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Topologia. — On some fixed  point theorems with applications 
to the nonarchimedean M enger spaces. Nota di Ioana Isträ tescu , 
presentata (,) dal Socio G. Sansone.

R iassunto. — In questo lavoro si danno alcuni teoremi sui punti fissi per gli spazi 
uniformi non archimedi. Utilizzando questi risultati si ottengono teoremi di punto fisso 
per le applicazioni localmente contrattive per gli spazi di Menger non archimedei.

1. Probabilistic m etric spaces were first introduced by K. M enger in 
1942 [6] and further developed by him in the early 1950’s [7], [8]. Im portant 
contributions were m ade in this field by B. Schweizer and A. Sklar [11].

In  [12], [13] some generalizations are given of some classical fixed 
point theorem s for contraction m appings defined on complete probabilistic 
metric spaces. In  [1] it is shown that a collection of pseudometrics {da } 
can be defined which generates the usual structure for M enger spaces and 
fixed point theorem s are obtained for M enger spaces by first proving analogous 
theorem s in the m ore usual setting of a uniform  space generated by a collec­
tion of pseudom etrics.

The aim  of this note is to give an extension of some results of G. L. Cain 
and R- H. Kasriel [1] for nonarchim edean uniform  spaces and their applicat­
ions to nonarchim edean M enger spaces.

2. Let S be an abstract space and §  be a fam ily of nonarchim edean 
pseudometrics, i.e., pa € Qj iff

1) pa (x , x)  >  o for every x  fi S,
2) Pa (x , y)  =  pa (y  , x) for all x  , y  e S,
3) Pa (x , y )  <  m ax {pa (x , y  , pa (y  , z)} for all x  , y  , z  fi S.

The nonarchim edean uniform ity generated by S  is obtained by taking 
as a subbase all sets in S X S of the form U a>£ =  {(x  , y)  : pa (T , y)  <  z}  
where pa € Of and e >  o. W e suppose that for x = f y  in S there is at least 
one pa fi ®  for which pa (x , y)  >  o, so that the uniform ity generated by ® 
is Hausdorff.

T he next theorem  is a sim ilar result as in [1] and [9] for the nonar­
chim edean case.

T h eo rem  2.1. Let  S be sequentially complete and f  a m apping o f S 
into S having the property that fo r  every pa € there is a constant k{% G (o , 1) 
such that pa ( / ( * )  , f ( y ) )  <  ka pa (^ , y )  f o r  all  x , y e  S. Then there is a 
unique po in t z e  S such that f  (z) =  z and f n( x ) - > z  f o r  any x  eS .

(*) Nella seduta dell’8 marzo 1975.
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Proof. To prove the existence of the fixed point, consider an arb itrary  
x  € S and define xn =  f n (x) , n =  i , 2 , • • •. We show that the sequence {xn} 
is fundam ental in S.

m
Let U be an arb itra ry  m em ber of the basis, tha t is U  =  n U a . , £.. For

each i , i <  i <  m  we have %r=1

P«,- {xn , xn+P) <  m ax { m ax {• • • m ax {{ m ax {pa . (xn , xn+1) , p«,. (xn+1 , xn+2)} , 

Pa / (Xn\-p-~2 ) Xn .̂p_i )} > pa/ fin+p—l J xnJr'pj] A ^a/ Pa/ (x , f ( x ) ) .

Therefore, if we choose n sufficiently large, we have

Pa/ (xn , xn+p) <  £. for I < i  < m

and

Ç X n  y  X n _ ^ p )  € U .

Hence {xn} is a fundam ental sequence and since S is sequentially complete, 
there is a lim it z  e S, i.e., f n( x ) —>z. On the other hand we have

P«( / ( ^ / ( ^ ^ a C r 1^ ) , . )

for each pa € <3. Thus f n (z ) - > z  and since S is H ausdorff f  (z) =  z.
To prove the uniqueness of the fixed point we observe that if there 

exists x f = y  such th a t f  (fi) =  x  and /  (y ) =  y  then

o A  Pa (x , y)  Pa (y  (fi) , f  Çy)) A  pa (pc , y)

and therefore pa (x , y)  =  o since ka € (o , i). From  the fact that S is H aus­
dorff it follows th a t x  — y.

O ur next theorem is a nonarchim edean uniform  version of a metric 
result of Edelstein [2].

