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Algebra. —  Linear operators on certain completion o f the 
s-d-Rings over the integers. N o ta  II di E s a y a s  G e o r g e  K u n d e r t ,  
p re sen ta ta  (,) dal Socio B. S e g r e .

R ia ssu n to . — Quale applicazione della precedente Nota I con lo stesso titolo, si mo­
stra come, completando \'s-d~anello sopra gli interi in modo opportuno, si ottiene un calcolo 
formale per sé interessante

P a r t  II

Po have less cum bersome notations we will carry out the following- theory 
for the operators: D , D , S , S , a , a and the basis {Xi} only. The reader 
should, however, keep m m ind th a t these operators m ight always be replaced 
by the opetators D , D , Sm , Sm , am , a_m and the basis { x mf  respectively. 
This will be obvious from the preceding development.

Let 81 be the completion of 81 w ith respect to the inteal neighborhood 
system of the zero: (x0f  D (Xlf  D • • O  (*,)* 3  • • • (The topology defined on

31 by this neighborhood system is H ausdorff since n  (Xif  =  0 ). Each
i = 0

00

element t  e 81 ma y be represented as c =  ] £  ykXk with T/, 6 Z and such a
/ f= 0

series is always an element of 31. We specifically single out the following
elements of

^ - - , = l r + : r K

Note th a t these elements are not in 81.
From  the m ultiplication on Î  we obtain in particular the following pro- 

ducts:

(IV) x f x,j =  2  x s where ocy =  (—  i)i+i+* ^  for i , j  >  o

— s n —l + s  r
^ —m,n ^ m —l , n  IOr ILI , Tl f>  O

— s m + n —s — 1 r
m, — n —  1, w—l  I Or Wl , f l  f>  O.

From  (IV) it follows th a t x_x Xj =  for all integers j .  Therefore 3c_x xk =  o 
for k >  o and therefore T ,  r =  ct (c) x_x . Let us introduce the linear operators 
Qi • Qi (f) =  c and we m ay put: a_x c =  Q_x a (r). Note: 81 cannot be an

(*) Nella seduta dell’8 marzo 1975.

34. — RENDICONTI 1975, Vol. LVIII, fase. 4.



4 8 8 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. L V III -  aprile 1975

integral domain! It is also easy to see tha t the { }*=integer do not form a
basis of 51. T he subspace 51 spanned by the x ’s is however a (proper) subai-, 
gebra of 5t.

Let us now look at linear operators on 51. We m ay at once extend the 
operators a , D , S onto 51 by letting:

It is clear th a t g is again an algebra hom orphism  from 51 onto Z , D is a so- 
called weak sem i-derivation satisfying properties (1) through (4) but not (5) 
and for S we have: DS =  I and SD =  ah Next we m ay extend S onto 51 by 
defining S =  (S) which is true on 51 by the lemma. We m ay also extend the 
operator K -1 by letting  K ~1 =  D . W hile this is still an algebra hom om orphism  
from 81 onto 51, it will not be an autom orphism . Its kernel is the ideal gene­
rated by . K does, therefore, not exist on 51 and a passage to D — K is not 
possible. There is no consistent way to extend D from 51 to 51 so th a t for 
example LS =  I holds, because OS (V_x) =  D (1) =  o =j= 3c_x . There is a na­
tural way to extend D onto 51, but w ithout saving the just m entioned property 
and w hat’s worse the m apping would not be surjective so tha t besides pro­
perty  (5) also property  (2) would fail. Instead of violating (2) it is m uch better 
to violate (4). As a m atter of fact, it is logical to ask the stronger question: 
Does there exist an inverse of S on 51? It would have been futile to ask this 
question for S restricted to 51, because there we would have DSS-1 (1) =  o so 
th a t DS ( 1) =  I =  S (o) — o if S ~1 would exist.

THEOREM 3. The operator S has an inverse S” 1 on 51 namely S' 1 =  I 4 
+  S +  S(2) + •  • • T" S( } +  • • • and  S~1 satisfies conditions ( i ) - ( 3) fo r  a semi- 
derivation . We have: SVj =  äq+1 and  S-1 #* =  x f o r  a ll integers i.

00

Proof. ( 1) S" 1 is defined on 51 because i f  c =  ^4 x k then S (l) (c) =
00 00 & =o

=  2  Ï k x k+i e an<̂  S-1 (c) — 2  SU) (c) is convergent in 51.
&=0  J c= 0

(2) By our lem m a we have: S =  I — S so tha t SS-1 — ( I — S) • 
( I + S + . . .  +  S<*) + - . - )  =  I.

