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Equazioni funzionali. — Description of a class of differential
equations with set-valued solutions. Nota 11 di Micuar, KisiELEWICZ,
presentata > dal Corrisp. G. CimmINoO.

RIASSUNTO. — Nella presente Nota II diamo la dimostrazione del teorema di tipo
Orlicz concernente equazioni differenziali con soluzioni a valori, che sono insiemi compatti
convessi.

INTRODUCTION

In the Note I ([3] of the reference list) we introduced a fundamental
complete metric space (#,Pz). In this Note we shall consider a metric
space (o, d), where # = HXZ and d = max (»,P%). Obviously (& ,d)
is a complete metric space too. In §4 of this Note we shall show that
the set & of all pairs (C, F) €# such that the integral equation

2
~

(1) X(t)zC‘°)+JF(¢,X(¢))d¢ for t€fo,T];Fek
0

has for every (C?, f‘) € © more than one solution is of the Baire’s first category.
The § 3 contains some remarks concerning the uniqueness of the solutions
of the integral equation (1).

§ 3. UNIQUENESS OF THE SOLUTIONS OF (1)

It was proved in [1] that if the mapping F:[o,T]XH —H satisfies
conditions (i)-(iii) of Hypotheses H (F) (see [3]) then the integral equation (1)
has for every fixed (C?, f?) € at least one solution. Suppose F is also
uniformly Lipschitz continuous with respect to X € H. It is easy to
see that in this case the integral equation (1) has exactly one solution.
Indeed, suppose X (#) and Y (#) are two solutions of (1). Then for every
tefo,T] we have

11
~

rXOYE) <Ol +L [ r(X(5),YE)ds;  n=1,2,

0

Hence for # =1,2,--- and every ¢€ [0, T] we obtain
r(X(®),Y®) < (1/n)exp (LT).
Therefore » (X (¢), Y(#)) = o for every ¢€ [0, T].

(*) Nella seduta dell’8 febbraio 1975.
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§ 4. THE ORLICZ TYPE THEOREM

Now we shall give our result.

THEOREM 2. The set & of those (C©, ]?‘) €H for which the integral equa-
tion (1) has at least two different solutions in [0, T] is of the Baire's first
category in (K, d).

Proof. Let us denote by A (#,C?, f‘) the supremum of the numbers
7 (X1 (t,C%), Xa(z,C%), where Xi(¢,C") and Xa(z,C%) are solutions
of (1) corresponding to (C®, ) es#. Let {#:} denote a sequence of points
of [0, T] dense in [0, T]. Then let Quu,. denote the set of those (C, F) eH
for which:

) 7»(C%0) <N, 2) exFE,0)<M, 3 AE®,COF)>1/p

We shall show that Quy. are closed in (#,d). Suppose {(C® )} is a
sequence of Quyye such that & [(CP, fT,,) , (C, f‘)] -0 as 7 —oo. It is
easy to see that C® and F satisfy 1) and 2) respectively. Furthermore there
is a subsequence {(CY), F,)} of {(C(o) F,)} such that »(CD,C?”) —o and
sup7 (F,, (z, X), F (¢, X)) -0 as £ — co for almost every #€ [0, T]; FeF,
F, €F,. By 3) there exist functions XD @, X2 (@) such that
t
X0 () =Cc® 1 J F, (s, X2()ds for z€[o,T]

0
and

) r (XY (), XQ (1) = 1)p— 1]k
From sup 7 (F,, (#, X), F (¢, X)) -+ 0 it follows the existence of N (1) such
XeH
that sup » (F,,, (¢, X) , F (¢, X)) < 1 for almost every z€ [0, T] and 4 > N(1).
XeH

Then for almost every #€[o,T], every X€H and 2 =>N(1) we have:
7 (F,, (2, X) ,0) < 1 +F(#), where & is a Lebesgue integrable function such
that »(F (z, X), o) <S(t) for te[o,T] and X eH. Taking I'(?) =

=max (1 +5&), %, (&), -, % o, (£) » where &, is a Lebesgue integrable
function ‘on [o, T] such that 7 (F, (z,X),0) < St (G=1,"- N(I)}
we have »(F,, (¢,X),0) <T (¥ for #,X)€ o, T]><H and £=1,2,

Therefore for every ¢,# ,t0€[0,T],7=1,2 and k=1,2, -- we have

7 (X @) ,0) <r(CP, 0) + f 7 (Fop (s, XP(s)), 0)ds <

T
<N+ | sup 7(F, (2, X),0)dt <N +M
., XeH
0



340 Lincei — Rend. Sc. fis. mat. e nat. — Vol. LVIII - marzo 1975

and

]
r

J I'(s) ds

ty

(X0 (), XY () <

Hence, by Arzela’s theorem there are subsequences {X{ (A} of {X% (»)}
(i =1,2) uniformly convergent on [0,T]. Let » (X (), X? #=o
as £ oo (i=1,2). Fort€fo,T] and 7 =1, 2 we have

” (\ XDy, CO ¢ f IF (s, X (s)) ds) =

<7 (X9, X)) + f(cfg” + j Fi(s, XP(s))ds, CP4- f F (s, X“(s)) ds) <
0 1]

t

<7 (X%, XP@) + »(C¥, O + ‘Pr (Fe (s, X)), Fals, Xs)) ds +
0

+ f 7 (Fa (s, X)), F(s, X)) ds

for t€fo,T], #=1,2,--- and 7=1,2. Hence it is easy to see that
XY () and X@ (1) are solutions of (1) corresponding to (C©, F) €.
Furthermore from (2) we have »(X® (), X? (¥) > 1/p. Consequently,
(CO F) e Qumng:. We shall show that Quyy: are non-dense in (7, d).
Suppose, on the contrary, that Quny. is dense in a sphere S, with center
(CP,Fo) €# and radius 4 >o0. Then S,C Qunpe = Qunpe. By (iv) of
Hypotheses H (F) for FoeF, and every & > o there is a mapping
Gs:[o, T]XH —H such that the conditions (@)-(¢) of (iv) are fulfilled.
Then 7 (Gs (¢, X), Fo (¢, X)) <8 for every (¢,X)€[o,T]xH. Therefore
for € [o,T] we have sup »(Gs (¢, X), Fo(¢,X)) <38. Taking § <#/T
we obtain XeH

T
pﬂ'(és,ﬁO) =f sup 7 (Gs (¢, X), Fo (¢, X)) dz < 8T < 4.
XeH
0

Therefore (C(()O), és) €5,CQung:- But Gse és is uniformly Lipschitz con-
tinuous with respect to X € H, then (1) has for (C{”, Gs) exactly one solution.
Hence (C{”, G5) ¢S,. Now, our theorem follows from the identity

© oo
S = ) UQMNﬁ1~

=1 N=1p=1 =1

' C 3
I'C 8



MicHAt. KISIELEWICZ, Description of aclass of differential, ecc. 341

Remark. Suppose additionally that F in Theorem 2 is continuous in
z€[o,T]. By virtue of Lemma 2 in [2] the integral equation (1) is equi-
valent to the initial-value problem

DX=F(¢,X) , X()=C9,
where DX denotes the Hukuhara derivative of the mapping X. So in this
case Theorem 2 is true for this initial-value problem.
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