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Teorie relativistiche. —- Weakened fie ld  equations in general 
relativity admitting a generalised Takenos space-time. Nota di 
K rishna B ihari L al e V inai K . S riv a sta v a , presentata(,) dal Socio 
C. C a tta n eo .

RIASSUNTO. — Si considerano le equazioni di campo indebolite proposte da vari Autori 
(Eddington, Buchdahl, K ilm ister e Newman, R und e Du Plessis) in sostituzione delle equazioni 
gravitazionali nel vuoto di Einstein e se ne studiano soluzioni del tipo generalizzate di 
Takeno.

i. Introduction

T he vacuum  field equation in general relativity  is given by

(! .I) R-u o •

Eddington, Buchdahl, K ilm ister and Newman, Rund and D u Plessis 
have suggested vacuum  field equations alternative to (1.1) which are weaker 
than (1.1) in the sense th a t they adm it a class of solutions for which (1.1) 
holds, and have called such field equations • “ weakened field eq u a tio n s” . 
They are given by

(1.2) J ikl =  R-ikl-J — 0

(I >3) G # -  ( - U 1/4 [gih R kJ;iH -  g ih R irM +  4  R ;W -

g  gjk g lh R \ ih R '7' Cjhil- +  4  Rg V Cjhjk

witH the property that
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(1.5) e" ^  - * / Y è / V )  R;ut +  R (R sr —  j  g sr R)] =  o

(*) Nella seduta dell’8 marzo 1975.
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with the property that

and

(1.6) H } ^  =

D. Lowelock [i] has solved these five weakened field equations for 
the special line element.

(1.7) ds* =  ^  (c2 d t2 —  dr2 —  r2 d62 — r 2 sin2 0d92)

(a being a constant) which for certain reasons he considered to be unphysical.
In  this paper we propose to solve the above weakened field equations 

for the line element

(1.8) ds2 =  —■ A d x 2 —  2 D dx dy — Bdy2 —  (C — E) d /  —

— 2 Edz dt +  (C +  E) dt2

where A  , B , C , D are functions of the single variable Z — z —  t  and 
E =  E (x  ,y  , Z).

T he metric (i.8) reduces to T akeno’s [2] general plane wave m etric 
when E =  E(Z ), i.e. all the com ponents of the metric tensor are functions 
of the single variable Z — z  —- 1, while if A — B =  C ~  1 D =  o and 
E — —  2 f ( x iy i Z) it reduces to Peres’ [3] metric. The relation between 
T akeno’s m etric and Peres’ one is m ade clear in [4].

2. Curvature properties of the metric (1.8)

From  (1.8) we can easily obtain the non-vanishing components of g ij 
and the Christoffel symbols {}*} of the second kind. U sing them  the non
vanishing cpmponents of the curvature tensor R ijU and the “ R icci-T ensor” 
R^. are given by

[ R 1313 = —  R 1314 =■ R 1414 =  L

(2.1) I R  2323 =  -— R 2324 =  R 2424 — M

( R  1323 =  — R 1324 =  — R 1423 — R 1424 =  N

and

( R33, =  — R34 =  R44 =  -V (BL — 2 DN +  AM) =  — — - -----
I m ' 2 m  2 me

(2*2) _ _  _ 2
rn2 A B - D 2 I /  32 E „  a2 E R 32 E \

\ 4 nfl  2 m 2 m \  3y 2 2 3x 9y ' 3x2 /
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where

( 2 L  =  Ä -  

(2.3) I 2M  =  B 

f 2N  =  D -

and
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2 m
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dx2

d2 E 
~dy*~

C • —  (ABD +  ABD —  ABD —  DO2) —  - |T _
2 m y dx oy

m  =  AB —  D 2.

It is easy to show th a t the non-vanishing components of and R} 
will be given by

BL — 2 DN +  AM

(2.4)
J 3̂3 _ R 44   R 34   R43 _

m  C2

1 1)3   T) 4   t~) 3   t? 4    BL — 2 DN -f AMf tv 3 — IV3 — K4 — —  IV4 — m  C

and the scalar curvature R is zero.

3. Solutions of the weakened field  equations

We shall state the m ain result of this section in the form of two theorems.

Theorem  i. The metric (1.8) is a solution of the equations (1.2), (1.3), 
(1.4) and  (1.6) i f

=  me m2 /ÄO A / 32 E 32 E . -q d2 E \ -,^ 2m —  - r ------------------(AB —  D ) — A ------- 2D  +  B — - =  2 m \CC 2 m  N 7 \ oyà ox oy ox2 /

where X is a constant.

Proof. U sing (2.2) the above condition can be pu t as

(3-2) R tf* =

Solution of Field Equation (1.2).

U sing B ianchi’s Identity

R-iJclih +  R-ih7r,l +  R-ilh;Jc =  0  

equation (1.2) can be pu t as

J ik l  =  R-iJchj —    RiUJc  =  0

which is obviously satisfied if  (3.2) holds.
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Solution of Field Equation (i .3).

W e know th a t the W eyl curvature tensor CjUm is defined by

(3*3) ^ j l i m  R j l im  ~  Ç & j i g l m  R Zi g j m  ~^-jm R Zi H“ ^ - I m g i j )  ~b

I R /I ß \ g i j g l m  g l i g j m ) -

U sing (2.2), (2.4), (3.2) and (3.3) it is seen that the field equation (1.3) 
is identically satisfied.

Solution of Field Equation (1.4).

From  (2.4) we see that

R», • R f  =  o .

U sing (2.1), (2.2), (2.4), (3.2) and (3.4) we can show that

E Ä* — o

i.e. the field equation (1.4) is satisfied.

Solution of the Field Equation (1.6).

U sing (2.2) the equation (1.6) can be put as

H ÿ  =  R-! =  ( / V 3- / V 4- / V 8 + / V )  R33;* =  o .

It is obviously satisfied if R 33 ; K =  o i.e. the given condition holds. 

T heorem  2. The metric (1.8) is always a solution of equation (1.5).

Proof. Since for the metric (1.8), the scalar curvature R is zero, 
equation (1.5) is identically satisfied.

R eferences

[1] D . LOVELOCK (1967) -  Weakened Field Equations in General Relativity Admitting an « Un- 
physical % metric, «Commun. M ath. Phys. », 5, 205-214.

[2] H. T a k e n o  (1961) -  The mathematical theory o f plane gravitational waves in General Re
lativity, « Sci. Rep. Res. Inst. Theor. Phys. H iroshim a Univ. », 1.

[3] A.' PERES (1959) ~ Some Gravitational waves, phys, « Rev. Let. », 3, 571-572.
[4] H. T a k e n o  (1962) -  Gravitational nullfield  admitting a parellel null vector field. The space- 

times H qnd  P, «Tensor N. S. », 12 , 197-218.