(3) U sing the definition of S-1 one computes without trouble

00 /  00 \  00

S- 1 0<) =  X  x k > S“1 (*») =  and S“1 I 2  Yk x k I =  2  y k S"1 (xk).
J c = ^ i  \ J c = 0  /  &=0

(4) It is clear th a t S”1 is linear and surjective. W e need to prove the 
product formula. We note first that using well-known properties of conver­
gent series and the last form ula in (3) above, tha t is sufficient to prove the
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product form ula for Xj Xj for all 1 , j  >  o. W e should, therefore, prove that:

(A) S' 1 f a  xj) =  Xf S' 1 (xj) +  x j S_1 (xt) —  S' 1 (x{) S' 1 ( x f .

One can do this straightforw ard by using induction, but it is simpler to use 
operators and their properties: From  SD =  I — a we obtain (I —  S) ( I —K _1) =  

I ' K ~"b SK =  I a so th a t S K — SK 1 =  a. M ultiply­
ing by S' 1 from the left, we get I +  S“1 K “ 1 —  K “ 1 =  S' 1 a =  a. M ul- 
tiplying from the right by K (this is allowed as long as our operator equation 
is applied to elements in SI), we obtain  the following form ula:

(B) S 1 =  K —  I -f- Q_j ctK valid on SI.

Com puting the left side of (A) we get:

S“1 (x{ Xj) =  K (xj Xj) —  Xj Xj +  Q„, ctK (xj Xj)

and com puting the righ t side of (A) we get:

(*ì) +  Xj S“1 (Xj) —  S“1 ( x^  S“1 (xj) =  X{ K (xj) —  Xj Xj +

+  X j  Q_] crK ( X j )  +  X j  K ( X j )  —  X j  X j  +  X j  Q_! crK (xx) —

—  [K (xj) — X j +  Q_! o K  (xj)] • [K (Xj) — Xj +  Q_x ctK (x3)} =

=  K (xj) K (xj) —  Xj Xj +  Q_, crK (xj) ■ K  (Xj) +  Q_t crK (x t) ■

■ K (*,-) —  Q , <tK (Xj) ■ Q_t gK  (Xj) =  K (xj Xj) —

— X j  X j  +  Q_J crK ( X j  X j ) .

The last equality  is obtained by using the fact th a t x_x x_x =  x_x and tha t 
K is an autom orphism  on 81.

COROLLARY. Changing all bared expressions to unbared ones and  a ll 
unbared onês to baredj>nes and  replacing K by KA1 and vice versa, we obtain—as 
above a completion SÌ onto which the operators cr , \J , S , S , K m ay be extended 
and  S has an inverse S which is a semi-derivation satisfying conditions ( 1)—(3). 
The m apping  1J fro m  SI <-» 31 may be extended to a m apping  1J fro m  St 81 
and is an isomorphism sending unbared operators into bared ones and vice versa.

R eca ll,also the rem ark m ade at the beginning of P art II which g uaran ­
ties an infinite num ber of other pairs of isomorphic completions { StTO , Slm }. 
T he isom orphism  from SÌ to Stm is an extension of K“ .

N ext we would like to determ ine all Z-algebra autom orphism s on SÌ. 
Let H be first a Z -algebra hom om orphism  on â .  It is clear th a t the recursion

OO OO

form ulae (I) m ust hold. Let H (*,) =  £  fyk x k and let a =  Y . o.jXj  be such 
1 fTo

th a t H ( a ) ~  x 1 . For H to be an autom orphism  the system of equations
\  1 n j O if k  —I ■■ O . .

ai PjJc =  \ j if k  — q m ust tiave a unique solution in the a /s . Since
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the partia l system with k  >  2 is homogeneous, we m ust have oq =  o for all 
j  >  2. It follows th a t oq ßu  =  1 which means tha t 04 =  ßu =  1 or — 1 so 
th a t H ( x f  =  ß10 ±  ^1 and H m ust be an extension of an autom orphism  
A € A. Assume A =  K ~m i.e., ß10 =  —  m  then 1

no 00 00  ̂ 1  %  J
^ri /— m -\-i —-I —-k\
h \  I - *  / '

This sum exists if and only if m  >  o. Sim ilarly in the case where A  =  J K ~ m

Now ^  Xj m ust have an image 2  Yic x k w ith -
i —0 A’= 0  k=

the coefficient of x k is (■—■ 1/  ( m. \  which never exists for all k.

