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Geometria differenziale. — Special conformal motion in a special
projective symmetric Finsler space. Nota di H. D. Panpe e A. KuMAaRr,
presentata ) dal Socio E. Bompiant.

R1ASSUNTO. — I due Autori avevano gia definito i movimenti conformi e il Maher i
movimenti proiettivi in uno spazio di Finsler simmetrico. Ulteriori restrizioni definiscono
gli spazi di Finsler proiettivi simmetrici speciali studiati nella presente Nota.

I. INTRODUCTION

Let us consider an z-dimensional Finsler space F, [1]® equipped with
the 2 # line elements (x% #%) and with a positively homogeneous function
F (x%, #%) of degree one in its directional argument. The fundamental metric
(ensors are given by
tr.1) gy, ) 48,8 (x,5) |, =o'
and

iy ) ) ; o if ig=4
(I‘2> g”(x,X)g,-k(x,x):Siz 1 if s= 4.

These covariant and contravariant metric tensors are symmetric in their
indices and are positively homogeneous of degree zero in #i. Let X' (x,#)
be a vector field depending upon the directional and positional coordinates.
The projective covariant derivative [6] of X' (x,#) is given by

(1.3) Xy == % X' — (& X7 Mpy 2™ + X7 T,
where I3 (x,#) are called the coefficient of projective connection. They

are symmetric in their lower indices and are homogeneous of degree zero
in their directional arguments. These entities Ilj; are defined by

(1.4) I (x, %) = Gl — (n—-l|-1) (2 8(; Ghyy + 2° Glgy)

which satisfy the following identities:
(IS) a) H}lkr 2 =0, &) H};Iar = ér H;dc

The commutation formula [6] for the projective covariant derivative of a
tensor field T} (x, %) is expressed by

(1.6) 2 T;:[((h))((k))] =Tj Qlikr — Ti Q;kj — G T;.') Qe

(*) Nella seduta dell’8 marzo 1975.
(1) Numbers in brackets refer to the References given at the end of the paper.
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where
(1.7) Qfa (%, %) = {om Ty — 3, M) 7y, #° 4 TGy, TIE,) @
The projective entities Q}kh (%, %) satisfy the following identities [6]
(1.8) & Qu# =Qu, b Qi =0
) Q= Qu, d) Q= Q.
Let us consider an infinitesimal point transformation
(1.9) =2z + vi(x)ds

where 2% (x) is any vector field and df is an infinitesimal constant. The Lie
derivative of a tensor field T; and the projective connection coefficient is
given by

i i A hod i h C iy B
(1.10) L, Tj = Than V" — T v + Th vy + @ 1)) oy %
and
i i i n i b e
(1.11) Ly W = vy + Qw v + Mgy o) 2.

We easily obtain the following commutation formulae:

(1.12) & (&L, T)— 2, TH =o,

(113) &, Ty — (Lo Tan = T} L, U — T} £, Il — (3, THZ, 1}, 2°
and

L1y 22, Wiy = L, Qu + 2.2, Iy, T, 2™

The' conformal transformation is characterised by [1]

(1.15) § ) =gy, B)

where ¢ = 6 (x) and g;; (x, %) g;; (x, %) are the two metric tensors obtained
by the two metric functions F (x,#) and F (x,#) respectively. Under the
conformal change we have the following entities:

(1.16) G'(x,#) =G'(x,4) —oq, B™
(1.17) Gi (@, %) = Gi (%, %) — o, B
(1.18) G (2, %) = Gl (x , %) — o, B
(1.19) G (%) =Gy (v, ) — 0, Bl

(2) 2 A = Ay — A 2 Aggy = Ay + Ay
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With the help of above equations the projective connection coefficient
I (x, %) in F, is given by
(1.20) M = T — o, {Bit —

ICE) +I) (8% Bpy, + 4 BMJL}

def. . .
where B# (x| #) ‘= ] F2 gtk — b b is positively homogeneous of degree two
in #% and satisfies the relations

(1.21) @) BP'if=2B" 6) Bjui’' =o , B i =B"
def. def. : def.
B =& B" , BT s B, B T B

2. SPECIAL PROJECTIVE SYMMETRIC FINSLER SPACE

DEFINITION 2.1. An F, is said to be a projective symmetric F, (PS — F,)
if the projective covariant derivative of Q]hk (%, %) vanishes identically; i.e.

