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Equazioni a derivate parziali. — Comparison and Nonoscillation 
Theorems for Fourth Order Elliptic Systems. N ota di T a r a s i  K u sa n o  
e N o r io  Y o s h i d a , presentata (*> da l  Socio  M . P i c o n e .

RIASSUNTO. — Scopo di questo lavoro è di stabilire alcuni criteri di non-oscillazione 
nel senso di Kuks [2] e teoremi di confronto del tipo di Sturm  per una classe di sistemi 
ellittici di equazioni a derivate parziali del quarto ordine.

i .  I n t r o d u c t io n

The purpose of this paper is twofold. First, we develop nonoscillation 
criteria in the sense of K uks [2] for fourth order linear elliptic systems of 
the form

n n

(I) L [U] =  X  Dw(AwA*,Dt ,U) +  2 B X ' A« D * , U + C U  =  o
i , j , k , l  =  1 1c,1 =  1

where , B and C are m  X m  m atrix  functions and U  is an m  X 1 vector 
or m X m  m atrix  function. The criteria generalize recent results of Yoshida [5] 
for fourth order single elliptic equations. Secondly, we establish a Picone 
identity  for quasilinear elliptic systems of the form (1) and then use it to 
prove S turm ian com parison theorem s for such systems. The Picone identity 
and com parison theorem s are extensions of those given by Chan and 
Young [1] for the fourth order system A (AAU) +  2 BAU +  CU — o. We 
rem ark tha t our derivation of Picone’s identity  is based on a procedure 
adapted from our earlier paper [3] and is somewhat different from th a t of 
Chan and Young.

2. N o n o s c il l a t io n  t h e o r e m s

Consider the linear system (1) in an unbounded dom ain R in Euclidean 
e sp a c e  En. Points in En are denoted by x  ~  (pc1 , • • •, xn), differentiation 
with respect to by and differentiation with respect to x { and Xj by 
£)# , i , j  =  I , • • •, n. It is assumed that A,^ ( =  K f  are sym m etric m X m  
m atrix  functions of class C2 (R), that B and C are m X m  m atrix  functions 
of dass C (R) and th a t the m n X m n  m atrix  (A^- (x)) is positive definite in R. 
The dom ain T  (Q) of L relative to a subdom ain Q of R  is defined as the 
set of all m  X 1 vector functions U € C4 (Q) n  C2 (Q).

Following Kuks [2] we say tha t the system (1) is nonosdilatory  in R if 
there exists r  >  o such th a t (1) has no nontrivial (m X i  vector) solution U

(*) Nella seduta dell’8 marzo del 1975.
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satisfying U  — D* U  =  o , i =  i , • • •, n, on the boundary of any smooth 
bounded dom ain contained in R^e.- R n { r :  | r |  > > } .

We also consider the linear vector or m atrix  differential operator

(2) M [V] =  X  D y  (Gy G « D «  V) +  2 H X  Gkl D «  V +  KV
k,l=1

defined in R, where G^- ( =  G^) are sym m etric m X m  m atrix  functions of 
class C2 (R), H and K are m X m  m atrix  functions of class C (R) and 
H G ki , k  , /  =  I , n, are sym m etric.

In analogy to the case of single equations [5], the operator M is said 
to belong to the class W( [L ; R r] if, for every bounded subdom ain O of 
R r, the functional

I  [ ( g A « D « u )  ( U  A « D « u ) - ( X  G « D H U y  ( J G h D ^ u )  +

+  2 U T X  CßA «  —  H G «) D «  U  +  U T (C —  K —  H H T) U
ÏC , l

dx

is nonnegative for all m  X i vector functions U eC 2 (Q) such that U  =  U  =  o 
on 9Û , i =  I ,• • - , n, where “ T ” denotes the transposed. For example, 
letting L  and M take the special forms L x [U] == A (AAU) +  CU and 
Mi [V] =  A (GAV) -f- KV, respectively, we see that Mj belongs to the 
class [Lx ; Q] if A  — G and C ■— K are both positive semidefinite in Q.

