ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

VASILIOS STAIKOS, YIANNIS SFICAS

On the Oscillation of Bounded Solutions of Forced
Differential Equations with Deviating Arguments

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 58 (1975), n.3, p. 318-322.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1975_8_58_3_318_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1975_8_58_3_318_0
http://www.bdim.eu/

318 Lincei — Rend. Sc. fis. mat. e nat. —~ Vol. LVIII - marzo 1973

Equazioni differenziali ordinarie. — O the Oscillation of Boun-
ded Solutions of Forced Differential Equations with Deviating
Arguments. Nota di VasiLios STaikos e YIANNIS Sricas, presen-
tata @ dal Socio G. SANSONE.

R1AsSUNTO. — Gli Autori studiano il comportamento oscillatorio e asintotico delle solu-
zioni dell’equazione differenziale con argomenti ritardati e non autonoma [7 (£) 2%~ (z‘)](’”)+
+a@fxlg @1, -, x[g,(2)]) =6 (2); il risultato ottenuto estende in varie direzioni uno
recente dovuto a T. Kusano e H. Onose. Inoltre discutono ulteriori estensioni dei loro
risultati.

Recently there has been an increasing interest in the study of the
oscillatory behavior of forced differential equations; however, we may say
that, in comparison with the unforced equations, only a few things are
known on the subject. For general interest we refer to [1-9] and [11].

This paper is concerned with the oscillatory behavior of bounded solut-
ions of the following differential equation with deviating arguments

® OO+ a@f = la@], 2 [&0], -, 2 [a®]) = b2

where /,m , n are positive integers with 2 =2 and 1 <m <#%—1. More-
over we suppose the following:

(i) @, 6 are continuous real-valued functions on [#,, co).

(ii) » is continuous and positive function on [#, co) such that

[ ds
= OO
|56

(iii)  is continuous real-valued function on R’ such that

; (VZ.::I’2»"')Z>J’i>0':’f<y1:y2,“‘,yl)>O
and
(VZ.: I ,2,"',1)}/7; <O'=>f<y1!y2)"'yyl> <o
(iv) g;,¢=1,2,---,/ are continuous real-valued functions on [#,, o)
such that

lim g; () = oo.
t—>00

Throughout this paper, by ‘“solution’’ of the differential equation (¥)
we shall mean only solutions x which are defined on a half-line [#,, o).

(*) Nella seduta dell’8 marzo 1975.
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Also, we shall consider the oscillatory character of the solutions in the usual
sense, i.e. a solution is called oscillatory if and only if it has no last zero,
otherwise it is called nonoscillatory.

To obtain our result we make use of the following simple lemma, which
has been proved very useful in the study of the oscillatory behavior of
differential equations (Cfr. [9] and [10]).

LEMMA. Consider the linear differential equation

@) z’—%z—}——/f—(:—)zo

where v is a positive integer and h is continuous real-valued function on the
interval [T ,00), T > o.

If im |A(¢) | = oo and u is a solution of (L) with u(T) = o, then
t—>co

lim | % ()| = oo .
t—>00

THEOREM. Consider the differential equation (*) subject to the conditions
(D-(iv) and to the following one:

(C)  For some integer k,0 <k <m—1 and for every y; >0, >0

[# et — e ) — b ar = oo

or

(o)

~

| #lma 0 —ar @+ pab @1 dr = oo

where at (¢) = max {a (¢), 0o} and a () = max {— a (£), o}.
Then every bounded solution x of (*) is either oscillatory or such that

lim inf | ()| = 0.

t—>00

Proof. We assume that the conclusion of the theorem is not wvalid,
then there exists a bounded nonoscillatory solution x of (*) with
lim inf [ x (/)| 5= 0. Without loss of generality, we suppose that the domain

t—>o00 ;

of x is the whole interval [#, , c0). Moreover, this solution is supposed positive,
since the substitution # = — x transforms (¥) into an equation of the same
form satisfying the assumptions of the theorem.

By (iii) and (iv), there exists a T >max{%,0} and two positive
constants ¢, and ¢, such that

O GSfEla®l, o x (g @) e for every £ 2T,

22. — RENDICONTI 1975, Vol. LVIII, fasc. 3.
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If
t
75® =[5 xrm ds (sis
T
then integrating by parts, we obtain
7:(8) = tg;—-l,j—l () — 1gia,51 () — T [7 (s) £ (-5‘)]?;1‘1)

Hence ¢;4,,-, is a solution of the differential equation
i) d—ta o B
where /;; (£) = — g4 (&) — T' [ (s) ™™™ (5)]¥=". Obviously, this solution

satisfies the initial condition ¢;, ;; (T) = o.
Now, for 7= £ and j = m we have

lrom (&) = — qin (&) — T* [ () 2™ (9)]i7" =

= f sHa()f #[&®], -, 2[£1(D]) — b()] ds — T [ () £~ ()] i7"
T

and consequently, by (1), we obtain
t
Tom (@) = ¢, f 2 () —am () — L 5(9)] ds — TH [ (5) 2 ()]
T

and
t

i@ = & | a6 — & a9 — L 5] de —TH ) 20 (90257
T

for every # =T. Thus, by the assumptions of the theorem, we have that

lim | /g (£) | = co. Next, applying the lemma for the differential equation
t—00
(Lim), we obtain
tlim | Ft1,m1 (&) | = oo,
Furthermore, since
lya,m1 () = — Gr1,m1 () — T |~ (s £ ©) e
we have
im | Apymes (2) | = o0
t—> 00

and consequently, applying the lemma again for the differential equation
(Lt-1,m-1), We obtain

tlim l Tr-2,m-2 () | = oo.
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Following the same procedure, we finally obtain

im | go,m— () | = 0.
t—>00

This, by virtue of
[ (&) 2= (] "+ = [ (5) 2™ (D127 + Go,ms (@)

gives
lim [7, (l‘) x(n—m) (l‘)] (m—k—1) — + oo
t—00

and consequently
lim 7 () 2™ () = 4 o0
t—>o00

In the case where lim# (#) x»™ () = oo, there exists some T, =T
such that f=o0

r (@) xmm(F) > 1 or xmm(f) > _—_ p ( 5

for every ¢ = T,. Thus
xmm=D (f) > gm0 (T)) f 7%- for every #=T,

which, by (ii), gives lim ™1 (#) = oo and consequently lim x (f) = oo,
t—-00 t—>o00

a contradiction.

In the other case, where hmr(t) xn=m (f) = — oo, following the same
t—> oo
procedure we obtain the contradiction lim x (£) = — oo.
t—>o00

Remark. In particular, for the differential equations

[r (O x" DO+ 2@ f(x [g ) = 6@)
and

[r@x OI"V+a@)f(x[g@O) = 6@

the above theorem leads to a generalization of a recent result of Kusano
-~ and Onose [6].

Also, the arguments used in this paper can be applied to extend the
results obtained by the Authors in [9] and [10] to differential equations
with deviating arguments of the more general form

[7 @z @A™ + F(#, % (00 @), ' {6.(0),+ -+, 2D (6, 4(D))) = 0
where

2V (6 () = D [oq D], -, 2D [oa, D),  i=1,2, -, m-1.
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