D e f i n i t i o n  2.1. S is (pA , e) chainable i f  fo r  px e 3  and  s >  o, and  
any p o in ts* # , y  € S, is a fin ite  sequence x  =  x 0 , x x , x 2 , xn =  y
o f elements o f S such that pA(^ _  1 , <  z fo r  a ll i  , 1 <  i <  n.

THEOREM 2.2 . Let S sequentially complete and f  a m apping o f S
S. Suppose there is a pA € Id and  £ >  o such that S A (px , £) chainable.

I f  fo r  each pa e is a constant ka 6 (o , 1) such that pa( f ( x )  , f ( y ) ) <
A ha Pa (x , y )  whenever pA (x  , y )  <  £, then there is a unique z  € S / h r  which 

f  (z) =  z  and f n (x) z  fo r  any x  € S .
T he proof is sim ilar as in [1 ].

THEOREM 2.3. Let S be sequentially compact arid f  a m apping o f S 
into S. I f  there is a pA € S  am / a:?z £ > 0  tóatf pa ( / ( * )  , /  (y)) <  pa (A,_y) 

fo r  a ll pa whenever pA(# , y ) <  e, Aft*« pa (/(A ) , / ( j / ) )  =  pa (^ , y) whenever

Proof. As in [1] we consider ^  e S and such th a t pA(a:t , <  £.
C onstruct sequences { a fi  and { b fi  so tha t f  (a%)  =  a ^  and f  (b?) =  b ^ ,
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i  =  I , 2 , • • •. U sing the existence of convergent subsequences {a„t)  and {èn .} 
of {æj} and {Tq} respectively, we m ay choose n i as in [i] such tha t

Px («0 , ak) <  § <  s 

Pa (O f, t &Jc) ^  S  <C £

Px (Po, h )  <  S <  e

pa (A) > h )  <  5 <  e

where k  =  n i+1 — and 8 <  m in {s , px(a0 , ó0)}. Then we have 

Px (ah > At) <  m ax { pA (a0 , , m ax { px (a0 , £0) , px (<S0 ,3,.)}} <  px (>0 , b0) <  s

and therefore

Pa ) b j c - l )  Pa ( y  (<%) ) Z* (^& )) A  Pa ( & k  >

and

Continuing, we have

Also

Px (<%-! > ^&-i) A  Px (ah i ^h) <  £ •

pa  O i  , ^ i )  <  Pa 0 *  I h )  •

Pa (^1 , £i) <  m ax { pa (ah , a 0) , m ax { pa (a0 , b0) , pa (b0 , b*)}} <  

<  m ax { pa (a0 , b0) , 8 } <  pa(a0 , b0)

since § is arb itrarily  small. Thus

Pa O o ) b0) — pa ( y  (^ i) , y  (^ i)) A  Pa (^1 J ^1) Pa (#o > ^o) 

and the theorem  is proved.

Rem ark  J. Using the same arguments as in [i] and the above theorem  
we can prove th a t if f  : S -> f  (S) C S is a m apping such th a t there is a 
Px e ®  and an e >  o such th a t p * ( f  (x) J { y j )  <  pa (^ , y)  for all pa e 9  
whenever px (x , y)  <  e. and pa(x  , y)  >  o, then the set P =  { r t S , ] ^ e  N, 
f p (x) =  is finite and nonem pty and for every y  e S , lim f v1c (y) -> #  for
some ^ e P .  ^ ° °

If  S is (px , s) chainable then P consists of exactly one point x> the 
unique fixed point of f } and f n ( y ) ~ ^ x  for every y e  S.

3. In  this section we give some sim ilar results for the nonarchim edean 
M enger space.

The term inology and notations for nonarchim edean M enger spaces is 
as in [11 ] and [3].

It is known [3] th a t if (S , , T) is a nonarchim edean M enger space
with T  =  M in the collection of subsets of S X S defined by U  (e , X) =  
=  {(x , y )  : FXy(y) >  1 ■— X , s >  o , X >  0} is a basis for a H ausdorff nonar­
chim edean uniform ity  on S.
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Let pa : S x S - > R , a 6 ( o ,  i) be defined by

pa(* , y )  =  sup { t  : F^(^) <  I —  a} .

A  sim ilar result as in [i] for the nonarchim edean case is

PROPOSITION 3 .1 . The function  pa is a nonarchimedean pseudometric 
fo r  each a € (o , 1).