W e shall need the following lem m a which ensures the positivity of the 
quadratic form defined by

n n
Q R] ^  2  ^  P# 2 ^n+l 2  ,

i , j = 1 i = 1

where Ç* are m X i  vectors and and Y  are m  X m  m atrix  functions
of class C (0 ) , O C R ,  and P^- and <ïq are symmetric. The m n X m n  m atrix  
P =  (Pii) is assumed sym m etric and positive definite in Q. W e denote 
by £, the m in  +  1) X 1 vector whose transposed is =  (£>!,• • - , ^ +1), by 
the m n  X 1 vector whose transposed is =  (%[, • • •, Çj), and by O the 
m n  X m  m atrix  whose transposed is ®T =  (®x , • • - , <5W).

LEMMA. I f  the m atrix  Y  — Ot  P 1 O is positive semidefinite in  Q, then, 
fo r  any nontrivial vector function  E, =  \  {%) o f class C (O) such that

+  P “ 1 ®Zn+i ^  0 in  O ,

Q [?] ts nonnegative in  O and is positive at some point o f O.
The conclusion follows im m ediately if we observe that Q [£] can be 

transform ed into

(3) Q Kl =  y +  P -'1 n n+1)T P +  P - 1 OÇn+1) +  £ +1 (V -  CDT p - 1 <D) l n+l.

For the details see Kusano and Yoshida [3].
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THEOREM i. The system (i) is nonos dilatory in R i f  fo r  some r  >  o there 
exists an operator M defined by (2) which belongs to the class [L ; R r] 
and m X m matrix functions ® , • • - , with the following properties'.

(i) Gw $  , k  , /  =  I , • • •, n, and _X Gkl O Y t , k — I , • • •, n, are sym

metric, and the mn X mn matrix (G&z <P) is positive definite in R r;

(ii) X  D «  (Gn  O) +  2 X  D t (G« O) Y* — 0>T 0> +  2 H<D — K is ne-
k,l k,l
gative semidefinite in R f;

(iii) 2  G/^ €> (D*. W 1) +  ^  Gm *F i +  0 T O is negative semidefinite
k,l k,l
in Kr;

(iv) fo r  any bounded smooth subdomain Q of R r the relation

(4) VU — U ^  o

YL A n

in  Q

holds fo r  any nontrivial m  X 1 vector function  U  € % (Q) such that U =  U  =  o 
on 3Q , t =  I , n, where VU denotes the m n  X 1 vector whose transposed
is (iD 1U )T).- . , .(D n U )T).

Proof. Suppose, on the contrary, that there exists a smooth bounded 
subdom ain Q of R r and a nontrivial solution U of (1) such th a t U  — D ^U  =  o 
on 9Q. A pplying G reen’s form ula and using the hypothesis th a tM  e [L ; R r] 
we have

(5) I U T L [U] dx  =
Ù

dx  >

=  /  [ ( X A « D « u j T ( g A « D i ; u )  +
Q

+  2 U t b X a « D wU + u t c u
k,l

( ^ G H D „ u ) T ( g G „ D H u )  +
Q

+  2 U T H U  G<u D « U  +  U T (K  +  H H t ) uj dx  .

On the other hand, it is easy to verify that the following identities hold:

(6) 2 X  D* (U T Gkl OD( U ) -  X  D* (U T D* (G „ 0>) U) =
k,l k,l

=  2  [2 U T Gkl <Ï>D„ U  -  U T D w (G „ <D) U  +  2 (D* U T) Gkt OD j U ]  ,
k,l
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(7) 2 2 D i (UT G „ W IU)  =
k,l

=  2 S  [UT D* (G „ 0) Y, U  +  U T Gw 0  (D* Y,) U  +  2 U T Gkl <S>% D * U ].
k,l

Note th a t (6) follows from the sym m etry of ^  D& (Gu  0 ) , I — 1 , • • •, n,
k

and (7) from the sym m etry of 2  Gkl <PYZ , k =  1 , • • •, n. Since the integrals
i

over Q of the sums on the right hand sides of (6) and (7) vanish, adding 
these integrals to the last integral of (5), we obtain

(8) o =  j U T L [U] dx  ^
Q

L \ k,l
G „ D „ U  + ( H t +  <D)U G ì ; D ì ; U (H T + ® )U

+  U t ( k - 2 d ì ì (Gì ì O ) - 2H ( D - 2 2 d ì (Gì i O )'F,+(I>t o ) u ]  dx  +
\ k,l k,l J J

+  2 f i l i  (D*UT) Gì; « , U - 2  Ut S  G„ D iU  +
J L k,l k,lQ

+  U 1 S  G ì ; (DDì ^ - cd1 o>
k,l Hd x .