The only autom orphism s A  6 A  which m ay be extended to a Z-algebra homo­
m orphism  onto 31 are A =  K _m for m  >  o. W hat is the kernel of K ~w ? Let

00
b =  2  Xi such th a t K ~m b — o. This leads to the homogeneous linear

i = 0

system of equations : T] ( m f *  1 _  0 The ß0 , • • •, m ay be

freely chosen and the with i  ~>m —  1 are then determ ined so th a t Ker 
K ~m is a (m  —  i)-dim ensional subspace of 31. W e assert th a t { , 3c_2 , • • •
• • •, x_m+1 } generates this subspace. Note first th a t from SX - i= x _ i+1 and 
S =  I —  S we get x^i — x_i+1 +  Sx_$. Now K "“1 =  I ■— D and therefore 
K “ 1 (x_i) =  x_i+1 +  Sx_j =  K “ 1 (x_i+1) +  Sx_i — =  KC1 (x_i+1) — x_i+1 and
from  this we get by repetition: K -1 (x_4) = — (x_x +  x_2 +  • • • +  x _m+1) .
Therefore ¥L~m (#_$) =  o for i  <  m  -— 1 and it follows th a t € K er K m 
for i  <._m— I . Since x_x , x„2 > • * •, x_w+1 are clearly independent elements 
of 31 our assertion is proved.

T h eo rem  4 . The only Ta-algebra automorphism on 31 is the identity. The 
only automorphisms on 81 which may be extended as h o m o m o r p h i s m s  onto 
31 are the K “ m w ith m i > o  and  Ker K ~w =  (v_x , 3c_2 , • • •, äLm+1).

W e are now in a position to construct other sem iderivations on 31. 
Leif Dm =  I — K ~m. (W arning: This is by no m eans an extension of
D m =  Km D K ~ m =  D which was defined on 81, but cannot be extended to 31. 
T he sim plicity of the notation w arrants its use and no confusion should 
result).

ASSERTION. Dm is a semi-derivation on 31.

Proof. Properties ( 1), (3), and (4) clearly hold. W e m ust prove property
00

(2); namely, th a t Dm is surjective. Let a — ^  oq € 3L We m ust show th a t
i=0

the differential equation Dmy  =  a has a solution. For th a t it will be sufficient 
to prove tha t ( 1) Dmy  — Xi has a solution y x for all i  =  o , 1 , 2 , • • • and (2)

00

th a t { y i  } -> o, because y  =  2  oqjq exists then and Dmy  =  a.
oo

(i) L et cm =  £  (—  Since Dm =  I -  K " m =  I -

— (I —  D)w we have: Dm =  Cm D =  DCm . W e show that: Cmy  — o has an
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( m — I)-dim ensional solution space. Put y  =  2  ßi x % • W e m ust have:
i = 0

00

2  (■— i)k+1 ^  j — 0 f° r every r  =  o , 1 , 2 , • • • To solve this system

of equations, we m ay choose ß0 , ßx ,•• •, ßm-2 arb itrarily  and the ß* for 
i ~>m —  I are then uniquely determ ined. Let pm be th a t solution for which 
ßo =  ß i=  • * • =  ßm-s =  o and ßm-2 =  1 • Put y.i =  (■— i)m+1 S {l+2) pm . Assertion:

• Proof. Dw S pm Cm pm o. Now Dw S pm Cm Spw and 
S (Dm S pf) SD (Cm S pm) Cm S pm G&m ^ 9m ^ but öCm S pm (■ I ) 
since Spw =  +  • • • Therefore D my 0 =  1. Now— using induction—
assum e, %%—1 • Dw S pw Cm S pTO and S (Dw S pm)
=  c ms ' +1 pw —  aCmSi+1 pw - ( —  i)w+1^  but dCmS '+1 pm - o  for i > i
so th a t T)my i — x i .

(2) Since y i =  T  aq +  • • • it follows at once th a t {y% } -> o in our 
topology.

As m entioned under section ( 1) in the proof above, the complete solution 
of the differential equation Cmy  =  o is a (m  — i)-dim ensional linear subspace 
of 51. It is generated by the independent solutions pmj which are obtained 
by putting ßi =  o for o <  i  <  m  — 2 , i  =\=j and ß̂ - =  1 in the general solu- 
tion. It is then clear th a t Dmy  =  o has the ^-d im ensional solution- 
space Zm K er Dw (4 , S p^o > ^Pmi > * * * > ^9m m—2)* Since D m (cdf aT)m b -j- 
+  bDm a — Dm aDm b — o for a , b e Z m, it follows th a t Zm is actually a 
Z-subalgebra of 51. T he elements of Zm are the constants w ith respect to the 
sem i-derivation Dm and we m ay consider t  as a Zm-algebra.

