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Fisica-matematica. — Asftatic coordinates and inequalities in
Cosserat’s continuum . Nota di Tommaso RucGEri, presentata
dal Corrisp. G. GrIOLL

RIASSUNTO. — Usando una naturale estensione delle coordinate astatiche ed iper-
astatiche della teoria classica dei continui si stabiliscono delle corrispondenti proprieta di me-
dia per lo stato tensionale nel caso dei continui di Cosserat.

La presenza della parte emisimmetrica dello stress restringe le quantitd dei valori medi
d iprodotti ello stress per c:ordinate che nel caso classico era possibile esprimere in funzione
della sollecitazione esterna. Inoltre, non permette di determinare i valorl medi delie coppie
di contatto.

Tuttavia & possibile stabilire delle limitazioni inferiori per la densithd di energia poten-
ziale elastica in funzione della sollecitazione esterna.

La validita del teorema di Clapeyron permette a volte di avere informazioni sulla
deformazione stessa del continuo.

Infine, nel caso di rotazioni vincolate, si fa un’applicazione al problema dell’equilibrio
di un solido sollecitato da una coppia di braccio nullo e da due coppie concentrate.

I. GENERAL REMARKS

The linearized equations of the statics of the Cosserat continuum are:

DQirp = py Fi Doy i =17
(1) (in Cp; (2 (in o)
[ Witk + €itm Omi = o, M; * W =m0 *

where C, is the volume of the natural state, o, its boundary, ®y and ¥

are respectively the matrices of the stress and of the couple-stress, F and M
characterize' the forces and the moments and % = 3/3y; .
The classical z-hyperastatic coordinates are, as is well known [1]:

3) = — &} [ et dC o [Winif! do .
Cx ox

From (1,1)'and (2,1) we have:

4 bih = O (V173 ¥0)

where the upper bar denotes the mean value in C* and

(5) n+T+r==n n=o0,1,2,"--).

(*) Work supported by the Gruppo Nazionale per la Fisica Matematica, C.N.R.
(**) Nella seduta dell’8 marzo 1975.
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In the same way it is natural to introduce the corresponding #-hyper-
astatic coordinates related to the moments:

©  B=— ) [esintniMaC, + [ skt do,
é* &*

with

@) Ytetv=r—1 (m=1).

Putting:

(®) Clow = € Pun VT 95 33

we obtain, from (1,2) and (2,2) (taking into account (6) and (8)) the relation
(similar to (4)):

(9) ngy - Cg&v = Tﬂc (J’I J’zuy;),k .

However we must observe that (for » = 1) while eq. (4) determines
all the mean values of the @y, eq. (9) does not determine all the mean values
of the Wy. In fact in this case eq. (4) does not give all the mean values

of the type @y, (but only some of them) and this implies the presence

of more unknowns in the eq. (9), precisely the C%),.

Remarfe I. The cardinal eqs. can be written:
S bggo =0
) B(()%))O + 5((131)0 _ 5820)1 =
\ B(ozz))o + 5(120)0 - 55311)0 =0.

(10)

2. SOME PROPERTIES OF THE MEAN VALUES OF THE STRESS

In the following, we consider the cases # = 1 and # = 2 and therefore
we rewrite the z-hyperastatic coordinates in the more convenient form:

(II> arsz_é;gfp*ysFrdc*+/ysfr*dG*§
Cx ox

(12) 6m=—é;§‘/‘p*yrys Ftdc*+/yrysft* dc*g
é* Ox

(13) B,s=—%*§[p*ys M,dc*+[ysmfdc*§
b* E*

(14) Crs = &m (Dlm.ys

(I S) Srst = % (6str + érts - brst)'
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The relations for the mean values, in this case, are:

(16) Ay = Dy,

(17) brst = ¥r O+ 3, Dpy

(18) B, —C, =Y,

(19) Srst = ¥t iy + Vs Oy + ¥r Doy -

Putting T,, = @, from (14) and (19) it follows:

(20) Y T,,= Srst+ Arst
with
(21) Arst = % <€mtr Cms + Epts Cmr) .

Remark I1. 1t is easily seen that in (21), it is possible to substitute
to C;;, its deviator:

D I .
Cgk) =Cy— 3 Cj.i St Le.,
D D,
(22> Arst = % <€mtr Cins) + Smts Csm')) .

Furthermore, we observe that A,; =0 when » =s=1+¢ and consequ-

ently the T,;9; with » = s =+¢ are determined in terms of the external
forces.