By condition (ii) the first integral on the last side of (8) is nonnegative. 
To see th a t the second integral is positive it suffices to apply the above lemma 
to its integrand, taking into account conditions (i) and (iii). In  fact, in 
view of (3), the integrand is equal to

(9) 6T (Gì;«D)0 - U T ( S G ì ; 0 (D ìT ;)  + 2 G ì ;0 T ì 'F ;  +  0 T < d ) u ,
\k ,l k,l J

where 0 stands for the left m em ber of (4). Thus the relation (8) leads to a 
contradiction and the proof is complete.

DEFINITION. Following Chan and Young [1] we say tha t an m Y ,m  m a
trix  function W  of class C2 is M -prepared if the matrices

(10) W T2  G ì;G , ,(D ^ W ) ,

( 1 1 )  S  (D ;W T)G ì;G ;;.(D 0 W ), k =  I
i,j,l

are all symmetric. This definition also applies to the case when M is quasi- 
linear.
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T h eo rem  2. The system (1) is nonosdilatory in R  i f  fo r  some r  >  o 
there exists an operator M of the type (2) which belongs to the class SF1 [L ; R r] 
and an m X m  nonsingular matrix function W  of class C4 (R r) with the follow
ing properties'.

(i) W  is an ^li-prepared matrix;

(ii) the mn Xm n  matrix I Gu G i5 (D^ W) W _1 I is negative defi
nite in R r; '

(iii) M [W] W 1 is positive semidefinite in R y.

Proof. Define the m X m  m atrices O and by

«> =  ” E G« (D« W) W-1 and %  = (Dl W ) W ~ 1

T hat G hi O and 2  G kl OT) are sym m etric follows readily  from the sym 

m etry  of (10) and (11), respectively. Hypothesis (ii) implies th a t (Gk l<S>) is 
positive definite. It is a m atter of simple calculation to show tha t

S - D« ( G «  ®) +  2 2  D* (G*i ®) Y, —  OT 0) + 2 H $ - K  =  -  M [W] W “ \
k,l k,l

2  G „  O (D* Y,) +  2  G ,, Y, +  ®T ® =  o.
k,l Jc,l

Finally, let Q be any smooth bounded subdom ain of R r and let U be any 
nontrivial vector of class ® (Q) such that U  =  D ^U  =  o o n  9Ü , / =  1 , • • •, n. 
An easy com putation yields

W D, (W _1 U)"
• u =

_WD# (W -1 U)
which does not vanish identically in Q. Now the conclusion follows from 
Theorem  1. This completes the proof.

Remark. From  the above proof we see th a t the conclusion of Theorem  2 
remains valid if the hypotheses (ii) and (iii) are replaced by the following:

(ii') the m n X m n  m atrix  (G^) is positive definite in R r and the 
identity

— 2  G« CD« W) W -1 =  9 (*) lm , ,? ( x ) ^ o  in R ,
%,3

holds, where lm is the m X m  identity  m atrix;

(iii') M [W] W -1 is positive definite in R r.



T. KUSANO e N. YoshIDA, Comparison and Nonoscillation, ecc. 333

C o r o l l a r y .  The system

(12) Li [U] =  A (A  (x) AU) +  C (at) U  =  o

is nonosdilatory in  R  i f  the matrices A  (x) and  C (#)' uniform ly positive 
definite in  R r.

Proof. Let M.1 [V] =  a0 A2 V - f  c0 V, where <20 and are positive 
constants such th a t A  (¥) £ ^  æ0 | H, |2 and £T C (*) £ ^  c0 | Ç |2 for all real 
« X I  vectors Then, clearly M r belongs to the class 111 [Lr .; R r], Defining 
W  =  I x \p lm y it is easily seen th a t the num ber p  can be chosen so th a t the 
m atrix  W  satisfies the conditions (i)-(iii) of Theorem  2 or the conditions (i), 
(ih) and (iih). (See Yoshida [5]). It follows tha t the system (12) is 
nonoscillatory.