(2.1) Qinkcrn = O-
The following results also hold in this space:
(2.2) @) Qan =0, 8) Qiun =0-

If the infinitesimal point change (1.9) implies that the magnitudes of
vectors defined in the same tangent space are proportional and the angles
between two directions are also the same with respect to the metrics then
it is called a conformal motion [4] in F,. %, Il and ITj; are the variations
of Hﬂg (x, x) under infinitesimal point transformation and conformal change
respectlvely The two transformations will coincide if the corresponding
variations are the same.

Thus we have

THEOREM 2.1. A necessary and sufficient condition that the infinitesimal
change (1.9) be a special conformal motion is that

(2'3> Z, Hﬂc "‘. ;k—‘ H;:k = ch— n + (2 8 k)r + # 770]}

The following result also holds for the special conformal motion:
(2'4> g’v Hlikr = — 0 {B};Iir - ﬁ (8;z mkr‘l’gk mhr+81 %;zlc’{_jfi Bzzkr }

DEFINITION 2.1. A Finsler space ¥, admitting (2.1) and (2.3) is called
a special conformal symmetric Finsler space.
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Applying commutation formula (1.13) to the projective entity Qb and
using equations (2.2 8) and (2.3), we obtain

@5 (Lo Quan = o, [} Bl — Qi Bl — 4 Q) B —

— g7y Q3 (4 Bri + BBl + 4 Blip) —

—Qi (2 8 BJ}, -+ # B — 4, Q) (3 B + 4" B}
Contracting with respect to the indices 7 and j in the above equation, we get
@6) (% Qan =— 0, [3:Q) (B — 45 GEBY + 2 B
Transvecting (2.6) with respect to #* and noting (1.21), we get
@D (ZQun + 26, |3 QD (B — B || =o.

Thus we have

(”+)

THEOREM 2.1. [If the infinitesimal transformation (1.9) defines a special
conformal motion in a PS—TF, then equation (2.7) is satisfied.

From equation (2.3) it is clear that the vanishing of the function B% (x , #)
is a necessary and sufficient condition for the special conformal motion to
become a projection affine motion. Therefore, we have

THEOREM 2.2. [n order that a special conformal motion admitted in
a PS—TF, becomes an projective affine motion in the same space it is ne-
cessary and sufficient that (£, Q) *r must vanish.

The Lie-derivative of Qfy, (x,#) can be obtained with the help of
commutation formula (1.14) which on transvection by #’ and in view of
equations (1.5 a) and (1.8 a) gives

(2.8) ; 2Ly Qi = 2L, Wipon 2.

In view of (2.3) and (1.21 b), the above equation reduces to

(2-9) % Q;:k =2 [Gs {Bf;sc((j))] Btk i+ Blin Sk]} +

(n-l-l)

+ Sstm {Bﬁ TE + ] (Bis, £ + 3 Bis}]-
Multiplying (2.9) by #’ and contracting with respect to indices 7 and &,

we obtain

(2.10) 2,08 = 2 {(o, B*)n — (BY o) ).

(n—I-l

Substituting equation (2.10) in (2.7), we obtain
(2.11) [(Gs Bis)((z’))((k)){ (n+ (B; G'r)((z))((k))x]x +

T
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Thus we have

THEOREM 2.3. In a PS—F, of the infinitesimal transformation (1.9)
defines a special conformal motion then equation (2.11) holds.

With the help of the operators ((£)) and 3, we obtain the following
commutation formula:

(2.12) 3 Qi) — @ Qi) cmn = Qe Whs — 2 Qi [ijpn,

which in view of equations (2.1) and (2.2a) reduces to the following form:
(2.13) Qi Wins — 2 Qg W = 0.

Contracting (2.13) with respect to indices 7 and ; and using (1.8 a), we get
(2.14) Qs T = 0.

By taking the Lie derivative of (2.14) and using equations (2.4) and (2.9),
we obtain ’

(2.15) i [“s {B;:s - (7—1}-*17 (B # + % B:s)}]((i)) -
+Q [Gs {Biim — Gy O Bi+ 81 Bigw + 3 BILy 4 Bl :] -

Thus we have

THEOREM 2.4. For a special conformal motion the equation (2.15) is
satisfied in @ PS—F,.
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