Proof. Since Fxy is nondecreasing;, left continuous, Fxy (o) =  o,
sup Fa* (0  =  1 > Fw =  Fyx it follows th a t pa(x , y)  is nonnegative, finite and 
symmetric. Also we have pa(x  , y)  <  m ax {pa (;r , #) , pa (> , y)}  since if there 
exists x , y , z €  S such th a t pa (x , 3/) >  m ax { pa (> , z) , pa (s , y) }  , we can 
choose fi >  pa(x  , #) and fi >  pa (# , y)  such that m ax {fi , t2} <  pa(x ,y) .  
Hence

Fxy (fi) =  I —  % >  I —  ^ and F 22/ (fi) =  I ■— a2 >  ï ■— a .

Then we have

I — oc >  F ^ (m a x  {fi , fi}) >  T(F** (fi) , F ^(fi)) >  T (1 — a , 1 — a) =  1 — a

which is a contradiction and the proposition is proved.

Rem ark 2. W e have th a t Fay(e) >  1 —■ a if and only if pa(x , y )  <  z 
and the topology induced by the fam ily {pa } is the same as the (e , X) 
topology [ ï I ].

Also since for fixed x  and y  , pa (pc , y)  is a nonincreasing continuous 
function of a then for any S >  6, the fam ily {pa , a € (o , 8)} generates the 
same topology generated by the entire family {pa } [1].

As in [1] we can prove th a t if S is a H ausdorff space with a topology 
generated by a fam ily of nonarchim edean pseudometrics {pa : a € (o , 1)} 
such th a t fpr x  , y  € S and pa (x , y)  is a nonincreasing continuous function 
of a then for

(x , y )  =  FWC) =  [ h ( * - ! ? a(x ,y ) )  da 
0

(where H (f) — 1 for t >  o and H (fi) — o for t <  o) we have th a t (S ,# 3  M in) 
is a nonarchim edean M enger space. The family {pa} is the same fam ily 
of pseudom etrics associated to the nonarchim edean probabilistic metric JL  
In  w hat follows we consider th a t (S , ^  , T) is a nonarchim edean M enger 
space w ith T  — M in.

THEOREM 3.1. Let (S , T) be a complete space, f \  S -> S suppose 
that there is a § € (o , 1) so that fo r  each a e (o , 8) /Am? is a ka e (o , 1) so that 
fo r  x  , y  £ S

F/(æ) /(y) (^a  0  >  F ^  ( /)
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whenever Fxy (t) >  1 — a. Then f  has a unique fix ed  po in t z  and  f n (x) z  
fo r  every x  e S.

Proof. Let {pa } be the family of nonarchim edean pseudometrics 
associated with If  a € (o , 8) , x  , y  € S and e >  o we have tha t

^ x y  00 P  1 a
for every t  — pa (;r , y )  +  s. Then from the R em ark 2 we obtain that 

P« (./"  ( v )  i f  C b ) )  ^  t  Pa (-T ? jV)

and the theorem  follows from Theorem  2.1.

COROLLARY ( T h e o re m  2 .2  [4 ]). I f  there is a constant k e (o , 1) such 
that >  Fxy(t) fo r  a ll t >  o then f  has a unique fix e d  po in t z
and f n( x ) - ^ z  fo r  every x  € S.

DEFINITION 3.1 [12]. The nonarchimedean probabilistic metric space
(S , HF) is said to be (z , X) chamable i f  fo r  each x  , y  £ S there is a fin ite  set 
x  =  x o , x 1 , • • •, x n =  y  o f S such that Fx._lX.(s) >  1 — X fo r  i =  1 , 2 , • • •, n.

T h e o re m  3.2. L et (S , T) be a complete (s , X) chainable space fo r  
some X s. I f  there exists a § € (o , 1) so that fo r  each a e (o , $), Xs*
^ constant kx e (p , 1 ) such that Fxy (e) >  1 — X implies

F/OZ) /(;0 (Ax 0  A  Rjjy ( /)

whenever Fxy (t) >  1 —- a, aAzz f  has a unique fix e d  po in t z  and  f n (x) -> # fo r  
all x  € S.

For the proof we use Theorem  2.2 and we obtain as a corollary 
Theorem  2.3 [4].

Also using the results given in Rem ark 1 we can prove Theorem  3.5 
and Theorem  3.6 of Cain and Kasriel [1] for the nonarchim edean M enger 
spaces.
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