3. A  PlCONE IDENTITY AND COMPARISON THEOREMS

Let Q be a sm ooth bounded dom ain in En and let Y be a dom ain in E m 
containing the origin. Assum e th a t L  is a quasilinear vector differential 
operator of the type (1). T he coefficients A^- (x , f i  are m X m  symmetric 
m atrix  functions of class C2 ( Q x Y ) , B ( r ,  •/)) and C (x , f i  are m X m  m atrix  
functions of class C ( Q x Y ) ,  and the m n X m n  m atrix  ( Ay  (x , y])) is positive 
definite in Q x Y .  The dom ain ® of L  is defined as the set of all m X  1 vector 
functions of class C4 (Q) n  C2 (Q) with range in Y. Assume further M is a 
quasilinear m atrix  differential operator of the type (2). It is assumed tha t 
Gy  (x , Ç) (— (x , Q) are m X m  sym m etric m atrix  functions of class 
C2 (O X Ym), th a t H (x ,X) and K  (x , Ç) are m X m  m atrix  functions of class 
C (Q X Yw) and th a t H G ^ are sym m etric. The dom ain of M is the set 
of all m X m  m atrix  functions W  whose column vectors W i . , - - - , m } 
belong to ®.

Now let W  e be a nonsingular M -prepared m atrix  and let 
O 6 C2 (Q X Ym) , T) e C1 (O X Y m) , I — 1 ,• • •, n, be m X m  matrices such th a t 
G ja O and 2  G u  <DT) are sym m etric and (G ^ O) is positive definite in

f i x Y m U sing the identities (6) and (7) which also hold for the quasilinear 
case, we obtain

G u  | | ]  G ^  D ^ U  j  +

+  2 U t h 2 g , i d , i u  + U t (K +  T)U =
k,l

=  ( . S  Gw D „ U  +  (Ht  +  <D) U^T ( u  Gkl Dh U +  (Ht  +  O) u )  +  

+  UT ( r - H H T) U + U T ( K - l ] D t l (Gi l $ ) -
\  k,I
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-  2 H<D -  2 X  D* (Gti O) %  +  0>T a>) U +
k, l  J

+  2 [ 2 (D ,U t )G «  (DDi U — 2U TX G „  a>T ,D ,u  +
L Jc,l k, l

+  U T ( — U  G„ ®D* Y* -  0 T <E>j u ]  —

- 2 ^ D k (UT G*, OD* U) +  X  D * (UT D* (G« ®) U) +
jfc.z

+  2 l ) D i (UTGil OT; U),
Jc,l

where F is an a rb itra ry  m Y m  m atrix  function defined in O X Y m. Sub
stituting

® = — % G i j (Di jW ) W - 1 , Y, =  (D, W) W - \

into the right-hand side of the above and recalling the transform ation which 
led to (9), we have

(13) ( I J G ^ D h u ) 1 ( | j G « D „ u )  +

+  2 U T H 2 G i ,D i IU + U T (K +  r ) U  =
k, l

=  ( l j G u ( p i i U - ( D t i W ) r 1U) + H Tu j T.

■ ( | j G # t lU - ( D i i W ) W - 1U ) + H I u ) 4

+  u T (r — h h t ) u  +  u T M [W] w ^ 1 u  —

-  2 X  (WD* (W -1 U))T Gtl Gij (Di} W) W -1 (WD* (W~x U)) +
i , j , k , l

+  2 X  D ,(U TG „ G i i (D.i,W ) W - 1D; U ) -
i,j,k,I

-  X  D; (UTDyfe(G „G i,-(Di, W ) W - 1) U ) -
i , j , k , l

- 2  X  Dj (UT Gki Gij (Dy W) W~x (Dj W) W“ 1 U ) .

On the other hand, the following identity  holds:

(14) UT L [U] =

=  ( X  Vi/ Dì j u V  i X  V h Dwu i  +  2Ut B X  V h DwU +  Ut CU +
\ k , l  1 \  k, l  J k, l

+  X  (UT D.,- (Ay A kl B kl U)) — X  Di ((Di UT) (Ay A kl Dkl U)) .
i , j , k , l  i , j , k , l
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Com bining (13) w ith (14) yields the desired Picone identity:

UT L [U] -  U T M [W] W -1 U -  S  D< (UT D, (Ay Aw Dw U))

+  X  ((Pi UT) (Ay Akl T)hl U)) —

— X D ì(U TGhGì ì (Dì ìW )W -1D!U ) -

— X  D* (UT G„ Gy (Dy W) D; (W-1 U)) +
i,j,k ,l

+  X  D,(UTD,(G^Gy(DyW)) W ^ U )  =

=  ( X A« D« u j  ( X A« D«U^ + 2 Ü TB | j A ^ D wU + U TCU —

— (x G« D« U ) T ( U  G„ Dw u )  -

— 2 U TH 2 G HDt, U - U T(K +  T)U —
Tc,l

— 2 2  (WDæ (W-1 U))t  Gh Gy (Dy W) W“1 (WD, (W"1 U))

+  ( j G i ,(Di l U - ( D i ! W ) r 1U ) + H Tu ) T

• ( X G« P « u  — (d *,w ) w ~ xu)  +  h tu |  + u T(r — h h t) u  .

