting with respect to indices i and k , 
we obtain

(2.10) QÈ =  2 |(crs B*8)«*» -  (BK a,) f .

Substituting equation (2.10) in (2.7), we obtain

(2>I 0  [(as ^ t8)((i))((k)) ( n f i i y  ^ (( i) )  ((*?)) ^  +

+  ■>.{>.« (B“  b;-^*)) -  o .
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Thus we have

T h eo rem  2.3. In a FS-— F n i f  the infinitesimal transformation (1.9) 
defines a special conformal motion then equation (2.11) holds.

W ith the help of the operators (fk)) and dh, we obtain the following 
com m utation formula:

dfi ( Q m m ) ) )  (̂ Ä Qjk)((m)) “  QjJc n hms 2 Qs[& ,

which in view of equations (2.1) and (2.2 a) reduces to the following form:

( 2 *1 3 )  Q j k  n hms ~ ~  2  Qs[Jfc n j]hm =  0  •

C ontracting (2.13) with respect to indices i and j  and using (1.8 a), we get 

(2 .14) Qi n | ÄW =  o .

By taking the Lie derivative of (2.14) and using equations (2.4) and (2.9), 
we obtain

(* • '5) w » ~  h  \B‘> - - ç à f f  <B3 B">]],„„ +

+  Q, [«. (B g, -  (Si Bg, +  si B g . +  Si B g . 4- *  Bg*))] =  o .

Thus we have

THEOREM 2.4. For a special conformal motion the equation (2.15) is 
satisfied in a PS —  Fn .
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