It is not difficult to verify that [2]:

r | —
~ D D Ri R, e
(23) ' Zitim Rz Ry dC, = C, gitam (Rik R +t§‘:1 —iy;tz—lﬂ) =
Cy =

> C, ¢itim Rit Rim

where R, 'is a matrix, ¢;,, are constant the coefficients of a positive
definite or semidefinite form and:

(24) o= f ¥idC, .

Cx

We suppose that the elastic potential energy of the continuum may be
expressed as a sum of two positive forms. The first depending on the Ty,
the second: on the ¥y,:

(25) W' (T,,) = 9;kzm TaTy + W/ (V)= Q;Ilclm Yir Wi

Using twice (23) with Ry, = T then with Ry = ¥y, we get:

. o 3 o o
(26) f(w'+ W) dC,=C, {q;klm (Tik Tin+ 25 T
. =1
Cx

T '
—_kygz myt) + Gitim Ve Yim | -
¢
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The second member depends only on the external forces and on the undeter-
mined parameters C,,.
3. A LOWER BOUND FOR THE ELASTIC POTENTIAL ENERGY

Now we suppose that the continuum is a Cosserat-continuum with
constrained rotations. In this case the potential energy assumes the form [3]:

(27) V (e, Pv’s) = V' (g, + V" (rs)

with

(28) V' (g) = 4 {2 (%‘)2+ 2 Ueix Eirf

(29) V" () = % {;* B+ Cuzs) pri + (B 4 C) (uy+ Pezz)z}

where the ej characterize the deformation-matrix and ., = ;1 = 3 €401 Stk
o denotes the local rotation and s is the displacement, A and p are the
Lamé’s constants; B and C the structural constants satisfying the inequalities:

(30) B>o;|C|<B.

In (29), the term corresponding to »=s=3 is absent in E* because

s = O (i = ).
The constitutive equations are:

V' S

(31) Trs = 3, = 7\51‘)' rs— 2 W€
v’
‘Frs - l{f% 81‘3 = s = By'rs - Cf"sr - (B + C) (P‘ll_'" “’22) Srs .

Classically the (31,1) can be inverted and V’'(g,) transforms into
W (Th):

‘ P — L fT T 2 -
(32) W T = TaTat+ 2T} h=— i

By contracting (31,2) with 3§,; we have:

Wi — 3% = — 3 (B +C) (un + o)

substituting in (31,2) we find:
¥ = —Bu,,—Cu,  therefore p,, = g (CVF — BYD).

Inserting this value in (29), rewritten in the form:

V" =3 (Bud + Cu®) ul?,
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we finally obtain:

(33) W (%) = 5 e =y (BED —CED)E.
From (23), (32) and (33) it follows:

(34) Fittm = ﬁ (i1 Oom + /3iz Spm)

1t

(35) Jiktm = MT_ (B33 St — C8im S11)

(26) is analogous to the relation obtained in the classical case with symmetric
stress, but while in this case the second member is completely determined,

it now depends on the unknowns C,,.

Proceeding as in the classical theory in presence of unknowns con-
straints, it is natural to choose C,; in such a way that the second member in
(26) is minimum. We note that the minimum cannot be zero (see Remark II).

Putting
(36) Qire = Sire + Are
— 3 I
(37) Gitim = Tir Tim +tz: o Qirt Qume
=1 P,
(38) H (ng;)> = Q;klm Gikim
(39) L (C3) = gium (BR — CH) (B — Cf)

the minimum condition is:

2 2
acIi) - ac%") =
?q p24
We have:
3
oH ' 9Ger; A,y 1 1 /&
—— T K] : = —_— T —— s + . S .
QCS;; 9 iklj oA, QCSZ 21 ; p? Qllt mitqg qut mtz}
aL I D) ® D) ®)
3@ T Br_ {B (Ban —Cig) —C (Bgm — Cqm)}
“mg
thus
1
(40)

I
Wt—lT {thlt Emiq + Qiqt smli} -
t

— g 1B (Bl — C) — C (BY) — C} = o
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By contracting with €4, we find:

3

(an) 22y o {0+ 28 Qued— Qi — 5 egn, (B — C) =0,
= t

while the symmetric part of (40) gives:

1
2u 0!

(42> {qut Smti 'i" szt qzz} B + C (BgnDzzz) 833@) = 0.