Suppose th a t H is a Zw-algebra hom om orphism  from 51 onto Zm . We 
m ay then define a sem i-integration SH with respect to Dm by letting: SH (d) =  
a ’—  H (V) for a € 81, where a’ is any element of ÏÏI such th a t D m ar =  a. SH (a) 
is well defined, because if a" is another element such th a t Dm a" =  a , it follows 
th a t Dm (a" -— a') =  o or an —  a' € Zm so th a t H (a" —■ a') — H (a") •— 
—  H (V) =  a"  —  a' or a” ■— H (an) =  a! •— H (V). Clearly we have: 
Dm S h  — I and SH Dm =  I — H and for different H the SH differ at m ost by 
a constant, i.e. an element of Z m• Im itating further, we m ay define: SH =  (S r )  
and finally Sfi1 =  I +  SH +  Sh +  , • • •, the inverse of S h  , which is-—proof 
the same as for S -1— a sem i-derivation without property  (4) on 5Ï. W e 
state all this in the following theorem .

T h eo rem  5. To each natural number m there exists a semiderivation 
Dm =  (K ~w) on 51. I f  H is a "Z^algebra homomorphism fro m  51 onto Zm, 
where Zm — K er Dm if he sub Z-algebra o f constants fo r  D m), then there exists a 
semi-integration S r  fo r  D m w ith the properties : Dm S r =  I , S r Dw — H and  
two different SHT differ a t most by a constant. S r  =  (S r )  has an inverse

00

S h 1 — 2  Sh which is a semi-derivation satisfying properties ( 1)—(3).
i = 0



492 Lincei — Rend. Se. fis. mat. e nat. — Vol. LVIII — aprile 1975

COROLLARY. L et zm  —• ( i)  then { } fo rm s a complete basis fo r
the Zm-algebra 21.

Proof. x t =  Sh x 1 -f- H ( x f  =  Sh Cm ( 1) -|- H ( x f  =  Sh (m) -{- H (x-P. 
Therefore x x =  m zm  - f  H ( z f

^2 =  Sh Dm x 2 +  H (x2) =  SH Cm (x-P) +  H (x2) =  SH \m x1 •—  ̂^  jj

+  H (x2) =  SH [w?2 *H1 +  « H  (arx) —  ( ^ )] +  H (;r2) =  m 2 ^H2 +

and in general wa m ay express sim ilarly

Xi ß« ZHi "t" ß,v-x ^Hi-l ' ' ' "T ß,'0

where ßa  e Zm. ßa  contains term s of the form P (m) H (x})  where P (X) 
is a polynom ial over Z and if such a term  occurs in ß^j* then P (m) H (xj+1)

OO

will occur in ß ^ . From  this it follows tha t if a =  Y] x* € â  then
V' . *=°

^ ~  ^  Yk wlth ‘Ik = Q Î H 0^)) G Zm where Q (W ; Y*) is a polyno­

m ial over Z and linear in the Y*.
The problem  arises to determ ine all possible Zm-algebra hom om orphisms 

from 21 onto Zm. W e will solve this problem here for tfie case m  =  2. Let us 
first learn how to com pute in Z2. We need for this purpose the element p2.

OO
According to its definition, we find its series expansion : p2 =  2’ X ÿ . Let

i—0
 ̂ =  Sp2 then we know th a t Z2 =  {a0 -j- oq e j a0 , oq € Z } is the Z-vector space 

representation of Z2. Note th a t e2 =  — Thi s relation determ ines the m ulti­
plication: (a0 +  04 e) (ß0 +  ßj e) = - a 0 ß0 +  (a0 ßt +  ß0 04 —  04 ßj) e. It is inte­
resting to note th a t p2 =  1 +  2e is an element of Z2 and th a t (p2)2 =  1. Now 
let H be a Z2-algebra hom om orphism  from ?l onto Z2. It will be uniquely 
determ ined by giving H ( x j  =  ß0 +  ßx e but we cannot choose the ß0 and 
ßi arb itrarily  in Z, because we m ust also have H (e) — e. To see v/hat restric­
tions this imposes we use formula (I) and induction to find:

h w  =  f * + ; - )  +  [ |  ( -  0 * «  f " + ; r r 4) V

This in tu rn  gives

H

+ o  T  I . e.
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For the constant term  to be zero, we are forced to choose ß0 either to be zero 
or a negative even integer; this turns the bracket above into

2  ( - .)* + *  ( 5 ) 2* -  =  ./2 [ I - <-.)»■]
J c= 1 '

which is =  I if and only if ßx is a positive, odd integer.

THEOREM 6. The only possible Tj^-algebra homomorphisms from  onto 
Z2 are those which map x 1 into the elements ß0 +  ßi e where ß0 is an even, non­
positive integer and  ßx is an odd, positive integer.
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