An integration of the above identity  with the use of the divergence theorem  
would give! the Picone identity  in integral form which extends the one 
form ulated in Theorem  i of Chan and Young [ i ]. Here we present the 
following two specialized versions of Picone’s integral identity  in term s of 
the functionals defined by

/ [U] = / [ ( X a « d « u ) t ( X A« D^ u ) +

+  2U t B 2 a h Dh U + U TCul Ax ,
k,l J

F [U , W] =  j  [ ( | J g « d „ u ) T ( | J g h d „ u )  +

+  2 U t h 2 g h Dj , u  +  u t (K +  r ) u |  dx,
k,l J

23. — RENDICONTI 1975, Voi. LVIII, fase. 3.
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J [U , W ] =  —  2 f f 2  (W D , (W -1 U ))T ,
Q

•GW Gy (Dy W) W - 1 (WD; (W "1 U ))J dx,

Q [ U , W ]  = j [ ( u  G ,; (D*,U -  (D „ W) W - 1 U) +  H T .
Q

• ( U  G,; (DWU  -  (D„ W) w-1 u )  + h t  u )  +UT(r — H H t ) u ]  dx.

THEOREM 3. L et 30 be piecewise smooth and let U  be an m X i  vector 
function  o f class C2 (O) w ith range in  Y and such that U  =  o on 30. Then , 
every ìs/1-prepared m atrix  W  fi such that W -1 U  fi C2 (O) w ith range in  
Y satisfies

F [U , W ] =  J U t M [W] W “ 1 U  dx +  J [U , W] +  Q [U , W],
Q

THEOREM 4 . L et 3 0  be piecewise smooth and let U  be an m X i vector 
function  o f class ® and such that U  =  D ^U  =  o on 3 0  , i =  1 , • • - , n. 
Then , every M -prepared m atrix  W  e cL m such that W “ 1 U  fi C2 (O) with  
range in  Y  satisfies

J [UT L  [U] — U t M [W] W 1 U] dx  =
Q

= /  [U] -  F  [U , W ] + J  [U , W] +  Q [U , W] .

Once the Picone identity  has been established, it is not difficult to use it to 
derive various types of S turm ian comparison theorem s for the system (1) 
as given in Chan and Young [1 ]. Here we only state results which correspond 
to Theorem s 2 and 4 of Chan and Young.

THEOREM 5. L et 3 0  be piecewise smooth and suppose that

(i) the m X m  m atrix  T — T (x  , Ç) is such that T —  H H T is positive 
definite in  O x  Ym;

(ii) W  is an yV-prepared matrix of class such that W TM [W] and 

the m n Xm n  matrix ^— W T G&; T! G ,0- D^- are positive semidefinite in 

O X Yw;

(iii) there exists a nontrivial U  fi C2 (O) w ith range in  Y  such that U =  o 
on 30 and  F  [U , W] o.

Then , det W  vanishes at some po in t o f O.
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T h eo rem  6. Let 9Q be o f class C2 and suppose that

(i) the m X m  matrix F =  T (x , Ç) is such that T —  H H T is positive 
definite in Q x Y m;

(ii) W  is an M-prepared matrix of class such that W TM [W] and

the mn Xm n  matrix I — W T Gm ^  W  J are positive semidefinite in
'  iJ  /

Q x Y w;

(iii) there exists a nontrivial U  € 3) such that

U — U  — o on 3Û , i = i r . . ) nj

J Ut L[U]  d x ^ o ,
Q

/ [ U ] ^ F [ U , W ] ,

Then , det W  vanishes at some po in t o f Li.

Theorem  5 follows im m ediately from Theorem  3. Theorem  6 can be 
proved with the use of Theorem  4 and on the basis of an approxim ation 
argum ent which goes back to Swanson [4]. W e omit the proofs of these 
theorem s, as they  are almost duplications of those presented by Chan and 
Young.
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