Putting now:

3
(43) Sr=cu e xS+ 2) Suedd + 5, B
=1 ¢
I :21 D
(44) Smqg = — Et_ ‘ — (bwt Smsi T Szmt Eqm> + 5= BLc + C Bgm)q)

H
A _ __ (D)
(S0 = O Sug = Smg) = Simq) -

(41) and (42) become:

3

(45) _Z”IEtjl ;Ié‘ {(I "!_ 2 h) Allt BM qmr Cg}t)q) - Sr
- t
1w D
(46> 2u §1 p {Azqt Smti + A eqm} TBILC + C Cgmzz) Smg -
Remembering the definition (22) we get:
I T D D
(47) Et ] p—g {<I + 2 ﬁ) Emtq C( )8 —1 Emir C Emrq anq) =5,
=1 0O
% D D D
(48> "4—;[': ] p— {2 C(mq) 8:; - C( ) Smt - Cgm) 3¢Q+C§-i) (%m‘ Equ+ Eqti 3jtm) -+
t
D)
Ty Tw BLC + C sz) myq -

These eqs. determine the components of C,, in terms of S, and Smg-

For the sake of simplicity we glve the solution when in C, the central
ellipsoid of inertia is spherical (pf = p* V¢ =1, 2, 3).

In this case (47) and (48) reduce to:

{ D
(49) 2/%’ Emrg C( ) = S,

(50) - C(mq) = Smq
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where
I 3+44 1
(1) 2F T quer TB_¢
T .3 _r
(52) 26 4102 +B+C

Thus the minimizing expressions of the second member of (26) are:

(53) COl = bspq -+ Fergm S, .
Consequently we have:

(54> Arst =

{ -~ ]
402 12 Srst“— Stsr”_ Strs+ Simj <€sji Emtr T Emes Erji)f +

Y ~ b
+ 7 (255 87"3 - Sr 81.9 - bs SM) + BTC (smtr Ba('r]?s) + Emts BgnDr)>

with

<55) Sr = —2# <Srll— <I + 2k>Sllr> +- B"I_ C Eqmr Bgrlz)q)

4. AN APPLICATION OF THE PRECEDING THEORY

We consider an elastic homogeneous and isotropic solid sollicitated by
two forces in equilibrium. Let / be the distance between the points K’
and K" of applications of the forces, Q the middle point, A/ the value of
the lengthening of the fibre K' K/, f the intensity of the couple with the
sign + or — corresponding to traction or pressure.

We take the reference frame G,y,,%,,¥; where G is the center of
mass of Cx and its axes are the principal axes of inertia. Let K'= (y,),

K'=(y.),0Q= (x,) and “:TII’E%ECP';); x=GQ ,r"=xx and o= x-u.

We easily obtain (see [4]):

(56) '*C* Qps :f/ Pr Ps
(57) _C*Srst :fchr Ps Xy
(58) Brs = 0.

Taking into account (53) and (54), eq. (26) after some calculations becomes:

Gy [wae, =L L () s e e g )

p
Cy ;
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with
2 (B+O)(fop
©0) T+ B0 T2 E =0
2 (B—C)(1—o)?
1) I = G6—@—0F%wE °
(62) . _(1—39) (1 +0) (B—C)

(3—0) (B—C)+ 2p%E

where E and o are respectively the Young modulus and the Poisson
coefficient.

The first term of the second member of (59) coincides exactly with the
classical one.

However we observe that (59) cannot give the classical results if
B = C = o, because the theory in this case is no more valid. In fact if
B = C = o the quadratic form which expresses the density of elastic potential
cnergy, considered as a function of all the variables ¢, and u,, is not
positive definite and the relations stress-strain cannot be inverted (see (30)).

Remembering also that — 1 < ¢ < 1/2, E > 0 and that » < ¢° «® < 2%
we can see that the inequality (59) has the second member smaller than the
classical one.

This could be expected, for in this case we substantially have a larger
structural deformability of the continuum and consequently the presence of
the unknown parameters C,,.

A still greater difference with the classical theory appears when
besides the two forces also two concentred couples exist in the points K’
and K" with the respective moments m4 and — mk (m >0, =1, k-u = o).

In this case the B,, are not zero; in fact:

(63) —C, B,y =ml, k.

The inequality for the energy now becomes:

(64) deC* = é— {f2 [*@ (r + "—) +55r [P+ & — (P40 x2]] -
¢, * -

2 94 E2 .
U CERY <1+c>+292E]2}
It is clear that the second member of (64) may be larger than the
corresponding classical term.
Remark II]. In the theory of Cosserat’s continuum with contrained
rotation the Clapeyron theorem holds:

(65) 2 fw dC, = 3L
Cx

where 3L is the work done by the external forces in the displacement from
the unstressed state to the actual state of equilibrium.
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By using (59) and (64) eq. (65) can give informations on the strain of
the body.

In the just considered case we have:
(66) L =/f|Al| +m |AQ |

where | AQ | denotes the modulus of the relative rotation.
If m = o eqs. (64)-(66) yield a lower bound for | A/|. On the contrary
if f = o0 we have a lower bound for |AQ |.
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